A simple iterative procedure employing numerical inte- 
grations is presented for the analysis of free and forced 
vibrations of undamped systems having nonlinear elas- 
ticity. If the elasticity is symmetrical, it is always pos- 
sible to make an excellent initial approximation, but the 
method may also be used in cases of unsymmetrical elas- 
ticity. Other applications, such as to systems having 
parameters which vary with time, are discussed. 


INTRODUCTION 


r ] ‘HIS paper presents a rapid and accurate method of deter- 
mining the cheracteristics of the oscillations of an un- 
damped systein having a single degree of freedom and 

symmetrical though nonlinear elasticity. The method is essen- 
tially an iteration procedure similar in certain respects to methods 
currently. in use. Of these other methods, that of Rauscher 
(1, 2, 3)? seems to have met with very great favor (4, 5,6). For 
applications to undamped symmetrical systems, the method to 
be described seems to afford two advantages as compared to 
Rauscher’s method: (a) It is possible to make a better initial 
approximation which generally assures more rapid convergence; 
and (b) the form of the approximate integrations is simplified and 
systematized. The basic point of view of the two methods seems 
to be roughly the same although, besides the differences just 
mentioned, there is another difference in that Rauscher uses 
the displacement z as the independent variable in some of his 
calculations, while the present method always uses time ¢ as the 
independent variable. 

The method to be described may also be applied to cases of un- 
symmetrical elasticity although its rapidity and simplicity is com- 
promised in the process to the extent that it is doubtful whether 
it offers many advantages in such applications. The method does 
not appear suitable for study of damped oscillations. 

In this method, the basic procedure and the method of nu- 
merical integration employed with it appear,to be very fortu- 
nately tailored to each other. The actual calculations are ex- 
tremely simple and with the use of a customary desk-type adding 
machine only a fraction of them need be recorded. If very high 
accuracy is required, it may be obtained by use of a simple extra- 
polation procedure which requires, in effect, that the calculations 
be performed twice. Accuracy sufficient for most engineering 
purposes may be obtained without extrapolation, frequently with- 
out the necessity of iteration. Another virtue of this method is 
that it is almost completely “automatic;” no time is required de- 
ciding what to do next. 
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An Iterative Numerical Method for 
Nonlinear Vibrations 


By J. E. BROCK," ST. LOUIS, MO. 


Proof of convergence and the history of the method are omitted 
The use of an iterative procedure combined with a method of 
numerical integration was suggested by the method of Stodola 
for studying the vibrations of turbine shafts (a linear problem). 
The present application occurred independently to the author: 
that is not to say that it is original with the author although it 
is believed to be. There is considerable literature in mathemati- 
cal publications on iterative methods; an opportunity to study 
this material may possibly reveal that essentially the same idea 
had been disclosed earlier. Whether or not this is the case, the 
present application seems to be unknown to the engineering 
profession which is ample justification for treating it here. 
Similarly, while the author has not proved the convergence of the 
method, that is not to say the mathematical literature does not 
contain certain proofs applicable to this method. The author 
hopes to make up these omissions in a later publication. 


PrincipLe or THE 
We consider the differentia] equation 
2+ f(z) = Fit) 


(dots denoting differentiation with respect to {), or more gener- 
ally 


2+ g(z,t) =0 


subject to the initial conditions z(0) = A, 2(0) = 0. It is pre- 
sumed that there exists a positive number r (identifiable in many 
cases with the quarter period of a vibration) such that z(r) = 0, 
and it is desired to find the value of r and to find z as a function of 
tforO stsr. 

These results are obtained by iterated application of a basic 
procedure (which will be called a “stage” of the process) followed 
by a simple calculation. “ach stage itself involves what is es- 
sentially two integrations. In practice, it is usually necessary 
(or at least most convenient) to use some method of approximate 
integration; actually, it is the fact that the simple method of 
approximate integration to be described later is so well adapted 
for use in each of the stages which makes this method of more 
than academic interest. Therefore the integrals exhibited in the 
following paragraphs are to be usually understood as having been 
obtained by some approximate method. 

To start the process, a “shape” is assumed for the unknown 
function. This shape must satisfy 7(0) = A, 2(0) = 0, and 
z(r) = 0; but, of course, 7 is as yet unknown. The function 
z = A cos (xt/2r) is usually a good first choice, but as will be 
seen later, the assumption is usually made in a numerical tabular 
form, so that the assumption of a cosine shape may be modi- 
fied by experience—or simply for the convenience of dealing at 
the beginning with numbers consisting of only one or two digits.* 

If the assumed function had precisely the correct shape, 
we could recover the function by integrating twice, as follows 

? The present method enjoys its chief advantage in that an excellent 
first approximation may always be made. It has the correct value 
and slope for ¢ = 0, and, what is most striking, it automatically van- 
ishes at the time, ¢ = r, that it should vanish! 
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i= = —g[z(t),t) 


Multiplying by dt and integrating from 0 to t, we obtain 


t 
#dt = -f g{x(t),t} dt 
0 0 


However, # dt = d(z) andz = Owhent =0. Also, it is advisa- 
ble to emphasize that the variable of integration is actually a 
dummy by introducing new dummy variables. Thus 


t 
f gl x(t), dé 


Note also that ¢ dt = dr and that z = A whent = Oandz = 0 


whent =r. Thus 


Thus z now appears as a function of both ¢ and +r, the former 
being the proper independent variable and the latter being a 
constant which is not yet determined. In particular 


A = 2(0) = f dn f dé = a function of r....[1] 
0 0 


which is an equation that can be solved for r. 
However, in general, the first assumed function (which will be 
denoted by z;) will not have the correct shape and the function 


z; defined by 
r 
f dn f dé 
t 0 
dy a oi de 
0 0 


will likewise be in error. However, it is easily verified that x,(0) 
= A, 2,(0) « 0, and z(r) = 0. Thus the function z, provides a 
suitable starting point for repeating the process. Continuing 
in this way by defining‘ 


= A 


it will be found that the sequence of functions 2, 22, 2, . . . con- 
verges to a limit function, which thus satisfies the original dif- 
ferential equation and initial conditions. Denoting the limit 
function by z, the value of r may be found from Equation [1]. 

The first example, which follows, is trivial; however, its sim- 
plicity permits exact integrations so as to illustrate what has been 
introduced so far. 


* By integrating by parts, the definition of the iterated function 
may be written as 


— 


which involves only single integrals rather than iterated integrals. 
However, in the numerical procedure later to be employed, it is easier 
to integrate twice. 
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Example 1: 
#+2=0; = 1,20) =0 
As an initial function, make the ridiculous assumption z, = 1 
Then 
e 


1—— 


60 

5r? 
61r* 


” 617? 
This process could be carried further, but let us stop at this point 
and obtain an (approximate) evaluation of r using Equation [1]. 


“7? = 2.466426; + = 1.5705 


The exact value is, of course, r = +/2 = 1.57 
Using the calculated value for + in the expression for x4, we have 


= 1 —t*/2.00 + t*/24.8 —i*/917 
while the correct solution is of course 


xz = cost = 1 — i#/2 + t*/24 — t*/720 + “/40320 —.... 

In the preceding solution we failed to take advantage of the 
fact that we are able to choose a first approximation which 
vanishes when it should. The function z, = 1 — ¢*/r* has this 
property, and making this more intelligent first choice would 
have saved one stage in the process. 


Meruop oF INTEGRATION 


While the necessary integrations may be performed exactly 
if g(z, t) is sufficiently simple and if z, is assumed in an analytical 
form, they can also be performed by approximate numerical 
methods, the simplest and most convenient of which will now 
be described. 

The time interval from ¢ = 0 to t = + is divided into n parts 
(where n is an integer chosen at convenience) each of duration 
\ = 1/n. The values of t = kd will be called epochs and will be 
denoted by e, (k = 0,1, 2,...,n). Values of z are assumed 
for each epoch and from these the corresponding values of 
2(e,) = —glzile,),e,] are computed. For the sake of definite- 
ness in the explanations we will consider the following example 
(Figs. 1 and 2; see Appendix): 

Example 2: 


#+2%=0; 2(0) = 4,2(0) = 0 


The function z, is assumed in a tabular form in the first line of 
Table 1, in which n has been chosen equal to 8. The correspond- 
ing values of # are shown in the second line; for example, at 
epoch ¢, we have 


# = —(2.8)*(4\) = —87.8\ 


The factor \ which is common to all terms in the second line is 
exhibited at the far right. 

In the third line, the values of z are calculated at the half- 
epochs. Recalling that an integral may be regarded as area under 
a curve (see Fig. 3a) and approximating the curve by a straight 
line during the first time interval 4, it is easily seen that 2(e:;,) ~ 
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SOLUTION OF EXAMPLE 2 


Epoch 1 2 3 - 5 6 7 8 
- fi (line 1) 4.0 3.9 3.7 3.3 2.8 2.2 1,5 0.8 0.0 
© } (line 2) 0.0 <-101.3 -107,8  -87.8  -20,2 0.0 a 
& (line 3) -7.4 168.0 275.8 <363,6 -416.8 437.0 440.6 
(line 4) 2175.9 2168.5 2101.8 1935.6 1656.0 12%.¢ 877.6 440.6 0.0 


x 4,00 3.99 3.87 3.56 
9.0 -115.9 155.4 


2582.1 2510.7 2525.4 


2590.9 


4.00 3.99 3.88 3.59 


0,00 116,82 
188,28 


2376.8 


63.52 
-7.9% 71.46 
2636.6 2565.1 


2644.5 


x 4,000 7,968 3.880 3,595 


Stage 4 


/ 


| DOWNWARD 

DISPLACEMENT 

=gt*/2-t¥6 

Fie. 2 Reat anv In- 

erT1A Forces AcTING 
on Particle 


Fic. Sysrem 
EXAMPLE 2 


gl + #(¢,)], (see Fig. 3b). In this case, this gives z(e1/,) = 


—7.4n*. [Recall that = = 0.) To get #(e11/,), the 
shaded area between ¢:/, and ¢,:/, should be added to #(e:,,) (see 
Fig. 3a). We presume that the areas of the curvilinear triangles 
of Fig. 3(c) cancel approximately, so that the area in question is 
approximately that of the dotted rectangle of base \ and height 
h = #(e,) = —59.3\. Thus, i(ei1/,) = —7.4d* + (A)(—59.3A) 
= —66.7\*. This process is cuntinued so as to get the values 
exhibited in the third line of Table 1, the common factor, \*, 
being exhibited at the far right. Note that after the first value, 
2(e1/,), is obtained, the rest of the values may be obtained simply 
by adding algebraically the number one line above and half an 
epoch to the right. 

Line 4 of Table 1 is obtained in a similar fashion, but working 
from the right (where the value of r(es) = z(r) = 0 is known) to 
the left. Note that simple algebraic addition is the only process 
used, and note also that the algebraic signs of the entries are posi- 
tive, e.g., the value —416.8,° is the value to be added to z(e,) to 
get the result x(¢) = 877.6\*, so that z(e,) = 1294.4\%. Again 
the common factor, this time \', is exhibited at the right. The 
values in line 4 differ from the values in line 1 both because they 
contain the unknown factor \* = (7/8)* and because the values 
of z chosen initially were not correct. 

Therefore the process is repeated using an “assumed” function 
having the shape given in line 4 of stage 1. The new values of z 
are obtained by multiplying the values from line 4 of stage 1 by 


* The present example is a special case in which 7(e) = 0. In 
later examples the more general situation appears. The factor 8 
in the denominator of the formula, is fixed; it bears no relation to the 
value of n which happens, in this case, to be 8 also. 


-138.80 
-327,08 -445,09 


3.05 2.38 1.6) 0.81 0.00 
115.5 ~67.4 -25.0 5.7 0.0 


> 
-7.9 “71.4 <-187,3 +-322.7 <-436.2 -505.6 -528.6 -552.5 x 
x 


2000.7 1564.5 1060.9 552.3 0.0 


3.09 2.42 1.64 0.82 0.00 

=70.86 26.47 0,00 
-542,42 -546,28 
546.3 


-118,01 


-5,5,95 
1088.7 


2049.7 1604.6 0.0 


3.100 2,427 1.647 0,826 0,000 


Fic. 3 


the factor 4/2175.9. Three complete stages of the process are 
shown in Table 1, and it is seen that the values with which a 
fourth stage would be started are very close to those with which 
the third stage was started. While more stages could be carried 
through so as to obtain greater aecuyacy, we will now stop and 
calculate r. We presume, in effect, that the function with which 
the third stage was start.d is correct. Then the values in the 
fourth line of the third stage should be equal to those in the first 
line of the third stage, and we have eight equations 


4.00 = 2644.5,* 
3.99 = 2636.6* 
3.88 = 2565.1\* 
and so forth. 


Solving these gives 
A = 0.1148; r = 0.918 
A} = 0.1148; r = 0.918 
dA = 0.1148; +r = 0.918 
and so forth. 


In general, if the convergence has not proceeded to this extent, 
the values of r obtained from the severa] equations will differ 
slightly, but an average will give good accuracy. It is simplest 
to obtain the average in the following manner which will be illus- 
trated from the results of the second stage. Adding together all 
the values in the first line of stage 2 gives 2 = 23.27; adding to- 
gether al] the values in the fourth line gives =’ = 15164.6)*. 
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Equating these gives \* = 0.0015345, \ = 0.1154 which is a good 
approximation to the value obtained from the results of the third 
stage. Even the first stage with its relatively poor starting values 
gives a fair approximation, \ = 0.1206, using this averaging proc- 
ess. The values of z given at the start of stage 4 are sufficiently 
accurate for most engineering purposes. 


Accuracy AND Raptprry or CoNVERGENCE 


In the case just worked out an analytical solution is not known. 
The accuracy of the solution given might be checked by solving 
the problem by some other method, say, by the method of 
Stérmer.* We will illustrate the accuracy and rapidity of con- 
vergence by considering an example for which analytical results 
are readily obtainable. 

Example 3. Simple pendulum of length L. The differential 
equation is 

6+ L sing =0 
and we will confine attention to the free vibrations with, first of 
all, a 90-deg amplitude. Using n = 10 and starting off with a 
cosine shape, 0(e¢,) = (#/2) cos (kx/2n), the calculations are 
shown in Table 2. Here, using but four stages, the process has 
converged to four decimal places. The exact value of r is 


g 4 9 

where K(u) denotes the complete elliptic integral of the first kind 
with modulus u (7). The value obtained by the process is 

* This method is developed in most references on the numerical 
sc’ ion of differential equations. Cf., for example, reference (11) 
which gives a compact derivation (but beware of a few typographical 
errors). A new engineering textbook (10) also contains a description 
of the method. 


MARCH, 1951 


= 1.8528 J 


which is in error by 0.1 per cent. 

With very little additional labor, however, considerably greater 
accuracy may be obtained. The error due to the type of ap- 
proximate integration employed is essentially of the order of n=? 
where n is the number of intervals (8). Thus, if we repeat the 
process using another value of n, a simple extrapolation gives a 
highly refined result. It is easiest to use n = 5, starting with 
alternate (converged) values from Table 2. With very little 
labor the process may be made to converge to four decimal places 
and yield r = 1.84692 VL/g which is in error by 0.4 per cent 
(which is not a bad error for so little labor). However, by pre- 
suming that 


= rt 


where r is the exact result, r, is the result obtained using a inter- 
vals, and cis a constant, we obtain the equation 


1.8469 WL/g = + + 
1.8523 V/L/g = + ¢/100 


and from these we obtain the extrapolated result, r = 1.8541 
Vv L/g which is correct to four decimal) places. 

f, instead of using n = 5 for the second calculation, we use n = 
20, starting with the (converged) values from Table 2, with inter- 
mediate values estimated by Bessel’s formula for interpolation to 
halves (9), the labor is somewhat greater but the final result is 
surprisingly accurate. We obtain, after reasonable convergence 
is achieved, the value r = 1.85361982 L/g, which is in error 
by 0.025 per cent. Then, extrapolating with the results for n = 
10 and n = 20, we obtain finally r = 1.85407480 1 L/g, which is 


TABLE 2 FREE OSCILLATIONS OF SIMPLE PENDULUM—CALCULATIONS FOR 90 DEG AMPLITUDE 


0) 1 2 3 4 


1.571 1.552 1.494 1.400 1.271 1. 
-.896 =.797 ~.654 -.466 6244 0.000 


=1,000 1,000 -.997 -.985 -.955 
=-.500 -1,500 =2,.497 -3,482 4.457 


45.41 44,91 43.41 40.91 37,43 32.99 27.66 21.53 


1,571 1.554 1.502 1.415 1,295 1. 
~.998 2962 -.909 


1,000 -1.000 
=.500 -1,500 2.498 406 4.448 


45.751 4£.251 43,751 41,253 37.767 33. 


1.5708 1.5536 1,5021 1.4164 1.2967 1. 
=-1,9000 -.9999 = 29976 =.9881 -.9627 $19 -.6802 24906 =.2580 


#5000 <1,.49°9 <2,4975 


§ 6 7 8 9 19 Factor 
lll 0.923 0.713 0.485 0.246 0,000 


5.333 6.130 6.794 494 Ae 
14.74 7.49 0.00 Ag/L 


141 0.957 0.745 0.510 0.259 0.000 
-.6817 -.678 -.488 0.000 
“6.174 =6,552 ~7,340 -7 596 Ac 
319 27,962 21.788 14.536 7.596 0.000 


1440 0.9€00 0.7481 0.5128 0.2610 0.9 
0.0 


-6.8580 -7,.5486 -7 6066 


45.7809 46,2809 43,7919 41.2875 37,7979 33.3496 27.9919 21,8152 14.9552 7.6966 9.0 


1.5708 1.5536 1.5022 1.4165 1.2969 1. 


1443 0.9604 0.7484 0.6131 0.2619 0.9 


=1,0000 =.9976 -.9881 =.9627 9104 -.9194 6805 = 24909 -.2580 0.0 


=.5000 «1.4999 <2.4975 <3,4856  <-4,4483 


45.7637 45.2837 45.7838 41.2863 37,8007 33, 


@5.5587 -6,6586 <-7.3495 +<7,6075 
3524 27.9937 21.8156 14,9570 7.6076 0.0 


1.57080 1.55346 , 1.50215 1.41649 1.29691 1.14429 0.96044 0.74847 0.51316 0.26101 0.0 


=10.9672; = 5.196044 
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in error by 12 units in the eighth decimal place, the percentage 
error being 0.0000065. In this calculation, the result forn = 10 
was taken to eight decimal places (r = 1.85225487 /L/g) even 
though the third decimal! place is already in error. 

Usually, however, while the engineer may be interested in 
knowing that such extreme accuracy can be obtained, he is more 
interested in obtaining reasonably accurate results quickly. 
That the method leaves little to be desired in this respect is indi- 
cated by the results shown in Table 3. In the calculations lead- 


TABLE 3 QUARTER-PERIOD OF OSCILLATION OF SIMPLE 
PENDULUM 


One-stage Two-stage 


Pp 


Amplitude, 
deg 


1.85 
2:16 


1. 
1. 
Be 
2.1: 
2. 


Nore: Values in table to be multiplied by the value of L/g. 


ing to the results reported in this table only five intervals were 
used (n = 5), and all arithmetic was performed by 10-in. slide 
rule and mental addition and subtraction, starting with an initial 
assumption of a cosine shape. Each stage of the calculations 
required approximately 6 minutes. 


Forcep VrsraTion or A NONLINEAR System 


The free vibrations of a mass on a nonlinear spring with no 
damping can be handled by classical methods; two ordinary inte- 
grations are performed and the result may be exhibited explicitly 
in the form of an integra! giving time as a function of displace- 
ment. If the function defined by the integral has been studied 
and given a name, and particularly if the inverse function has 
been studied and named, we generally are more pleased with the 
solution. This is true in the case studied in Example 3; there 
we have obtained approximations by the method under discussion 
and compared them to (better) approximations obtained by more 
orthodox methods. However, whether the functions defined by 
the solutions are new or not, the only difficulty present in a classi- 
eal approach is that invelved in performing the quadratures. 

This is not the case with the forced oscillations of a mass on a 
nonlinear spring. Here the problems are essentially far from triv- 
ial and essentially far from solution. Since little is known about 
the theoretical behavior of such systems, the sort of result ob- 
tained by most methods which have been employed in their analy- 
sis must be regarded as at least partly conjectural. However, 
here laying aside such questions, we will demonstrate the suita- 
bility of the present numerical procedure in obtaining, quickly 
and conveniently, results similar to those which have been re- 
ported.’ 

Example 4. A mass of 15.44 lb vibrates on a spring having the 
characteristic shown in Fig. 4, and is acted upon by the “saw- 
tooth” periodic force shown in Fig. 5. (Obviously, such a sys- 
tem is unlikely to be encountered in practice. However, it serves 
as a good example since the free vibrations can easily be investi- 
gated by classica] means, since simple classical solutions are availa- 
ble for comparison of those forced oscillations having an ampli- 
tude no greater than 2 in., and since it illustrates that even a dis- 
continuity in the spring function does not cause trouble with the 
method.) 


7 While there is some reason to believe that in nonlinear systems 
there are many frequencies at which forced oscillations, possibly of 
very distorted shape, may take place with given amplitude, the pre- 
sent method gives only those solutions which are usually presumed to 
exist. 


The point of view adopted is a fairly customary one in which 
the amplitude of vibration is selected and the frequency is then 
found at which vibrations of such amplitude can be sustained. 
Tables 4, 5, and 6 show the final (second) stages of the caleu- 
lations for an amplitude of 10 in. Table 4 shows the calculations 
for the free vibrations, Table 5 for the “in-phase” forced vibra- 
tions, and Table 6 for the “out-of-phase” forced vibrations. 


Fic. 4 Spaino Caaracrenistic ror 4 


wa 


Fic. 5 Excrrino Force ror Examrpca 4 


The calculations require only a few explanations. The weight 
is 15.44 |b so that the mass m = 0.04 lb-sec* per in. To determine 
2, the equation # = F/m is used, the contribution of the spring 
and of the external force being computed separately and added 
algebraically. Also, since n = 10 in these calculations, the factor 
of 0.1 has been incorporated in the numbers in the table so that 
7 and r* appear at the right rather than 4 (= 1+/10) and * 
(= r?/100). A cosine shape was used as the starting approxi- 
mation for the free vibrations and the final result for the free vibra- 
tions was used as the starting approximation for the forced 
vibrations. The progress toward convergence was accelerated 
slightly by “guessing ahead” or “erystal-ball extrapolation,” so 
that reasonable accuracy was obtained with only two stages for 
each calculation. 

An indication of the accuracy, of the method is given in ‘lable 7 
which compares frequencies corresponding to several different 
amplitudes of free vibration as computed by both classica] meth- 
ods and the present numerical procedure. The “response curve’’ 
is shown in Fig. 6. Only one curve is shown for forced oscilla- 
tions corresponding to the exciting force of 4 lb amplitude shown 


TABLE7 FREQUENCY OF FREE OSCILLATIONS OF SYSTEM OF 
EXAMPLE 4 


-—— Circular frequency e——~ 
Classical Numerical 


Amplitude, 
method 


in Fig. 5. In converting quarter-period r to circular frequency w, 
the obvious relation w = /2r has been used. Points on the 
curves of Fig. 6, which are denoted by small circles, represent re- 
sults obtained by the numerical procedure; solid lines represent 
plots of data obtained by classical methods, and dotted lines have 
been faired between points given by the numerical procedure in 
the case of forced oscillations for which there is no (reasonably 
simple) classical solution. For reasons already alluded to, no 


x 
gaa 
1 INCHES 
120 2.1565 6 
150 2.7681 2.75 
-10 
| 
A 
7 
1.5 8.6603 8.67 
Mh 2.0 8.6603 8.67 
3.0 8.9320 8.95 
4.0 8.3041 8.29 
10.0 6.6076 6.61 4 
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TABLE 4 FREE OSCILLATIONS OF 10 IN. AMPLITUDE FOR SYSTEM OF EXAMPLE 4 
(Second stage of calculations. First stage started with cosine shape) 


Fpoch 2 2 3 4 5 6 7 9 10 Feotor 


=x 10.000 2,867 9.550 8.993 8.224 7.254 6.098 4.770 3.291 1,681 ° 
~400.0 -397,2 -388,8 374.8 -355.6 -331.4 ~502.4 ~269,.2 -12€,1 
x 19.96 59.68 136.04 171.60 204.74 234.98 -261.90 -285.13 <297.74 
x 177,033 175,037 169.069 159.215 145,609 128.449 107.975 84.477 58,287 29.774 te) og 


Xv 10,000 9,887 9,550 8.995 8.225 7.256 6.099 4,772 3.292 1.682 Le) 


Convergence is adequate, =69.,748; 1234923 
=0.0564796; T=0.23765; w <6.6097 


TABLE 5 IN-PHASE FORCED OSCILLATIONS OF 10 IN. AMPLITUDE FOR SYSTEM OF EXAMPLE 4 
(Second stage of calculations. First stage started with final result for free oscillations) 


Epoch 0 1 2 3 4 5 5 7 8 9 10 actor 
x 10,00 9.89 9.58 9.04 8,30 7.34 6.20 4.87 3.37 1.72 0 


-397 -390 -376 -358 -272 -129 


(F/n), 100 90 80 70 60 50 40 30 20 .10 fe) 
-300 -307 -310 -306 -298 -284 -265 =242 -214 -119 
x “15.1 -45.8 “76.3 107.4 137.2 <165.6  <192.1° 216.3 -237.7 249.6 
x 144.36 142.85 138.27 130.59 119.85 106.13 89.57 70.36 48.73 24.96 fe) t 


x 10,000 9.895 9.578 9.046 8.502 7.362 6.205 4.874 2.576 1,729 ie) 


j 


Convergence is adequate. 2 = 70.31; 1015.67"; 


= 0.069225; T* 0.2631; w=5.970 


Notes (¥/m), denotes doceleration due to spring force; (F/m), denotes acceleration aye to external force. 


OUT-OF-PHASE FORCED OSCILLATIONS OF 10 IN. AMPLITUDE FOR SYSTEM OF EXAMPLE 4 
(Second stage of calculations. First stage started with final result for free oscillations) 


2 7 8 


TABLE 6 


9.53 


6.03 4.71 


3,24 
-231 
-20 
-308.0 -333.1 
98.76 67.96 


-500 


120.3 164.7 
200.10 188,07 171.69 


-206.1 -244,1 278.2 
150,29 126.58 


34.65 


207.45 


209.93 


7.19 


1.65 


3.24 


9.53 6.05 4.70 


8.96 8.17 


10.00 


9.88 


2 
Convergence is adequate. 2= 69.37; Z= 1456.09 T; 


= 0.047641; 0.2183; 


Note: (F/n), denotes acceleration due to spring force; (F/), denotes acceleration due to external force. 
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attempt has been made to extend the curves into the low-fre- 
quency range. 


NoNnSYMMETRICAL ELasticiTy 


In most actual elastic systems, there is a fiduciary value of dis- 
placement with respect to which the elasticity is symmetrical. 
However, because of the presence of steady loads, such as the 
weight of the body, vibrations will not take place with this 
fiduciary position as center but will rather occur about the equi- 


a. 


AMPLITUDE, INCHES 


FREQUENCY w, RADIANS PER SECOND 
Fie. 6 Response Curves ror Exampre 4 


(The circles represent results obtained by the present numerical process 
The solid lines soqessent known solutions and the dotted lines Rave hoon been 
faired between the Soe circles.) 


librium position. Therefore, as Rauscher points out (1), usually 
in actual systems the elasticity is nonsymmetrical with respect to 
the equilibrium position. No essential difficulty is involved in 
computing the free vibrations by the present or by a classical 
method; each “half” cycle may be analyzed separately, and the 
two parts adjoined to give the full cycle. If the “amplitude” on 
one side is assumed, that on the other side may easily be deter- 
mined by obvious energy considerations. 

An essential! difficulty is, however, involved in the case of forced 
vibrations of a nonsymmetrical system. The present method 
may be used to compute such vibrations, but the convergence is 
not so rapid, the ability to make an excellent starting approxi- 
mation being sacrificed. This application, next to be described, 
has not yet been investigated sufficiently to permit a comparison 
with Rauscher’s method, although it seems likely that the present 
method may suffer in such comparison. A problem treated by 
Rauscher (1) will be used here to illustrate the procedure. 


Example 5. A unit mass is on a spring having the character- 
istic shown in Fig. 7, and is acted upon by an external force 
F = 0.1 cos ut. The displacement on the “soft” side is 1.5 
(units). The free motion for the soft side is determined as if the 
spring were as shown in Fig. 8. The characteristics of this free 
motion are shown in Table 8 and the time required for this quarter 
cycle is r = 2.170 (units). On the hard side, because of the 
linearity the quarter-cycle is a pure cosine curve with amplitude 
1.32 and quarter-period 1.571. 

The free motion is taken as the first approximation to the forced 
motion. (This logical choice, which was also used in the preced- 
ing example, appears to have been first suggested by Rauscher.) 
In these calculations, the symbol A will denote one tenth of the 
time required for the mass to move from z = 15 toz = 0. 
Thus the mass reaches its extreme negative position at = (10 + 
1.571/.2170)\ = 17.42. The first assumed displacement-time 
relation is thus as shown in the first line of the first stage of Table 
9. The spring force is then easily calculated. Since 17.24 wo = 


TABLE 8 TIME-DISPLACEMENT RELATION FOR rae. VIBRA- 
TIONS ON SOFT SIDE OF SYSTEM OF EXAMPLE 


Epoch. . 0 1 2 3 4 5 
Gesbes . 1.500 1.488 1.452 1.390 1.300 1.176 
Epoch 6 4 10 

z.. 1.104 0.806 0.557 0. 286 0.000 


2 
DISPLACEMENT 


Fic. 7 (above) Sprinc Caaracrexistic ror Exampce 5 


Fia. 8 (below) Sprinc Cuaracreristic ror Free Motion on Sort 
5 


x, i.e., the external force has reversed itself when t = 17.24A, the 
value of the external force is easily determined at each epoch. 
The first stage of the calculation is then carried out as indicated. 
Note in the last line of the first and succeding stages thet z = 0 
when ¢ = 10. Note also that it is the “out-of-phase” motion 
being considered. 

The second stage is started in the usual fashion and the spring 
force is determined. To compute the external force, a new ap- 
proximation for Aw is necessary. This is obtained by a “para- 
bolic’’ interpolation as follows: 


Let 


6 = maximum numerical value of z near right end (here at 
epoch 17) 

a = numerical value of z one epoch to left 

¢ = numerical value of z one epoch to right 


(here the expression “numerical value’’ is used to mean “modu- 
lus” or “absolute value’’); then, the extreme value obtains when 


+———— 
™ 305 —e—e) 
where r is the number of the epoch corresponding to b. Thus in 
this case 


(1.272 — 1.243) 


= 17.246\ 
2(2.57 4 — 1.272 — 1.243) 


t= 17A + - 
The external force is then computed and the stage completed. 
Four stages are shown in Table 9. (Convergence was delayed 
by a misguided attempt to “guess ahead” at the beginning of 
stage 3.) 

The values of z at the start of a fifth stage are sufficiently close 
to those at the start of the fourth stage to permit calculating final 
results from the fourth stage. We find that 17.364, = #, and 
to determine A, we use the same averaging process as before, ob- 
taining for the sum of the numerical or absolute values of z 
in the first line of stage 4, the value © = 18.434. Similarly, for 
the last line of stage 4, =’ = 440.1354". Thus A = 0.20465. 
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(In obtaining these sums, do not add algebraically, for if this 
is done, the values largely cancel out, emphasizing rather than 
minimizing the error.) Thus we obtain » = 0.8841. To get 
the maximum deflection on the hard (negative) side, a para- 
bolic interpolation is used for which the formula is 


= b + 


In this case we have 


(ec — a)? 
8 (26 —a—c) 


(1.290 — 1.248)? 
8(2.596 — 1.290 — 1.248) 


= 1,298 + 


= 1.298 + 0.004 = 1.302 


These values seem to agree closely with those given graphically 
by Rauscher (1). 

Calculations were also performed for the “in-phase” vibrations 
of 1.5 unit (soft-side) amplitude. As a check, the classical solu- 
tion was carried out, a possibility in the case of a “piecewise 
linear” spring. This is an elaborately unpleasant task requiring 
several times the effort of the numerical approximation because 
of the necessity of solving simultaneous transcendental equa- 
tions. The present numerical method gives w = 0.7946 while 
the classical method gives w = 0.7935, the last figure being in 
doubt. A check by the classical solution was not obtained for the 
out-of-phase vibrations. 

In nonsymmetrical cases, the tine for motion on the positive 
side will be either greater (as in Example 5), or less than the time 
for motion on the negative side. It seems better to use the 
longer time as the basic time to be divided into exactly n intervals 
of duration \, as was done in Example 5 where the longer time was 
10A and the shorter time was about 7.3,. 


NONHOMOGENEOUS FUNCTIONS oF f, 
Orser Conpitions 


In all the examples so far, the function g(z, t) has been a homo- 
geneous function of t. In Example 2 it was homogeneous in ¢ of 
degree one, while in the other examples it was of degree zero 
(actually not a function of ¢ at all). The same general method 
with only a slight modification serves, however, to analyze cases 
in which g(z, t) is not homogeneous in t. This will be illustrated 
in the following: 

Example 6: 


+27 =0; 2(0) = 4,2(0) = 0 


Using n = 8, the calculations are indicated in Table 10. The 
first assumed function has a (rough) cosine shape. The values 
of 2, 2, and z which are calculated are not homogeneous in ¢ and 
must be exhibited in two parts as indicated in Table 10. For 
example, at epoch ¢;,¢ = 5\, and # = —(2.1)5(5A)? —(2.1)? = 
—231.5\? —4.4. The successive integrations are performed 
keeping the two nonhomogeneous parts separate. Then from 
the approximate equation © = >’, which in this case takes the 
form 22.2 = 1932? + 347454, it is easy to solve for \? = 0.0098, 
the negative root, 4? = —0.0654, being rejected as without physi- 
cal significance. With \*? = 0.0098, the obvious substitutions 
are made in the next to last line of stage 1 to obtain the values 
exhibited in the last line of stage 1. These results are still in 
error and the first line of stage 2 is obtained by multiplying the 
entries in the last line of stage 1 by the factor 4/4.0376. The 
second stage is completed in the same fashion and indicates satis- 
factory convergence. In the calculations of the second stage, 
it was necessary to solve for \* = 0.009694, and the degree of 
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convergence indicates that this value is satisfactory. From this, 
then, we obtain A = 0.09846, r = 8\ = 0.7877. 

The idea of keeping nonhomogeneous parts separate may also 
be used to extend the method to cases in which the initial velocity 
is not zero and in which the displacement does not vanish at some 
later time. This application will be illustrated by the following: 

Ezamp!e?: 


= 0, 2z(0) = 1,200) = 3 


We shal! investigate how long it takes for z to attain the value, 
z = 10, and determine the nature of the time-displacement rela- 
tion in this interval. The calculations are exhibited in Table 
11. Here we are not able to make the excellent starting approxi- 
mation which has been the feature of the other examples, and for 
lack of a better start, we start with a straight line time-displace- 
ment curve, which, using n = 9, permits us to start with integer 
values of displacement. Values of # are calculated as before. 
However, because the initial velocity is 3 (units) rather than zero, 
it is necessary to exhibit the velecities in two parts. Similarly, it 
is necessary to exhibit the displacements in three parts. Since 
the displacement at epoch ¢ is to be unity, we have the equation 


10 — 27A — 824\* = 1 


solution of which yields \ = 0.0894; \? = 0.00799. These values 
are substituted into the appropriate expressions for z to get the 
starting values for the second stage. These values are exhibited, 
but the convergence is slow, so all of the second stage is not 
shown in Table 11. The sixth stage is shown completely, how- 
ever. The fact that the initial displacement must be unity 
yields an equation for \ which gives \ = 0.127196, A? = 0.0161788. 
These values when substituted into the values for z in the sixth 
stage give starting values for a seventh stage as shown. Since 
these are almost unchanged, the process is terminated. Finally, 
the value for \ may be somewhat refined. Using the averaging 
process described before on the results of stage six, the following 
equation is obtained 


100 — 135\ — 2624.237\* = 40.369 


This yields \ = 0.127199, differing by three units in the last 
figure from the result obtained earlier. From this, r = 1.14479, 
where r+ is the time required for the displacement to attain the 
value 10. While this value may be checked by evaluating the 
solution in the form of an elliptical integral, this has not been done 
because of the labor of the evaluation. 

In Example 7, the function, g(z, t) was homogeneous in ¢. If it 
had not been, the procedure would have been obvious, but it 
would have involved separating the entries in the table into even 
more parts. 


REMARKS 


It is to be emphasized that the calculations are not nearly as 
formidable as would be indicated by a cursory glance at any of the 
tabulations accompanying this paper. As a matter of fact, it is 
not necessary actually to construct the tables. Except for occa- 
sional multiplications and divisions, the bulk of the computation 
is simply algebraic addition. Use of an adding machine which 
prints a tape and has a subtotal button eliminates most of the 
pencil work. The first value of a row of the calculations is put 
into the machine and the subtotal button is punched; then the 
next value is added algebraically and a subtotal taken, and so on. 
The tape then becomes a record of the row of the calculation, the 
subtotals being the values used in the next “integration” or 
process of successive algebraic addition. 

As is indicated by the application of the procedure in Example 
2, it may be used in cases where the parameters of the system are 
functions of time. It is believed that for calculations giving 
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TABLE 11 SOLUTION OF EXAMPLE 7 
3 4 5 6 


10 10 10 10 
-24 -21 -15 -12 
-774 -720 


1,00 1,28 1.58 1.96 2.47 3.17 4.17 £.56 7.45 10.00 


The line above represents the starting values for stage 2, the rest of which is omitted. 
Stages 3, 4, and 5 are likewise omitted, Stage 6 follows. Note that the firet line for x 
and the first two lines for x are the same in all stages and do not have to have to be 
written explicitely in stages after the first. 


1,000 1,391 1,814 2.290 2.851 3,544 4.439 5.654 7.566 10.000 


1.0000 1.9348 3.2906 5.2441 8.1262 12.5599 19.7047 31.9677 54.5530 100.0000 
0.6168 2.5516 5.8422 11,0863 19.2145 31.7744 51.4791 83.4468 137.9996 
344.0116 343.5957 540.6451 5335,0009 523.9146 304.7001 272.9257 221.4466 137.9998 - 0O 


1,0000 1,3916 1,8146 2.2905 2.8515 


engineering accuracy, this method is superior to the method of 
Stérmer. For example, the reader is invited to compare the 
labor involved in using this method td that involved in using 
Stérmer’s method in a problem given by Timoshenko and Young 
to illustrate the use of Stérmer’s method (10). Even in cases 
where it is necessary to have the assurance of extreme accuracy 
that is given by the use of Stérmer’s or other step-by-step method 
using many higher differences, the present method seems an ex- 
cellent way of obtaining good starting values from which the 
necessary differences may be obtained. Available “check” 
formulas may then be used to improve the starting values before 
the step-by-step process is continued.* 

The method has been tried with a damping (first derivative) 
term in the differential equation, but because of the unknown 
phase involved between the displacement and the forcing function 
and because of the fact that the velocities are required for integer 
rather than half-integer values of the epochs necessitating the use 
of interpolation or of another method of numerical integration, 
the calculations are voluminous and very slowly convergent if 
not actually divergent. While it is planned to give further study 
to the matter, at present no success can be reported with attempts 
to include damping. 

A remark is called for concerning the errors (operator’s mis- 
takes) which are bound to occur in any numerical process. Only 
those errors which are made in the final stage or in subsequent 
calculations are serious; since each stage is, in effect, a fresh 
start, errors made in earlier stages “wash out’’ although they may 
impede convergence, especially if they are large. Only experience 
can advise whether it is more advantageous to go ahead disre- 
garding an error or to go back and correct the error. In the final 
stage, however, errors can be serious; ordinarily, one can antici- 
pate which will prove to be the final stage and can accordingly 
exercise more than average care. 

Finally, while the advantages of good “guessing ahead” are 
obvious, this is difficult to do, and, frequently, attempts to guess 
ahead impede rather than accelerate convergence. The author 
has found by experience that unless the crystal ball is very clear, 
it is better to let the process run itself more or less automatically 


* Cf. refi (11), and refi (9), p. 227. 


3.5440 4.4396 5.6541 7.3857 10.0000 


and to awake with a pleasant start to find that it has converged 
sufficiently. 
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Appendix 


Nore on Exampe 2 


Example 2 may be regarded simply as a mathematical exercise 
designed to illustrate the application of the numerical method to 
a fairly general case which exhibits features to be found in a 
variety of physical systems; on the other hand, it may be given 
a physical realization as follows: 


Consider a material particle free to slide without friction on the 
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cylindrically concave upper surface of a block which is displaced 
downward (from some fiduciary level) according to the law 


Downward displacement = gt?/2 — t*/6 


(where g represents the acceleration of gravity) so that its down- 
ward acceleration is g — t (see Fig. 1.) The concave upper sur- 
face of the block has the shape given by the equation y = bs‘, 
in which y is the height above the lowest point, s is the arc 
length of the curve measured from the lowest point, and 6 is a 
constant whieh will be selected later. 

Fig. 2 shows actual and inertia forces acting on the particle at 
a general position. The differential equation of motion is 
obviously ms + mt sin @ = 0, from which the common factor m 
may be canceled. However, for the curved path, sin @ = dy/ds = 
4bs*, so that we have & + 4bts* = 0. By introducing a new 
dependent variable z = 2sV/b, this becomes # + zt = 0, which 
is the equation of Example 2. Since z(0) = 4, in the example, 
we have s(0) = 2/+/b. But, when ¢ = 0, dy/ds = 4bs%(0) = 
32 Vb, and this must not be greater than unity. Therefore we 


must choose, b so as to satisfy the condition, b 2 1024, for, 
unless this is so, the initial condition may not be satisfied. 

The curve of the upper surface of the block, which is given 
simply in terms of ordinate and are length by the equation 
y = bs‘, is more difficult to express in Cartesian form, but it may 
be done in terms of incomplete beta functions, or in the form 


a 1 
(4) 
6 & k 6k +1 
Note, here, that z denotes the abscissa of a point on the curve 
while earlier in this appendix, x denoted a dependent variable 
proportional to are length. The curve is horizontal at the origin 
and ends, with a vertical tangent, when s = (4b)~'/*, Note that 
3(0) = 2/V/b since b 2 1024. 

Similarly, Examples 6 and 7 which appear later, may be 
thought of as simply mathematical exercises to illustrate the use 
of the procedure, or physical realizations may be designed in a 
fashion similar to the preceding. 
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Thermal Effects in Calendering Viscous 
Fluids 


By M. FINSTON,* CAMBRIDGE, MASS. 


Calendering (rolling) of plastics at high speeds pro- 
duces blistering and peeling which are attributed to a 
combination of uneven temperature distribution, and 
effect of temperature on the physical properties of the 
material. In this paper the problem is examined by 
studying the calendering of a viscous liquid in some detail. 
It is shown that a thermal boundary-layer effect exists of 
such magnitude as to account for formation of blisters. 
An example is given using typical calendering dimensions 
and physical properties of a plastic, which yields a thermal 
boundary-layer thickness of the order of depth of the 
blisters as observed. These data furnish further qualita- 
tive confirmation to the physical argument. 


INTRODUCTION 


ALENDERING of plastics is a process in which a mass of 
material is rolled between cylinders to form a smooth sheet 
of uniform thickness, Fig. 1. Gaskell (1, 2) has pointed 


Fig. 1 


out that some features of the process can be explained only by 
considering the somewhat complicated rheological properties of 


1 The results in this paper were obtained at Brown University, on 
& project sponsored by the Armstrong Cork Company, and are sub- 
stantially those contained in a thesis submitted as partial fulfillment 
of the requirements for the degree of Doctor of Philosophy in Applied 
Mathematics, June, 1949. The author wishes to thank Professors 
William Prager and George F. Carrier who suggested the problem 


and offered continuous and detailed advice. Dr. G. W. Scott, Jr., 
and Mr. J. T. Bergen made many helpful suggestions and provided 
much interesting experimental! information. 

2 Naval Supersonic Laboratory, Department of Aeronautical 
Engineering, Massachusetts Institute of Technology; formerly at 
Brown University, Providence, R. I. 

* Numbers in parentheses refer to the Bibliography at the end 
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the material being worked and has discussed some of these in de- 
tail. However, recent experimenta] studies‘ have uncovered 
an important phenomenon whose main features may be explained 
by considering the calendering of a viscous fluid with viscosity 
dependent upon temperature. 

When calendering is carried out at sufficiently high speeds, the 
sheet produced has blisterlike formations which seem to originate 
a short distance beneath the surface. At still higher speeds, these 
blisters spread in area, and a thin layer may peel away and cling 
to the roll, Fig. 2. These effects may be explained by considering 


Fic. 2 


the temperature distribution set up by shear forces and by the 
effect of temperature on the physical properties of the material. 
As the plastic passes between the rolls it undergoes shear forces 
which are high near the rolls and low at the center of the sheet. 
Since the materials used have low heat conductivity, the tem- 
perature distribution resulting from local heat dissipation is not 
smoothed out, and the temperature is also highest at the rolls. 
Furthermore, low conductivity prevents wall cooling from pene- 
trating more than a short distance into the medium so that its 
effect is to reduce the maximum temperature slightly and also 
move its position into the interior of the plastic. 1f the maximum 
is large enough, the cohesion of the plastic may be reduced below 
the adhesion between wall and plastic. Then there will be a 
tendency for the material *o stick to the rolls and the observed 
blisters to form. The maximum temperature will increase with 
speed so that finally the drop in cohesion is sufficient to permit 
peeling. 

In this paper the problem is examined by studying the calen- 
dering of a viscous liquid in more detail. It is shown that there 
is a thermal boundary-layer effect of sufficient magnitude to ac- 
count for the formation of blisters. Also, an example using typi- 
cal calendering dimensions and physical properties of a plastic, 
is carried out which yields a thermal boundary-layer thickness 
of the order of depth of the blisters as observed, giving further 
qualitative confirmation to the physical argument. 

Since the length, of the curved channel formed by the rolls is 
very small compared with the axial length of the cylinders, the 
flow is taken as two-dimensional. Also, both roll speeds are as- 
sumed equal, and the roll surfaces are at equal uniform tempera- 
tures. The inlet to the channel is taken as the point of maximum 


* Communicated by J. T. Bergen and G. W. Scott, Jr. 
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pressure along the channel center line as observed in experiments, 
and the velocity, for convenience, is assumed uniform there.* 

In brief, the mathematical procedure is as follows: The equa- 
tions implying the conservation of mass, momentum, and energy 
are written in full for the two-dimensional flow of an incompres- 
sible fluid of variable viscosity. The fact that the passage width 
is small compared to the passage length permits the equations 
to be simplified in a systematic manner (section on Viscosity- 
Temperature Relationship). An approximate relation between 
the viscosity and temperature is introduced into these equations. 
In the forms so obtained, it is convenient to carry out a perturba- 
tion about the constant-viscosity solution. This yields sets of 
linear partial differential equations for the velocity, pressure, and 
temperature distributions. These are solved, subject to the 
conditions that the temperature is uniform at the inlet section 
and is maintained at a constant value along the roils. The 
velocity of the fluid at the roll surface, of course, is that of the 
rolls, i.e., no slip. 

Each of the first-order equations found by the perturbation 
scheme may be solved by explicit integration while further ap- 
proximations are obtained numerically. 


Equations or Motion 


The equations of conservation of mass, momentum, and energy 
are well known (3). For « two-dimensional flow of an incom- 
pressible variable-viscosity fluid, when body forces are absent, 
they may be put in the form 


and 
kT — + @ = 0............... 8] 


respectively. Here p, k, c, « denote the density, thermal con- 
ductivity, specific heat, and viscosity, respectively; u,; is a ve- 
locity component; p, the pressure; ¢,; the rate of strain given by 
+ T, the temperature distribution; and the dis- 


sipation given by wleu® + + The subscripts i and j 


refer to the rectilinear orthogonal co-ordinates and, as usual, a 
subsezipt after a comma indicates differentiation with respect to 
the corresponding co-ordinate. The summation convention is 
used, i.e., if a subscript appears twice in the same monomial, it 
should be given the successive values 1 and 2, and the correspond- 
ing terms should be summed. 

It is convenient to introduce bipolar co-ordinates a, 8 where 
(4) 


and the meaning of r:, T2, 6:, 6 may be seen from Fig. 3. Evi- 
dently 
asin 8 a sinh 
cosh a — cos 8 cosh a — cos 8 
and, with a suitable choice of a, the roll contours are given by the 
circles a = a,a = —ay. Note that a, 8 are dimensionless quan- 
tities used here as orthogonal curvilinear co-ordinates. 
If ds represents an element of are length in the plane of rolling, 


(ds)* = h,(da)* + = (dx)* + (dy)*...... [6] 

* Thermal effects upstream, of the inlet as defined, in actual calen- 

dering should not change the qualitative nature, an assumption sup- 
ported by the agreement with experiment already mentioned. 


Thus from Equation 


Now let u, v be the components of velocity along the curvi- 
linear orthogonal co-ordinates 8, a, respectively. Equations 
[1] to [3] then take the forms (3) 


a, 
— (hv) = 
(hu) + ( ) 0 


k jor pf or, ar 
ve 


{10} 


Approximate Equations or Morion 


For the purpose of the present investigation, the foregoing 
equations may be simplified considerably. The distance between 
the rolls is very small compared to the distance between the inlet 
section and some suitable section downstream. Since the pass- 
age is narrow, i.e., since @ is small, 8 essentially determines the 
position along the stream and varies little on any given cross 
section. Let 8’ be the change in 8 from the inlet section to, say, 
the line of centers of the roll and let* 


Define by 
8 a 
(12) 
Then from Equation [8] 
193 13 
— —(h — — (hv 0 
+o 58 
or 
(hu) + (he) = 0 (13) 


* A typical case is given by ae = 0.05, and 8’ = 1.2, so tht e > 0.04 


a 
. 
a 
i cosh a — cos 8 
/u 
hu +e 
2(z)+ 2(5)] 
dp {2 (x) 2 
of j2 4. 2e dh 
as \h 
| 
| 
t a= log 
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where ¢ is the small quantity defined by Equation [11]. Now if 


u is expanded in terms of ¢, i.e. 
u = V ») + eulé, 9) + +... | 
it is seen that 
v = Vien(é, 1) + 


The simplification of the equations of motion is then obtained by 
substituting Equation [14] into Equations {9} and [10] and 
equating coefficients of powers of «. Retaining only terms of 
lowest orde: in the usual fashion, one has 


in place of Equation [9], since the equation involving 0p/da starts 
with terms of second order ine. Equation [10] becomes 


k pc ofu\F 
re Toa — (*)] = 0... [16} 


Assuming the variation of h with @ to be negligible, one has 


in x, y-co-ordinates 
Op ( ou 


eT oT oT 
pe +057) +»(*) =0..... [18] 


From this form it is easy to see that the approximations obtained 
are equivalent to those usually made in slow-flow problems 
(5). 

Another convenient form of Equation [8] is obtained as fol- 
lows: Integrating with respect to a, one has 


[15] 
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a 
he — (hu)da = 0 


At a», v = 0 and, in the symmetric case discussed here, » = 0 
ata =0. Therefore 


a 
JZ =0, huda =Q 


Later, an expression will be given for Q. 
Viscosrry-TEMPERATURE RELATIONSHIP 


The y-7' relationship for liquids is usually found to be approxi- 
mately exponential in character. In the current application, 
only moderate temperature differences are anticipated, so that a 
simplified expression seems justified. Furthermore, the objec- 
tive is a qualitative description of the behavior of the flow rather 
than a precise quantitative treatment. A convenient form 
is given by replacing the u-7' curve by the tangent line at some 
point in the working range, i.e., by setting 


ors (# 
aT 


For convenience, T* may be taken as the uniform temperature 
at inlet, in which case js is the inlet viscosity. 
Now let 


Note that 


and rewrite Equations [15] and [16] as 


(1 — (: 
dal” ‘aa \a 
and 


kT* peT’* ja 


Recalling the symmetry condition mentioned earlier and the 
fact that dp/08 is independent of a (since dp /da was neglected ) 


FG) 


op u 
= — 
2( 


For flows in which viscosity variations are moderate, 6 provides 
a convenient parameter to be use] in a perturbation scheme. Let 


= O(a, 8) + (a, 8B) +.............. [26] 
u = ua, 8) + du(a, 8) +.............. [27] 
v = ma, 8) + 8) +... ... [28] 


\ 

y 

u! Li 
‘ 
[20] 

(22) 

‘ 

2 
' 
py 

| 

and 7 
and 
| | 

« 
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Equation [23] then becomes’ and 
>» + 8," + 6,+...)— + afe m 
06, 06, 
(@’ + 86,' +... ] + po [1 — 5H + 36, +... )]) Equations [34], [33], and [30) are used to obtain the terms in 
u, T, Op/0B, while the terms in v are found from 
oa h (hey) + (hus) = 0, i =0,1,2,... 
and Equation [24] becomes (35) 
alfe + af + > 
uo + bur ag 0 
.... [30] 
da h 
‘oe , Also, the first Equations [33] and [34] are those associated 
The continuity equation takes the form with a constant-viscosity flow. That is, the perturbation scheme 
@ i ede 06... 001 here employed starts with the constant-viscosity solution. 
and the boundary conditions are or Equations 
: ) From the form of the equations it is apparent that ue may be 
di, phot = 8 | _...........{81] found by integration in terms of fy and the latter may be deter- 
mined from Equations [30] while %» may be found from Equa- 
= - ) tions [35]. Substituting in the first of Equations (33) yields a 
uo 8 Bo 32 
V, [82] nonhomogeneous second-order partia) differential equation for 
; ; 4. When this is solved, the second of Equations [34] will give 
V is the peripheral speed of the rolls. From Equation [82] and  , via integration and, in principle, the foregoing schemes may 
the first Equation [30}, it follows that then be repeated. 
= , The solution for ue and % may be written explicitly, but it is 
t huda = Q = Vh*ao convenient to use a numerical procedure for further calculations. 
It is apparent, even in the first-order term 6, that a thermal 
Then boundary layer is present, however, and this is the principal re- 
1 = sult which serves to explain the phenomena encountered. 
h*= ag 8 hda at 8 = Bo From Equation [34] it follows that 
ie., the inlet section ue ad? + 8) 
A Mo 
% — 08 Bo At a = ao, ue = V, so that 
Then letting cos y = — 8 Bo V a 
‘ = hes + (8) 
a= ae 2 
esc y tan aad 
a=0 
ue Vv fo 
Also = 6 = 6; =... = 0 at inlet and on the walls, and the + 
same conditions hold for vo, . .. tt, Us, 
Returning to Equations [29] and [30], and equating coeffi- Substituting this into Equation [30], we obtain 
cients of powers of 5, one obtains the following sets of equations 
foh® 
kT° — eer” f [va + je — da = Vh*as 
A? h 0 
loa \h 
h ( as * “dg + ow’) | 
or 
+ laa \ da =0 h a 1 
1 — cos 8 1 cosh a — 1 
? The prime denotes diff. ion with respect to a, 1 — cos 8 


ter 
7 
q 
7 
ry 
q P 
Wp 
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E-xpanding the bracketed expression, we find 


3V(h* — h) 
h? 
Finally 


2 h 


It will be recalled that earlier the independence of h on a was 
used to obtain Equations [17] and [18). 


Now 
ra) 3 (h* — h) (a? — 


3 — (09/3 — aan?) 
h [« 2 h ] 


hy =—V 


V aa? — at) ha 


2 h 


With these results the first Equation [33] becomes 


nn h 2 |= 


ath = 0... [39] 

Equation [39] is, of course, difficult to solve exactly. In a 
fluid with low conductivity, however, except in the immediate 
neighborhood of the walls, the energy balance is maintained es- 
sentially between the convection along the stream and the dis- 
sipation. A solution based on this assumption will not fulfill the 
boundary conditions but will have some distribution, say, 6*, a= 
*ao. It is possible, however, to find a solution to the homogene- 
ous equation, derived from Equation [39], which will take the 
values 


on a. Adding the “particular” and “complementary” solutions 
gives . satisfactory solution for >. 

In view of the approximate form of the particular solution, 
Equation [39] may be simplified further by replacing u by its 
average value @ 


thay = = h*Ven 
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9V%h* — 


On the basis of the preceding argument 
T 6, (h* — 


pcT* h* 
yields a particular solution. 
Then 
at 


or 


When @ = a, % = 6 *(8), and the value may be found easily. 
The homogeneous part of Equation [41] is 


— pch*V — = 0.. [43] 


Let » = K(ao — a), & = 8/8’, where 8’ is the change in 8 be- 
tween the inlet section and some section downstream 


h*V 2% 080 
K% — — se| — — | = 0 
on 


pch*V 
ks’ 


Ke 
kp’ ’ 


The transformation puts Equation [43] into a form, Equation 
[44], which is apparently equally difficult to solve. From this 
form, however, after interpreting v suitably, it is easier to see 
that a further transformation, Equations [46] and [47], leads to a 
simple equation, i.e., Equation [48]. Then 

Notice that » = 0 when @ = a» and, as will be seen later, for the 
fluids considered K is large. Then let 1/K = o, where o is a 
small number and 


. 


da = —edy 


= on, 


uw=V E (h* = “(2 =~)| 


1 
= f (huo)s da = (hu): dn 


Now 


ik 
or 
kT* T° 
Thus for sufficiently small a, we have, approximately 6” — = 0 
a 
1 — cos 8 
thus 
or 
= ; 
‘ = —]|h*%(8 — Bo) — 2 hd —— 
= 
08 
Let 
{ 
and 


Near the wall, however 


*—h 


and (hg)/(8’h) is essentially a function of ¢ alone. 
With ¢ = 1/K, Equation [44] becomes 


(py)? + 


The coefficient of 36)/dp is 
hg 
Pan — — Pé 


Ii p = ng (é), this coefficient vanishes whenever g’/g = h;/h*. 
Then logg = h/h* andg = e*/** or 


Furthermore, if ¢ is astumed independent of 


08 
(pn 2 


dp? 
Setting 
we have 


Thus a co-ordinate transformation is found which reduces 
Equat.on [45] to 


. (48) 


It will be noted that p = 0 when 7 = 0, i.e., when a = ayso that 
Equation [46] is to be solved with 


when p = 0. Also in Equation [47], choosing & to be the value 
corresponding to the inlet value of 8,q = 0 at inlet, and @® = 0 
when q = 0. 

Let F (£) denote 


fee. 
= 


and f (S) = L{F(€)] where L{ | denotes the Laplace operator (6). 
With 
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With 
io(s,0) = fis), 
and 
= 
or 


F\q— Gori: 49 
6p, f q — zberfe (; 7A] {49] 


Since the integrand will, in general, be complicated, numerical 
integration is indicated. Combining Equation [49] with Equa- 
tion [42], an approximate solution is obtained for @ with which, 
in principle, u, may be found from the second of Equations [34] 
by integration, and f,, 6 found as in the foregoing. Actually, of 
course, further terms must be found numerically. In the next 
section a typical problem is considered and 6 is calculated. 


APPLICATION TO A Typical CALENDERING PRoBLeEM 


The theory just developed has been used to determine the tem- 
perature distribution in linoleum color mix while being rolled 
The material properties are as follows :* 

Specific heat, 0.36 - 0.38 Btu/(Ib) (deg F) 

Thermal conductivity, 1.48 * 0.18 Btu, in./(sq ft) (hr) 
(deg F) 

Specific gravity, 1.35 1.40 
Rolls of 14-in. radii are considered, and the nip separation is as- 
sumed to be 0.10 in. The roll peripheral speed is 10 fps. 

The term a», determined from Equation [4], is found to be 0.084, 
so that, as the theory requires, a is always small; fo, 8:, the en- 
trance and exit sections corresponding to § = +6, respectively, 
are (37/30), and (23/30)x (see footnote’), in the order named; 
ais 1.185 in. 

After calculating ue, Equation [37], & is found. The boundary 
conditions imposed are that @ = 0 when 8 = fs», and ® = 0 
when a = *a». Fig. 4 shows the results of the calculation in the 
form of the temperature distribution at the nip and exit sections. 

At each section, 7” differs from # only by a constant multiplier 
given by 

Vt, 


i. i 


Fic. 4 


* The values are contained in a letter from Mr. J. T. Bergen, Janu- 


ary 27, 1947. 


* These values are shown to be appropriate in a summary report 
Gaskell. 


to the Armstrong Cork Company by Dr. R. E. 
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Sinh a(cosh a» — cos i) 
(cosh a» — cos 8)* 


4 


It is seen that the maximum temperature, the point at which 
blistering is to be expected, is found about one fifth of the distance 
from the surface to the center of the sheet. This is of the same 
order of magnitude as the blisters observed in Mr. Bergen’s ex- 
periments previously noted and offers an explanation of the phe- 
nomenon. 

In addition to its applicability, as demonstrated, the theory has 
intrinsic interest. Recently, Carrier and Lewis (7) classified the 
problems of the flow of a viscous fluid through a narrow channel 
where the temperature distribution must be considered. They 
found that three general classes may be distinguished, one of 
which, characterized by the presence of a thermal boundary 
layer, includes the problem discussed here. Further, they dis- 


MARCH, 1951 


cuss methods of solution but otherwise there is little published 
work of the type given here. 
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Previous investigations have been concerned with the 
stress concentration around a spheroidal cavity under 
certain restricted loading assumptions.? In this paper 
exact closed solutions are obtained for the following: 
(a) The distribution of stress around a spheroidal inclusion 
in an elastic body which is in an arbitrary uniform state of 
stress infinitely far from the inclusion, and, in particular, 
for the distribution of stress around a spheroidal cavity 
under the same loading conditions. (6) The thermal stress 
distribution arising from distinct uniform temperature 
changes applied to the spheroidal inclusion and the sur- 

g jium. Technically important features of the 
solutions obtained are discussed. 


NOMENCLATURE 
The following nomenclature is used in the paper: 
(2, = Cartesian co-ordinates 


(u,v, w); Tey ++) = Cartesian components of dis- 
placement and stress, re- 
spectively 

e = dilatation 
¢, 0, \ = harmonic stress functions (dis- 
placement potentials ) 
(a, 8, y) = orthogonal curvilinear co-or- 
dinates in general, and 
spheroidal co-ordinates in 


particular 
(hy, he, As) local scale coefficients, and local 
feos (a, 7),...] = direction cosines, respec- 
} tively 
(ua, Ua, Uy) } curvilinear components of dis- 
Tas--+) > = placement and stress, re- 


} . spectively, for outer region 

(we’, up’, uy’) ) curvilinear components of 
> = ‘placement and stress, re- 
j spectively, for inner region 
q = cosh a, 9 = sinh a | auxiliary position parameters 
p = cos 8,p =sin8 >» = _ for spheroidal co-ordinate 


h=h=h,=1 } system 
Q = 1+ log = auxiliary harmonic function 
2 
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Stress Concentrations Around Spheroidal 
Inclusions and Cavities 


By R. H. EDWARDS,' CHICAGO, ILL. 


qo, Go, he, Qo values of g, g, h, Qat a = ay 
} polar and equatorial semiaxes, 
a = cosh ao = go 
= respectively, of spheroidal 
b = sinh ag = 
cavity 


s = b/a = shape ratio 
i}, v; = shear modulus and Poisson's 
ratio for outer and inner 
regions, respectively 


‘ 
a=— + + — = Laplacian operator 


H= = measure of relative rigidity of 
G the inclusion and surround- 
ing medium 
T,T'; To, To’; T:, T:' = temperatures 
= linear-thermal-expansion ¢o- 
efficients for the outer and 
inner regions, respectively 
M = factor of proportionality used 
in thermal stress problem 
D = determinant of coefficients 
of the linear equations 
arising from continuity con- 
ditions 


STATEMENT OF THE PROBLEM 
Consider an infinite body which possesses an inclusion in the 

shape of a prolate* spheroid. It is assumed that the spheroidal 
core and the surrounding body are each composed of homogene- 
ous isotropic material, but that the elastic properties of the two 
materials may be distinct. At the contact surface between the 
two media, complete bond is presupposed. An exact solution 
for the distribution of stress will be determined under the con- 
dition that the surrounding body is in.an arbitrary uniform state 
of stress infinitely far from the inclusion. 

Solutions corresponding to certain particular or limiting cases 
of the foregoing problem are known. These solutions offer valua- 
ble partial confirmation of the results obtained. In this con- 
nection, reference is made to the solution for the problem of the 
spheroidal cavity under uniaxia) tension perpendicular to the 
axis of the cavity Ly M. A. Sadowsky and E. Sternberg (1), J. N. 
Goodier’s determination of the stress distribution around a spheri- 
cal inclusion (3), H. Neuber’s investigation of the spheroidal 
cavity under uniaxial tension parallel to the axis of the spheroid 
(2), and L. H. Donnell’s two-dimensiona! analysis of the elliptic 
cylindrical inclusion (4). 

Let the Cartesian co-ordinate system O.ryz be introduced with 
O at the center of the spheroidal inclusion and Oz coincident 
with the axis of symmetry of the configuration, Fig. 1. Since 
the state of stress at infinity is uniform, Ory may be oriented so 
that r,, = 0 at infinity. The stress distribution throughout 
the body may then be obtained as a linear combination of the 

+ If the inclusion has an oblate spheroidal shape, the results of this 


analysis may be applied directly after a trivial transformation of 
ariables. 


> 
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* 
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solutions to the following five loading conditions at infinity: 
Case 1: (plane hydrostatic state of stress) 


1; Cage Tyee Ten O 


Case 2: (plane state of pure shearing stress ) 


Cg 1; Tags Ton Ten O 
Case 3: (state of uniaxial tension) | 
Case 4: (plane state of pure shearing stress) 
Case 5: (plane state of pure shearing stress) 


Fue ~> 1, Cys Taq» Tes O 


It will be noted that Cases 4 and 5 are intrinsically the same. 

In the analysis of each loading case, two solutions to the basic 
equations of elasticity are sought. The first, which will define 
the stress and displacement fields over the inclusion, will be called 
R;‘j = 1, 2, 3, 4, 5), where j denotes the number of the loac\ing 
case under consideration. The second, which will define these 
fields over the surrounding body, will be designated by R,. 

The classical three-function approach in the theory of elasticity 
will be used‘ in the particular formulation employed by Sadowsky 
and Sternberg (1) whose notation wil] be adhered to. According 
to this formulation, the general solution of the displacement- 
equilibrium equations in the absence of body forces is taken as 
grad ¢ 


u,v, 2G 


(u,v, w) = curl [0, 0, 


2G 


2G 


{u,»,w] = grad \ — 0, 


where Je = Ad = AA = 0. It is readily shown that any solu- 
tion of the displ t-equilibrium equations may be repre- 


‘ The, three-function approach was apparently originated by 
Boussinesq (6), and subsequently investigated by Papcovich (7) 
and Neuber (2). 
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sented as a linear combination of these solutions provided the 
harmonic functions ¢, 8, and \ are chosen properly. These solu- 
tions will be referred to as basic solutions 1, 2, and 3, respectively 

Sadowsky and Sternberg (1) have determined the stress and 
displacement fields corresponding to Equations [1] and referred 
to prolate spheroidal co-ordinates. For the sake of complete- 
ness, these results are summarized here. 

The prolate spheroidal co-ordinate system is defined by the 
equations of transformation 


z = sinh a‘sin 8-cos y 
y = sinh a‘sin 8+sin y 
z = cosh a-‘cos 8 


The surfaces a = const, 8 = const, and y = const form a triply 
orthogonal family of prolate spheroids, hyperboloids of two 
sheets, and meridional half-planes. 
For convenience, the following auxiliary variables are intro- 
duced 
q = cosh a, = sinha = 1 
p = cos 8, Pp = sin 8 = V1 — p? 


If the differential of are length is written in the form 


da\* i) ( 
(ds) ) + + 
the local scale coefficients become 
1 1 


In this co-ordinate system, the three basic solutions yield the 
following representations of the displacement fields 


—h 
Ma 5G “= 


us = 
he 
ly = (pd, — 


Wa = — (3 — 


h 
up = 2G [—pr, + (3 — 
1 
Pa A 
2G pa 
The corresponding stress fields become 
First basic solution 
Ca = + ae, — Per) 
op = h*py,, + qe, — Per) 


uy 


Pry 
= 


Tas = [—A'e,, h“(qe, Pe.) 


+ h* qe, — 


z 
my 
> | 
4 
x 
4 
1 ey 
= AP, 
| | 
‘ 
| 
= 110) 
2 
a4 


Second basic solution 


26, 
re 


Cy 


Tay 


ry 


7 


Third basic solution 


cy 


system. These are 


or for @ independent of + 


—F,(q)° 


os = —2h'p + a »,| 


+ 2h*[pd,, — 


o(q, P) = {F,(q) or S,(q)]- [F.(p) or S,(p)) 


A? 
Tap = — p*q9,, — 2pqd,} 
27 + pg — 
+ h*pq?((q? + p*)0, — 2pq0,] 


& = 2d, )pq? 2vh*qp*r, — 


+ qd, — Pr,)PqP* 


og = — 2d, )qp* + 2h*(qp*r, — 


» 
PANTY + (1 — Pry) 


— — 


Tas = h?[(1 — 2») (pA, + — IPG 


+ h*ppaq(qr, — Pr,) 


(n,m = 0, 1, 2,3,...) 


1 


1 
S.(q) = - F,(q)-) — T, (q) 


where 7',(q) is the polynomial part of the expansion 


| 
| 
| 
| 


.. 


The harmonic functions which will be used subsequently are 
the Lamé products associated with the spheroidal co-ordinate 


P, y) = (q) or (q)} [F,™ (p> or S,™ (p)] 
* [cos my or sin my] 


{14} 


where F,(q), S,(q), F.°"(¢), are t} ordinary and associ- 
ated Legendre functions of the first and second kind. 
These functions may be defined as follows 


[17] 
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and 
1 q 
ff P,(q) dq... dq...... {18} 
1 
the integration being m-fold. 
Also 
(q) = [19] 


The analogous definitions for the Legendre functions of p 
are obtained by replacing g, 9, log (¢ — 1)/(q + 1) with p, p, 
log (1 — p)/(1 + p), respectively. 

Let the boundary of the inclusion be defined by the equation 
@ = aorg = q. The continuity conditions then take the form 
atq = q 

[Ue, Ug. Uy] == ug’, Uy’) } [20] 
(ea, Tas; Tay! = lea’, Tah’, | me 
The primed stress and displacement components are those cor- 
responding to the solution R,"(j = 1, 2, 3, 4, 5). 

In order to fulfill the boundary conditions at infinity, R, will 

be represented in all cases as a sum of the form 


where R,, is the uniform field solution which would be obtained in 
the absence of an inclusion. The R;, are solutions obtained from 
Equations [1] for which the corresponding stress fields vanish at 
infinity. The a,; are coefficients of superposition. 

Similarly, ?,’ will be represented in the form 


Ry! = 


where the b,; are constants and the R,,’ are solutions to the basic 
equations of elasticity. 
For Case | 
The boundary conditions for this case are 
asq— 1 
Toy Tey 
or equivalently 
eo, 


Tas h*ppqg 


Tay, 


Suitable harmonic functions to generate basic solutions for 
this loading case are found to be: 
For the solution R, 


— 
Ra: Si(q)F Qp [26] 


1 
Ra: ¢ = Siq)Fip) = (3p? — 1) 


where 


q 
=1 | 
Q 


For the solution R,’ 


if 
| 
4 
| 
1) 
| 
| 
Tey = — | A, 
ry 
j 
{13} 
x k= 1,3.5,.. 


JOURNAL OF APPLIED MECHANICS MARCH, 1951 
Ry’: = Basic solution Rx 
1 
Rn’: ¢ = = 4 (3q? — 1) (3p? — 1). . -. [29] 


The stress and displacement fields corresponding to the solu- 3 
tions under consideration are as follows: pp: » 


[+ — 
Solution Ra 


q 


h 

3 

= — + 

=1 

= h*ppad 

= 13, = 0 


Basic solution Ru 


Basic solution Ry’ 
* = — (4v’ — 2)p*qq 
Ua 2G 
, 


ug’ = (2 — 4v')q*pp 
u,’ =0 
= 2G? + — + — 2) 
= —2q? + — 1) + — 
= 
= — 4v’)ppqi 
ray’ = 0 


Basic solution Ra 


h l | Basic solution Ra’ 
2G (4v — 2)Q + 


A 3 
— , 
aa | » )ppaQ| 
= 0 
3 — 2v (2 —- 4v)q? — 
“+ — — hig! 
q 


(aq? 
1) 
aq’? 


+ h?{(—2 + — 


3 
2 (—2 + 4r)g? — 2 ~1)— 

q 


+ (2 — + h'g 
(—1 + 2v)qg?— 2» 
q tag’ @ — ppaqgh* 


2» R, and R;’ may be represented as in Equations [21] and [22] 
— + (2 — 4»)q@ with the foregoing values for Ry and R,,’ provided the constants 


are fulfilled. Equations [20] will be satisfied if these constants 
satisfy eight simultaneous linear equations. The equations are 
compatible and their solutions are 


) 4), 2, 4a, 6, and by are chosen so that the continuity conditions 


1 


| 


2 
22 
| 
seg! 
| 
nh 3q? + 2 
| 
| 
= —,ug =u, = 0 i 
=a — — — hit 
Ca 7 h'q We 
og = hg 
4 q 
= A? 
vy 52 . [34] 
h‘pp ; 
Tay = T3, = 
| 
us 
J 
| 
1 
q | 
Tas = 78, = 0 
| 


) 
Hg 1 ltr) 


te 1+? j 
{ Ht —2) (1 +’) 


+ 
—B8v + 4y’ — + + 40%’ 
1 ['(2» — 2)(2»’ — 2») \ 

ay = —Ango* — an.. . . [38] 
where 


and 


D= + 2)Q0? +2 — 


+] +H — + — 8) 
[40] 


(1 —») — M1 — + 
1 

+ (2 — (2 — | 
qo 


A simple calculation shows that Ry,’ and Ry’ correspond to uni- 
form stress fields; hence the inclusion is in a uniform state of 
stress under this loading condition. 


So.uTion For Case 2 


The boundary conditions here are 


asg-> @ Gan I 
[41] 
Tye» Ten O 
Appropriate harmonic functions generating basic solutions are 
found to be 
1 


= So(q) [—Fe?(p) + So'(p)] cos 2y 


Rat = [—Fo2(p) + sin 2y [42] 


1 
A = S,(q)[3F + cos 2y 
Ra: ¢ = 8S,(q) cos 2y. [43] 


Ra: = 8S, (¢) F,(p) sin 2y... .. [44] 


* The subscript 0 is used to denote functions evaluated at g = go. 
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These functions take the form 


q 
| 
q it+p 
Re: sin 2y (45) 
i=? 
) 


Each of the harmonic functions given by Equations [45] is 
singular at p = 0. The z-axis is then a line of singularities for 
these functions, and they do not individually generate solutions 
which are regular over the region g > qo. However, a linear com- 
bination of these three solutions which is regular over this region 
may be constructed. This solution is called Ri. 

Ri’ is taken to be the uniform field solution Re, with G and » 
replaced by G’ and v’. 

The displacement and stress fields are: 


Solution Ro: 
ip* hg*pp 
G 


uy = — sind 


Ga = (q? — cos 2 y .. [48] 
op = + h*g*G*) cos 2y 


o, = —cos 27 
Tap = h*ppqg cos 2y | 
Tay = —hpq sin 2y i 
Tp, = sin 2y | 


Basic solution Ri: 


Me 35 [(5 — —- (3 — cos 25, 
2 
ug 2G cos 2y 
h? 
uy + (—1 + sin 
| 
(—7+2»)g 6g 
(6 — 
| + + cow 2 1401 
(2+2 


+ h* (—3qq? — in) cos 2y 


5 


‘+ 


23 
‘ 
2 
ay = 
3 
21 + »’) 
G 
: 
| 
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sin 2y | 
Basic solution Rx 
2 


ug = 2pp cos 


2 + 3979 
(2 ) sin 2y 
2q 12¢ 

+o 


Basic solution Rj: 
2h + 39° 
2h + 39 


2: 


) p* cos 2y 


+h - 12070) | cos 27 


4.8 1279 


+h? («—* 1200) | cos 2y 
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20 24 
120) 


=) 


— h?— + | sin 2y 
} 

R, and R,’ may be represented as in Equations [21] and [22] 
with the foregoing solutions provided and by; are chosen 
so that the continuity conditions defined in Equations [20] are 
fulfilled. 

Although eleven simultaneous linear equations arise from the 
continuity conditions, the rank of the augmented matrix is but 
four. 

The solutions for the coefficients are found to be 


a. = 8/k 
= — /k 
= 21 »)/k 


where 


12 + + (184% — 24 + |... [53] 


Again, the inclusion is found to be in a uniform state of stress. 


SoLuTIon For Loapino Case 3 
The boundary’conditions are 


Ris, Rea, and Rg are taken as equal to Ru, Ru, and Ry, the 
stress and displacement components of which are defined by 
Equations [31], [32], and [33], respectively. Ris’ and Ry’ are 
obtained from Ro and Ros by replacing G and » by G’ and »’. 
The components of stress and displacement corresponding to 
Ro and Re are given in Equations [30] and [55]. 

Solution Ros. 


— 
2G(1 + 
hpp 
+») 
= 0 
= + 
= g? — htgtg? 


[(1 + »)p* — »] 


[» — (1 + »)q*] 


| 

—l+2  —2+4 ) 

| 
+ ht cos 2y ras = ( 

4 | 

2 (sont.) cont) 
| + h*(2— 2) (1 + — ) + AX 4 — sin 2y 
j (—2 + (4 — 
rm = | 
} ‘ 48(1 — v) 

ip 

rao =o (2 + +090) +0 cos 2y 

"| 

| 
| | 

; 
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= 9 ) The pertinent stress and displacement fields are 
tap = [55] Solution Ro 
Tay = Tay = 9 


Ue = — 1) pp cos 


The coefficients are determined through the continuity condi- 
tions defined by Equations [20] and are found to have the values 


So_uTion For LoapinG Case 4 o3 = 2h* — cos y 


The boundary conditions are e, =0 
The following harmonic functions will be used h*pg 
= i 
Ru: = Fo(p) + So(p)] cos 160) Yer ( sin 
j= So(q) (p) + So (p)} sin hp 
= | — — 1) — Zh*g*p | sin 
Ra: = cos y........... {61} q 
Ruz 8 = 2S,(q)Fy(p) sin y............[62] Basie solution Ry 
Ra: = cos [63] h | 6g? —3 24? —3 
we = pp cos 
These functions have the form 26 aq 
) h 1 ) 
1 = —— - — 2p? 
Ru p [64] 1 ( 1 ) 
v= - Y 2G 7 
q 
2 
Ru: ¢ = (s0 + pp cos y....... [65] q 
+ 2 2 
o3 = (ovo + pp — h* cos y 
Ru: 8 = + 
o, = —2h* PP cos ¥ 
q 
q 
Ru: \ = - > oon ‘ 
“ 1(0+4) peor [67] — 8,4 3 
ear 
Again, the harmonic functions given in Equations [64] are each 
singular along the z-axis. However, a linear combination of these + + 1) — cos ¥ 
two solutions may be constructed in such a way that the resulting 7 4 
stress field is regular in the region g > go. This combination is 39 @—3\. 
called Ru. Tay —hp q Q + — sin y 


Ry’ is set equal to Ro except, of course, that G and » are re- 
placed by G’ and »’. Rx’ corresponds to a rigid-body rotation 2 
about the y-axis. wy 


hp (0 + 2) sin ¥ 
qd 


1 | 
1+» + — 2) (1 te — og = —2h*gGpp cos y 
[56] o, | 
tap = {—(2q*—1) + cos | 
a3 | Tay = sin y 
D 1+ ‘lu 2)»Qo (1 + ») TBy 
..[57] Basie solution Ru 
(2 — 2») Ua = 0, G (‘) cos ¥, = 
(—2 + ¥— + | + +») | 
Gq = 2h* 


} ..{69] 


..[70] 


* oud 
J 
A 
168) 
4 
‘ 
| 
} 
a 
| 
| 
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Basic solution Ry 


Ue 


1 
(se +4 pp cos ¥ 


h 
h 


ug p* cos y 


1 


= —2hy (s0 + +) pp cos > 


q 


= 304+ — 


+ 4 hig? \ psin y | 


Basic solution Ryu 


+ (3 — @ | cos ¥ 
q 
1 
psin ¥ 


= + (4q? — + 4vh*QQ 
q 
1 
= | (0 + ~ 
— pp cos 
q 
2 
q 


Tas = — 
q 
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Pp 
Tay = 1) 


Solution Ra,’ 


= = Cy Tas = Tay = = 9 


Again, solutions of the type of Equations [21] and [22] are 
sought. It is found that the continuity conditions will be ful- 
filled provided the coefficients have the following values 


2 
ay = = (l—v) aa 


3 
2 
au = 


au —v) 


bu = G au 
b (3 2) (a + | 
qo 7 } 


= —»/ v — 3qo*) 


1 1 | 
— — — (2—2y 


Discussion or Resu.ts 


Numerical evaluations based on the foregoing analysis were 
made for the technically most significant loading case of uniaxial 
tension at infinity which is characterized by the boundary condi- 
tions 


@ 1; Tay: Tans Tye O 


It is evident that the arithmetic mean of the solutions to Cases 
1 and 2 is the solution corresponding to the conditions of Equa- 
tion [75]. Regardless of the loading, the state of stress at any 
point of the medium depends on the shape parameter qo, the 
elastic constants », »’, and H = (G’/G — 1), as well as on the posi- 
tion of the point. In all computations it was assumed that 
= 0.3. 

The stress component ¢, was evaluated at the three points A, 
B, and C on the boundary of the inclusion, Fig. 1. Since the in- 
terior region is in a homogeneous state of stress whenever the 
limiting stress field at infinity is uniform, ¢,’ is independent of 
position in the region g < go. Furthermore, because of the con- 
tinuity conditions, o, is equal to o, at B. 

In Figs. 2, 3, and 4, «, at A, B, and C is plotted as a function of 
the shape ratio s for various values of the material parameter H. 
Here s is the ratio b/a, where a and } are the lengths of the semi- 


fe | 
..(72] 
+ 610 + ¢ cos | 
A ta, = (.. q ) 
q 
ee 
pe 
| 
hpp 
2 1 
— (3 — 4») (c cos y | 
; h 
up = (o + +) p? | 
| 
. (72) a 
| 
| 
| 
+ — 2v) + 2g] — cos 
| 
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2 
q 
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Fie. Untaxtat TENSION og = 1 at INFINITY 
@z at equator point B as a function of shape ratio ss various values of H = 


1). =r’ = 0, 


major and semiminor axes, respectively, of a meridian of the in- 
clusion. It is to be noted that specification of s is equivalent to 
fixing qo, since s = Go/qo. 

Certain particular values of H are of special interest. If H = 
—1, the problem reduces to that of the spheroidal cavity; if H 
=0, the stress distribution throughout is that of the uniform field 
at infinity, since the elastic properties of the core are then identi- 
cal with those of the surrounding medium; the limit H > © cor- 
responds to an ideally rigid inclusion. 

In turn certain limiting values of s deserve special attention. 
If,s = 1, the inclusion is spherical in shape. The known solution 
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Vic. 4 Untaxtat Tension o, = 1 at 


(ex at equator point C as a function of shape ratio for various values of H = 
((@’/@) — 1}. =» = 0.3.) 


to the problem of the spherical inclusion (3) then affords a check 
for the limiting case s —> 1. 

The limit s — 0 can be interpreted geometrically in two ways. 
If 6 — 0 with a fixed, the spheroid degenerates into a straight- 
line segment. However, if b is fixed and a-> ~, the shape of the 
inclusion approaches that of an infinite circular cylinder of ra- 
dius b, whose geometric axis coincides with the z-axis. 

In the region g > 1, the state of stress tends to that of the uni- 
form field at infinity as s+ 0. However, the corresponding limit 
of o, at (p, g, y) is not uniform with respect tog. For fixed values 


as 


of pand y, the limit of o, 


does not exist. If the limit is taken in the order s — 0, ¢ — go, 
the limiting value of ¢, is that of the uniform field. However, 
proceeding to the limit in the order g — qo, s — 0, a different 
limiting value of ¢, is obtained. This behavior is typical of prob- 
lems involving stress concentrations around cavities or inclu- 
sions. 

In determining values of ¢, at A, B, and C, the limit ¢ —> qx was 
taken at the outset, hence the limit of ¢, as s —> 0, which is indi- 
cated in Figs. 2, 3, and 4, is not the uniform field value of unity. 
At the equatorial points B and C, the limit of ¢, as s —~ 0 is in 
fact equal to the value of o, at corresponding points computed 
from the solution to the probiem of the infinite cylindrical-shaped 
inclusion under analogous loading conditions,* provided H is 
finite. 

However, the limit of ¢, 


i. Reference (3), p. 43. 
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does not exist at points B and C. An interpretation of the non- 
existence of this limit is obtained by observing that upon pro- 
ceeding first to the limit H — © with s # G, the problem be- 
comes one of the mixed boundary-value type in which the dis- 
placements are specified to vanish on the boundary of the inclu- 
sion. If, however, the order s -+ 0, H-> = is adhered to, it is found 
that the displacements on the t dary of the inclusion do not 
vanish in the limit. 

The computed values of ¢, at the polar point A are presented 
in Fig. 2. For H = —1, the computations check the results 
given by Sadowsky and Sternberg for the spheroidal cavity 
under similar loading conditions.’ Furthermore, values of 
«, at A computed from Goodier’s solution® for the spherical in- 
clusions are in agreement with the present results. 

It is noteworthy that for any fixed value of s, ¢, at A decreases 
monotonically as H increases; and that if H is sufficiently large, 
a reversal in the sign of o, is effected. This reversal already ap- 
pears in the solution of the spherical-inclusion problem,* but large 
negative values of ¢, are obtained only with the very slender 
needle-shaped inclusion. Furthermore, with H sufficiently large 
and 8 sufficiently close to zero, ¢, at A may be made arbitrarily 
large in magnitude. 

Fig. 3 shows the computed values of ¢, at the equator point 
B. Again, the solution for the spherical-shaped inclusion offers 
check points at s = 1. Also, for finite values of H, as s + 0 
the value of ¢, at B reduces to the value given by the solution for 
the infinite cylindrical inclusion with the same loading conditions. 

Quite apparently, ¢, at B must be zero for H = —1. With 
8 fixed, as the rigidity of the inclusion increases, the magnitude 
of ¢, increases and the maximum value of,¢, is attained if the in- 
clusion is ideally rigid. The maximum ¢, at point B is obtained 
for the ideally rigid spherical inclusion. 

The computed values of ¢, at C, Fig. 4, coincide with the corre- 
sponding results for the spheroidal cavity and the spherical in- 
clusion. Again, as s — 0, o, approaches values obtained from 
the plane-strain solution for the cylindrical inclusion. The most 
critical values of o, at C arise in the case H = —1 with small 
values of s. 


AssociaTep THERMAL Srress Prose 


Consider the previously defined system, composed of an in- 
finite body containing a prolate spheroidal-shaped inclusion. 
Let the system be in aa unstrained state at a uniform tempera- 
ture 7'o, with no loading at infinity. The distribution of stress 
wil! be determined under the assumption that the body and in- 
clusion are at uniform temperatures 7’; and 7’;’, respectively. 

A particular case of this problem was invertigated by N. O. 
Myklestad (5), who determined the stress coucentration due to a 
difference in temperature between the inclusion and the body 
surrounding, under the assumption that the elastic properties 
associated with the two regions are identical. 

The method of solution to be followed in the present problem is 
essentially the same as that used in the preceding analysis. 

Let 

T = — To), T’ = — To) 
and let ¢, e’ designate the coefficients of linear thermal expansion 
for the materials occupying the exterior and interior regions, re- 
spectively. 

The displacement and stress distribution, due to a uniform 
temperature change of each of the two media, in the absence of 
the other, is readily obtainable. These displacements are 


? Reference (1), p. 4. 
* Reference (3), p. 42. 
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u = eTz,v = w = «Tz 


Ug = ug = —eThpp, u, = 0 


q< 
ul = e'T'z, V' = = 


Ua’ = u's = —e'T’hpp, u,’ = 0 


and the associated stress fields vanish identically. The dis- 
placement fields defined by Equations [77] and [78], together 
with the null stress field, will be referred to as solutions Ry and Ry’. 
If R and R’ represent the solutions for the surrounding body and 
core, respectively, then these solutions may be written in the 


form 
R = Ry + 2a,R, 
R’ = + 


where R; and R,’ are solutions to the basic equations of elas- 
ticity and a,, 6; are coefficients of superposition. Again, R and 
R’ are linked by the continuity conditions of Equations [20], 
and as q — @ all stress components of R must vanish. 

The following basic solutions will be used 


R, = Ru, R: = Rn, Ry = Ry 
= Ru, Re’ = Ros 


The stress and displ t ponents cerresponding to these 
solutions are given by Equations [31], [32], [33], [30], and [55], 
respectively. 

The continuity conditions will be satisfied if the coefficients are 
chosen appropriately. The proper values for the coefficients 
are found to be 


a, = — (er (39 
2 D € e | 


[ —2) + +] 

Go? Go? 

J 


a, = — 
If eT = «'T’, or if G’ = 0, the stress components are annulled. 
Furthermore, if G@ = G’, » = »’, the solution reduces to that of 
Myklestad. 
Comparision With Myklestad’s Solution. According to Mykle- 


stad (5), the displacements in the exterior region are given by 
(u, v, w) = grad V(z, y, 2). 


where 


/atk 72 
+ y*) + — 
a+k Ver+k 


i 
: 
| 
or 
ivy 
or 
| 
. 
; 
Le i 
[81] 
| 
le? — gt 
a? + } 
and 


the surface of the inclusion being defined by 


rhe. 


whereas k is defined through 
2 2 2 


at+k ct+k 
With a modification of scale, one may write 


= c=q 


so that 


V = + — 2g%p*) sinh! (87] 


or equivalently 
pp 
2 
+ [88] 


The displacement field defined by Equations [88] and [81] will 
be compared to the displacement field previously obtained for 
the special case wherein G’ = G, »’ = v. 
For this special case, it follows from Equations [80] that 
+ 
3(1 — v) 

Since solutions R, and R; are both of the class called basic solu- 
tion 1, the displacement field is of the form 


1 


Utilizing Equations [81], [25], and [27] the form of ¢ is found to 
be given by 


+ » 
(eT — 
2G 3(1 le 
1 1 + (3g%—1 1— 
4 q q 


By elementary manipulations, one finds that ¢ = 2GV, and the 
displacement fields of the exterior region are thus identical. 

Discussion of Results. The dimensionless normal stress com- 
ponent ¢q/E(«T — ¢«’T’) has been computed at the pole and at 
an equatorial point of the inclusion. The results are presented 
in Figs. 5 and 6. The method of presentation is similar to that 
of Figs. 2, 3, and 4. 

In the thermal-stress problem under consideration, the state of 
stress at any point of the medium depends upon the parameters 
8, H, v, »', and M = E(eT — ¢’T’), as well as on position. All 
stress components contain M as a linear factor. In numerical 
computations it was assumed that » = »’ = 0.3. 

As s — 0, the state of stress at any point in the region q > 1 
reduces to the null state. This limit is, however, not uniform 
in g. The limit of o, as ¢ —> q, s — 0 is not zero unless H = 
—1l. Since in computing ¢, at two points on the boundary of the 
inclusion the limit ¢g — go was taken at the start, the limit of 
¢a/M as s — 0 which is indicated in Figs. 5 and 6 is not zero for 
H #—1. 

In Fig. 5, ¢4/M at the equatoria) point B is plotted as a func- 
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tion of s for various values of H. For any fixed value of s, 
@a/M increases as the rigidity of the inclusion increases. For 
H fixed and sufficiently small, ¢./M is also monotonic in s. 
However, for very large values of H, this monotonicity with 
respect to s no longer holds. 
Again, the limit of ¢,/M at B 
Taking this limit in the order s ~ 0, H + =, 
With a reversal of order, ¢./M 


does not exist. 
oa/M has a limiting value of 1. 
has a limiting value 1.15. 

Computations were made for the case H = 1000, and it was 
found that for s > 0.05, the values of ¢,/M, corresponding to H = 
1000 and those corresponding to H = —, are indistinguishable. 
However, near s = 0.01, the values of ¢,/M corresponding to H = 
1000 break sharply toward the limiting value of unity. Again 
the nonexistence of this limit 

{ s 
as 

follows from the fact that in the order H — o, s -» 0, zero dis- 
placements are preserved on the boundary in the limit, whereas 
in the order s + 0, H — o, the limiting displacements on the 
boundary of the inclusion are not zero. 

In Fig. 6, ¢q/M at the polar point A is presented. The largest 
stress concentrations are seen to occur for the very sharp needle- 
shaped inclusion. In particular, it is found that the limit 
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of ¢a/M at A is infinity. 
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Influence of Rotatory Inertia and 
Shear on Flexural Motions of 


Isotropic, Elastic Plates 


A two-dimensional theory of flexural motions of iso- 
tropic, elastic plates is deduced from the three-dimen- 
sional equations of elasticity. The theory includes the 
effects of rotatory inertia and shear in the same manner as 
Ti henko’s one-di ional theory of bars. Veloci- 
ties of straight-crested waves are computed and found to 
agree with those obtained from the three-dimensional 
theory. A uniqueness theorem reveals that three edge 
conditions are required. 


INTRODUCTION 


CCORDING to the classical two-dimensional theory of 
flexural motions of elastic plates, leading to Lagrange’s 
equation 


w + = g(x, y, 
qs, y, 


the wave velocity of straight-crested waves is inversely propor- 
tional to the wave length. The exact solution, by Rayleigh 
(1),? Lamb (2), and Timoshenko (3), of the general equations of 
the linear theory of elasticity, for the case of straight-crested 
flexural waves, confirms this result only for waves which are long 
in comparison with the thickness of the plate. As the wave 
length diminishes, the velocity in the three-dimensiona] theory 
has as its upper limit the velocity of Rayleigh surface waves. 
Hence the classical plate theory cannot be expected to give good 
results for sharp transients or for the frequencies of modes of 
vibration of high order. A similar situation exists in regard to 
the classical one-dimensional theory of flexural motions of elas- 
tic bars, leading to the Bernoulli-Euler equation. 

In the case of bars, correction terms have been supplied by 
Rayleigh and Timoshenko. Rayleigh (4) introduced the effect 
of rotatory inertia but, although the upper limit of the velocity 
is thereby made finite, its magnitude is too large. It was not 
until Timoshenko (5, 6) included the effect of transverse shear 
deformation that a one-dimensional theory of flexural motions 
of bars was oDtained which gives satisfactory results for short 
waves and high modes of vibration. 

In the case of plates, equations of motion analogous to Timo- 
shenko’s bar equations have been given by Uffyand (7) and a 
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corresponding theory of plate equilibrium has been given by 
Hencky (8). One purpose of the present paper is to show how 
a more comprehensive two-dimensional theory of flexural motions 
of plates, analogous to Timoshenko’s one-dimensional theory for 
bars, may be deduced directly from the three-dimensional equa- 
tions of elasticity. Uflyand’s equations of motion are reached, 
but are later modified in the light of a comparison of the velocity 
of straight-crested waves with the corresponding velocity ob- 
tained from the three-dimensiona! theory. The modification 
consists of the selection of the value of a constant, appearing in 
the relation between average transverse shear stress and strain, 
variously chosen as 2/3 and 8/9 by Timoshenko, and 2/3 by 
Uffyand. A formula for this constant, involving Poisson's ratio, 
is suggested (see Equation [47]). By its use, the limiting ve- 
locity for very short waves is made identical with the velocity of 
Rayleigh surface waves, and velocities intermediate between 
very long and very short waves are brought into close agreement 
with the three-dimensional theory. 

In addition to the derivation of equations of motion, there are 
derived theorems dealing with kinetic and potential energies, 
uniqueness, initial and boundary conditions, and single-valued- 
ness of displacements corresponding to similar theorems in the 
three-dimensional! theory. 

At various stages of the development, attention is directed to 
the very close similarities between the theory under discussion 
and E. Reissner’s theory (9, 10) of flexural equilibrium of plates. 
Of special interest is the conclusion that, as in Reissner’s theory, 
three boundary conditions are to be satisfied rather than the 
two of classical plate theory. 


PLate-Srress ComMPONENTS 


The plate is referred to an z, y, z-system of re>tangular co-or- 


dinates. The faces of the plate are the planes : = +h/2 and 
its cylindrical surfaces are defined by plane curves or polygons 
C; parallel to the z, y-plane. The faces of the plate are taken 
to be free from tangential traction but under normal pressures 
qandq. Thusin the usual notation 


= f, 


For convenience the notation g = q: — q will be used. Nor- 
mal pressures are retained on both faces in order that one of them 
may, if desired, be made proportional to the transverse displace- 
ment to simulate the effect of an elastic foundation. 

The bending and twisting moments and the transverse shearing 
forces, all per unit of length, are defined in the customary manner 


a/2 ) 
(M,, M,, My.) = Fue) edz 


(Q,, Q,) (Tee Ty:) dz 


[4] 
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For brevity these will be designated as the ‘‘plate-stress com- 
ponents.” 
Srress-Strain RELATIONS 


In three-dimensional elasticity theory there are six components 
of stress which are expressed in terms of six components of strain 
through Hooke’s law. The stress-strain relations and the ex- 
pressions for the six components of strain in terms of three com- 
ponents of displacement are then used to reduce to three the num- 
ber of unknowns in the three equations of motion. In the present 
theory there are only five plate-stress components and these will 
be expressed in terms of the same number of ‘‘plate-strain com- 
ponents.” The latter will then be expressed in terms of three 
“plate-displacement components.” 

Consider the general Hooke’s law in the form wherein each of 
the six components of strain is expressed in terms of the six 
components of stress. Of the six equations, one is ignored, 
namely, the one containing the unit. elongation («,) normal to 
the faces of the plate. The remaining five equations are then 
solved for Tex, and T,, in terms Of €,, 2nd 
¢, Alternatively, one may start with the expressions for the 
components of stress in terms of the components of strain, solve 
the one containing ¢, for e, and use this to eliminate «, from the 
remaining five equations. Integrations are now performed on 
these equations so as to convert the stress components into 
plate-stress components in accordance with Equations [4]. The 
results are then altered in two respects: (a) The integrals contain- 
ing o, are dropped; (b) the coefficients of the integrals containing 
Ye, and y,, are replaced by constants whose magnitudes are to he 
determined later. This procedure is applicable to anisotropic 
materials. In the case of an isotropic material, we find 


M, = DT, +uT,), M, = DIT, 


= (1 Dr,,/2 


Q,= Gh, Q, = Ghr,, J 


where the plate modulus D is expressed in terms of Poisson's ratio 
wand Young’s modulus £, or the modulus of rigidity G, by 


Eh* 

— 

and 
[7] 
so that G’ is the constant which replaces the coefficient, G, of the 
integrals containing y,, and y,, in the integrated stress-strain re- 
lations and « is the constant, referred to in the introduction, for 
which a formula involving Poisson's ratio will be given presently. 
The I’s in Equations [5] are the plate-strain components de- 

fined by 


(T,, Ty, Uys) = 12h78 
o 
=h f Veo Yue 


Equations [5] would have been obtained if it had been assumed 
that ¢, = 0 at the start. However, the procedure adopted re- 
veals that only a linearly weighted, average effect of o, is neg- 
lected, rather than ¢, itself. 


COMPONENTS 
To proceed toward the establishment of plate-strain-displace- 
ment relations, the strain-displacement relations of the three- 
dimensional theory are integrated in accordance with the right- 
hand sides of Equations [8]. Thus 
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So A/2 ) 
~n/2 \Ox" dy’ 
A/2 h/2 
(y, = (242242 
a. —n/j2\Oz dz dy 


[9] 


It is now assumed that u and v are proportional to z and w is 
independent of z 


u = y, = y, 0, w = w(x, y, t).... [10] 


The functions ¥, and ¥, correspond to the negative of the func- 
tion y introduced by Timoshenko (6) in his bar theory and to the 
negatives of the functions ¥/h and x/h used by Hencky (8). 

Questions raised by Goodier (11), in connection with the ap- 
pearance of Equations [10] in the first version (9) of Reissner’s 
theory of plates, were answered in Reissner’s second version (10) 
by replacing Equations [10] with averages while retaining his 
assumptions regarding the z-dependence of the components of 
stress. It appears that the reverse procedure leads to the con- 
sideration of shear deformation in the manner adopted by Timo- 
shenko. 

From Equations [8], [9], and [10], we have the relations be- 
tween the plate-strain components and the plate-displacement 
components ¥,, #y, w 


The analogous relations for classical plate theory are obtained by 
setting T,, = T,, = 0. 

Substituting Equations [11] into Equations [5], the following 
relations are obtained between the plate-stress and plate-dis- 
placement components 


, 
M, = Di— M, = 
1 - 


= (28 = an (28 + | 


(12) 
| 


Equations [12] are similar to the corresponding formulas in 
E. Reissner’s theory.* His ‘‘equivalent changes of slope,” 
8, and 8,, are here replaced by ¥, and ¥,; his ‘“‘weighted average 
displacement” is here replaced by w. The transverse load ¢ 
does not appear in the present expressions for M, and M, due to 
the omission of the integrals containing ¢, in the integrated stress- 
strain relations. The constant «*Gh plays a role similar to Reiss- 
ner’s C,, which has the value (5/6)GA for isotropic materials and 
a quadratic variation of transverse shear stress through the thick- 
ness of the plate. Hence «x? in Reissner’s equilibrium theory has 
the value’ 5/6. In the present theory the z-dependence of the 
components of stress is not specified and « is, as yet, not deter- 
mined. 


Eqvations or Motion 


The stress-equations of motion of three-dimensional elasticity 
theory 


? See reference (10), Equations [8], [23], and [28]. 
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are converted to plate-stress equations of motion in the follow- 
ing manner.‘ The first two of Equations [13] are multiplied by 
z and integrated over the plate thickness. These become, after 
making use of Equations [2], [4], and [10] 


oM, OM,, 

or oy 

ox oy 

(The right-hand sides of Equations [14] represent the influence of 
rotatory inertia.) The third of Equations [13] is integrated ever 
the plate thickness and, after using Equations [3)}, [4], and [10], 
becomes 


ph? OV, 
12 


, 0, 
or + oy rere or 

The three plate-stress equations of motion, Equations [14] 
and [15], may be expressed in terms of the plate-displacements 
by using Equations [12], with the result 


4 1 + (1 + 
2 |' or 


or 12 of 
v Vy t (1 + 


ow 
— 
(+, =) 


ph? 
12 of 


he 
or oy 


and V*is Laplace’s two-dimensional operator. 
Equations [16] are the same as Uflyand’s equations of motion 
(7) except for the value of «. 


Enercy Functions 


The strain-energy-function W in the three-dimensional theory 
is given by 


2W = Ont, + + Oe, + + Ty + Vee 


| 


ou ov 
+ 
oy 


or z 
ow ow 
ue + *) 
‘ «This method was employed by Boussinesq (12) to derive plate 
equations without using the calculus of variations. A. E. Green 


(13) has shown, recently, how the equations of E. Reissner's plate 
theory (10) may be obtained in a similar manner. 


The analogous plate-strain-energy-function W is obtained by 
substituting Equations [10] into Equations {17} and integrating 
over the plate thickness, with the result 


—+M, Mn {= + 


ow ow 
+0.(% 


= MT, + M,T, + ye + Ql + Ql ve 


2W = 


[18] 


and this becomes, through Equations [5] 
4W = D1 +4) (T, + + WGA(T,,*? + F,,*) 

If + w) and — are required to be positive, W is 
positive. Then, if W = 0, all the plate-strain components vanish 


and, through Equations [5], so do the plate-stress components. 
From Equations [19] and [5), we find 


The kinetic energy per unit of volume, according to the gen- 
eral linear theory, is 


2 or or ot 
By using Equations [10] and integrating over the thickness, this 
becomes, for the plate 


Toray Enercy anp Extrernat Worx 


The kinetic energy in the plate at time ¢ is given by 
24 ot 2 \o 
and the potential energy is 


where the integrations are extended over the surface of the plate. 
The total energy at time / is the sum of 7 and V, which may be 
written as 


rere fof 


where To and Ve are the values of T and V at an initial time 4. 
Performing the operations 0/0 as indicated in Equation (25), 
the first integrand becomes 


ot of ot Of? 


dw 
+ ph — (26) 
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and the second integrand is 
ow _ War, oi or,, oW 


or 


+e + + 


. [27] 


by Equations [11] and [20]. 


In the surface integral of OW /dt, Equation [25], the terms con- 
taining space derivatives may be integrated by parts to obtain 


=(M,i + + (M,,! 


ow 
+ M,m) + + | ds 


oy ot Or 


oM, ow 20, 


in which | and m are the direction cosines of the normal to the 
boundary and the line integral is taken around all (externz! and 
internal) boundaries. In the integration by parts it is assumed 
that ¥,, ¥,, and w are single-valued, otherwise additional line 
integrals would be required. 

In terms of components referred to co-ordinates v and s meas- 
ured normal to and along the boundary, respectively, the line 
integral in Equation [28] may be written as 


oy, ov, ow 
— 


Combining these results, we have 


r+v= fag + ) 
+a) 


12 or oy 
ow ww W, wW 
+ — dz dy + To + Vo 


OM, 


12 de dy 


ot 


If Equations [14] and [15] (the plate equations of motion) are 


satisfied, this reduces to 
Ow 
—@ la 
ot ) 


fag (% M, + 
ow 

t ot 


Equation [29] is simply the form, in the present theory, of the 
statement that the total energy in the plate at time ¢ is equal to 
the sum of the energy at time f and the work done by the ex- 
ternal forces along the edge and over the surface of the plate 
during the interval t — to. 


. [29] 
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InrTIAL AND ConpDITIONS 


Appropriate initial and boundary conditions for a system of 
differential equations are those which are sufficient to assure a 
unique solution. In the preceding two sections the groundwork 
has been laid for the application of a plate analog of F. Neu- 
mann’s uniqueness theorem (14). 

Consider two sets of plate displacements and surface loads. 
If the components of each set satisfy the equations of motion, so 
will their differences. Then the energies and the plate-stress 
components calculated from the differences will satisfy an equa- 
tion of the same form as Equation [29]. If the right-hand side of 
Equation [29] vanishes, JT and V vanish separately, since they 
are both positive. If T vanishes, the kinetic energy per unit of 
volume vanishes, since it is positive, and hence the plate veloci- 
ties vanish. If V vanishes, W vanishes, since it is positive, and if 
W vanishes, so do the plate-strain and plate-stress components, 
as long as £/(1 + w) and £/(1 — ») are required to be positive. 
Hence, if the right-hand side of Equation [29] (calculated from the 
differences) vanishes, the two systems must be identical, except 
possibly for a rigid-body displacement (independent of time, 
since the velocities vanish) and the latter can be eliminated by 
requiring the initial displacements to be the same. 

Returning, now, to a single set of solutions, appropriate initial 
and boundary conditions to be specified for the present theory are 


as follows: 


1 Om the edges of plate: any combination which contains 
one member of each of the three pairs of terms in the line integral 
of Equation [29]. 

2 Throughout the plate: (a) either q or w, and (b) the initial 
values of ¥,, vy, wand their time derivatives. 


The relation (see Equations [12}) 


since the transverse shear deformation Q,/«°Gh vanishes. The 
term M,, dy,/d¢t in Equation [29] would then be replaced by 
—M,,0*w/dsdt. But 


ow ow oM,, 
u.2 a - — de 
Os \ Of ot Os 
Hence the second and third terms in the integrand of the line 
integral of Equation [29] would combine into the single term 


ow /oM,, 
dt + ) 


leaving only the two edge conditions of Kirchoff. In the present 
theory, however, three edge conditions are required, as in 
E. Reissner’s theory. 


Compatisitity Equations 

In the integration by parts leading to Equation [29] it was 
assumed that ¥,, ¥,, and w are single-valued. If this restriction 
were relaxed, additional line integrals would appear in Equation 
{29], and hence there would be additional requirements for 
uniqueness. If the restriction to single-valued displacements is 
retained, it is necessary to specify that 

= 


$u.-0. $4, 
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where the line integrals are taken around any closed path in the (Note that Q,, 2,, 2, are the plate-rotation components. ) 


plate. Now 
Usually, single-valuedness may be ascertained by inspection. 
However, if the differential equations are expressed entirely in $e dz — Q,dy) = gi To)dQ, — (y — yo)dQ, | 


terms of plate-stress components, as they may be in equilibrium 
problems, additional conditions are introduced by Equations where (zo, yo) is the starting point of integration. Also 
{30}. These may be found as follows . 


on, ou on 
ov ov dQ, = +—dy, di, = +— 
¢ dx + — dy or oy Or oy 
or oy 
. and 
$ 
= - — y 
¢ (r, dz + dy) ly 
or oy oy oy 
4 where 
an, ar,, ou, or,, 
wl 
Or oy 
Combining these results, we have 
Now 


= dz +, dy)... [33] 
= gy — yo)dQ, 


where 

where yo is the y-co-ordinate of the starting point of integravion 

Also 1 1 or,, 


a2, on, 
i2, = —dr+—d 


oy 


on, 
or 


Combining these results, we have 


dj, = (ts +n, dy)..... 2 oy 


oy 


or 


Equations [31], [32], and [33] constitute the plate analog 


where of Cesaro’s theorem® for closed paths. Applying Green's theo- 
rem to these equations, we find, for reducible paths 
&= + (y — Yo 
““2\ar dy (2 yr ) 
xr, ior $i, = -f yo) +>, 
te = + — we) ( Tee) (= oy 
or, 
Similarly 


= dx +a, dy).. 32) (= or, 
ox? oy? 


where 


OT 


For the condition on w , we have Or dy Oy? 


where Hence, three necessary conditions’on the plate strains for 


single-valuedness of ¥,, are 


* See reference (14), p. 223. 
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and these are also sufficient conditions for a simply connected 
plate. In an (nm + 1) connected plate, each application of 
Green’s theorem introduces n integrals around the n internal 
boundaries. Hence there are 3n additional conditions 


where the paths C, are the internal boundaries, 

Equations [35] are the analogs, in the present theory, of the 
six compatibility equations in 3-dimensional linear elasticity 
theory. That they are necessary conditions for single-valuedness 
of ¥,, ¥y, and w may be determined directly by eliminating these 
quantities from Equations [11]. The plate-compatibility equa- 
tions muy be expressed in terms of the plate-stress components by 
using Equations 


Equations GovERNING 


A single differential equation for ” may be obtained by elimi- 
nating ¥, and ¥, from Equations [16] in the following manner: 
Differentiate the first and second of Equations [16] with respect 
to rand y, respectively, and add to obtain 
ph? 


=) = [36] 


pv? — Gh — 
( 12 ort 


Then eliminate # between Equation [36] and the third of Equa- 
tions [16] with the result 


(° @ 12 
(1 


Equation [37] is the two-dimensional analog of Timoshenko’s 
beam equation (6). 

If the rotatory inertia terms are omitted from Equation [37], it 
reduces to 


p OF 


If the transverse shear deformation is neglected, but the rotatory 
inertia terms are retained, Equation (37! reduces to 


, 
bv? 


ph? 
Gh 


12G’ de 


[39] 

= @. 
ol? 

Finally, if both the transverse shear deformation and rotatory 

inertia terms ure omitted, Equation [37] reduces to Equation [1] 

in which V4 = V2V2. 


Srraicut-Crestep Waves 


The exact solution of the three-dimensional equations of elas- 
ticity is known for the case of straight-crested flexural waves in 
an infinite plate (1, 2,3). This solution will be used to test the 
present theory and to complete the equations of motion and the 
stress-strain-displacement relations by choosing the value of «. 
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Three-Dimensional Theory. In the three-dimensiona] theory, 
the wave velocity c of wave length \ is given in the form of the 
tr Jental equation (1, 2, 3) 


4e2-V — ac*) (c,? —¢) 
(2c,2 — c*)* 


i.e., the velocity of shear waves and 


1—2u 


Lamb’s values (2) for c/c, versus h/A (with » = 1/2) are plotted 
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For long waves (A > h) Equation [40] 


c 2x? (4 
3(1— 


while the limit for short waves (A+ 0) is 


as curve I in Fig. 1. 
reduces to 


{41] 


4c,2 — act) = (2c,2 — = < 1... 


i.e., the equation for the velocity of Rayleigh surface waves 
For « = 1/2, Equation [42] givesc = 0.9554 ¢,. 
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Classical Plate Theory. If the solution for a straight-crested 
wave 


is substituted into Equation [1], with q = 0, we find 


which is identica) with Equation [41]. Thus, as observed by 
Rayleigh (1), classical plate theory gives good results for long 
waves, Equation [44] is plotted (for » = 1/2) as curve II in Fig. 
1. It may be seen that when the wave length becomes less than 
5 or 10 times the plate thickness the classical plate theory departs 
markedly from the three-dimensional theory. 

Rotatory Inertia Correction. We consider, next, Equation 
[39] (with g = 0), which contains only the rotatory inertia cor- 
rection. Insertion of w from Equation [43] results in 


e. 2x? a\? 


Equation [45], with » = 1/2, is plotted in Fig. 1 as curve III. 
For \ >A, Equation [45] reduces to [41] as it should; but the 
limit of c*/c,? as \ — 0 is 2/(1 — yw), a value that is much too 
large in comparison with the solution of Equation [42]. 

Rotatory Inertia and Shear Corrections. In this case the com- 
plete left-hand side of Equation [37] is used, with the result 


Accordingly, there are two roots for c*. Confining attention to 
the smaller root, Equation [46] reduces to Equation [41] for 
long waves, as it should. The limit of Equation [46] as \ -+0Ois 


where 


c? = «tc? 


According to the three-dimensional theory, this should be the 
velocity of Rayleigh surface waves. Hence, by Equation [42} 
the appropriate value of «*is the root of 


— ax*) (1 — = (2— O< <1... [47] 


For anisotropic plates the analogous constants would be ob- 
tained from the algebraic equations whose roots give the veloci- 
ties of surface waves appropriate to the medium. The depend- 
ence of «* on Poisson’s ratio is illustrated by noting that it ranges 
almost linearly from 0.76 for « = 0 to 0.91 for ~ = 1/2. 

The smaller root of Equation [46], with w = 1/2and« = 0.9554, 
is plotted as curve IV in Fig. 1. The correspondence with the 
exact solution of the three-dimensional equations is so close that 
no difference between the two can be detected in computations 
carried to three figures. Curves IV and I are therefore the same 
in Fig. 1. 

Shear Correction Only. It is interesting to notice that the 
transverse shear deformation accounts almostly entirely for the 
discrepancy between classical plate theory and the three-dimen- 
sional theory over the whole wave-length spectrum. Equation 
(38], which contains the shear-correction term only, yields 


2x? h\? Qe? h\? 
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This is plotted, for » = 1/2, as curve V in Fig. 1. 
Motion 
The circular frequency of the first antisymmetric mode of 
thickness-shear vibration, according to the exact theory, is* 
p = we,/h.. 


The corresponding solution in the present theory is obtained by 
setting 


=w=0, = 
in Equations [16], with the result 


p = «c, [50] 


To make Equations [49] and [50] identical requires 
[51] 


a value very close to Reissner’s 5/6. 
Substituting «* = r*/12into Equation [47] we find 


uw = 0.176 


Thus, in a material with a Poisson’s ratio of 0.176, there is no 
conflict between Equations (51] and [47]. For other values of 
u, one must choose or compromise between Equations [51] and 
[47] in accordance with the relative importance of the two modes 
of motion. 


Repucrion to Wave Equations 


In the absence of surface loading, the equations of motion may 
be transformed to an exceptionally simple form with the loss 
of only trivial solutions. 

If two of the plate-displ t ts are expressed in 
terms of the potentials which give rise to the areal dilatation and 
rotation 


de/de + dH/ey, ¥, = [52] 


and a factor e** (hereafter omitted) is assumed, Equations [16] 
become 


— [Vip + — — 
oz 
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(53 
oy 
Led 
2 
+ w) + Siow = 0 
where 
R = h*/12, S = D/eGh, = pp*h/D, 


= — S~")/(1 — (54) 


The constants R and S represent the effects of rotary inertia 
and transverse shear deformation, respectively. 

H may be separated from ¢ and w by differentiation, addition, 
and subtraction of the first two of Equations [53]. These equa- 
tions become 


VXV? + w*) H 


+ (Rit — 


* Reference (2), p. 122. 
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It now remains to separate ¢ and w between the second of Equa- 
tions [55] and the third of Equations [53]. It will be observed 
that these equations are satisfied by 
e=le we [56] 
where o is a constant, provided 
= — — |S(o — 1)] = (say) 
+ Pw = 0 


Solution of Equations {57} vields 


1 
3,3, = — [R+S = — S)? + 48-‘|... [59] 
2 


= 5,7) — S-*)-! {60} 
Hence, two deflection functions (w, and w:) are obtained by set- 
ting ¢, in Equation [56], equal to o; or o; and these functions 
are governed by separate wave equations obtained by setting 
6 equal to 4, or 4, in Equation [58]. Equation [56] is now shown 
to be nonrestrictive by noting that Equation [37] may be written 
as 


(V2 + 6,7) (V2 + w = 0. . (61) 


when g = 0. Finally, in view of Equations [56] and [58], the 
bracketed terms in Equations [53] vanish, so that the equation 
governing H reduces to 


To sum up, we may write 
+ OH dy 
-OH Ox . 


= 1)0w, /Or + (ay 1 Ow, / Ox 


= — 1) Ow, /Oy + (2 1) Ows/ Oy 


+ us 
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(V2 + 5:7) we =0 


=O (02+ = 0 


It may be observed that, if R = S = 0, H and @ vanish and 
s* = +6,*, ie., the present equations all reduce to those of 
classical plate theory when the effects of rotatory inertia and 
shear are removed. 
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A method is outlined for correlating experimental data 
obtained in studies of the flow of gases and liquids through 
porous metals. The correlation is based upon the sug- 
gestion of Forcheimer that the pressure gradient attend- 
ing the flow of a liquid through a porous medium can be 
expressed as a function of flow rate by a simple quadratic 
equation. An equation of this type defines two length 
parameters necessary for characterization of a porous 
structure and permits a general definition of the Reyn- 
olds number for a structure of arbitrary complexity. 


INTRODUCTION 


HE flow of homogeneous fluids through porous media is a 
problem of great importance in several branches of engi- 
neering. Most of the contributions in the field have been 
initiated by problems dealing with the flow of fluids through con- 
solidated or loosely packed particles commonly encountered in 
soil mechanics or in chemical engineering processes. In me- 
chanical engineering the subject probably will become of greater 
importance with the use of porous metals for such applications 
as sweat-cooled parts (1 and 2)* or boundary-layer control de- 
vices (3). Although the flow of fluids through porous metals is 
not essentially different from that through any other porous 
medium, special problems arise from the fact that the 
porous metal is a sintered mass with a very complicated network 
of open channels, and, as a consequence, it is difficult to describe 
the flow in terms of an average particle size, as for a bed of 
granular material 
In the use of porous metals as machine parts, it is imperative 
to assure a certain rate of fluid flow under given conditions of pres- 
sure drop. Such design requires knowledge of the permeability 
of the metal of which the part is to be made. The complexity 
of the metal structure, of course, precludes any analytical ap- 
proach to the problem of predicting the permeability. In the 
course of earlier experimental studies of the flow of gas through 
different porous-metal specimens conducted at the Jet Propulsion 
Laboratory, it was fount that for a given metal, prepared under 
fixed set of conditions of compaction and sintering, the permea- 
bility coefficient (defined on the basis of Darcy's law) is a unique 
function of the fractional void volume, or porosity, of the metal. 


! Some of the material presented in this paper has been taken from a 
thesis submitted by Leon Green, Jr., at the California Institute of 
Technology in partial fulfillment of the requirements for the degree 
of Doctor of Philosophy, July, 1949. 
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Aviation, Inc., Downey, Calif. 
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* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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American or Mecuantcat EnGineers. 
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until April 10, 1951, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Staternents and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by the Applied Mechanics 
Division, February 9, 1950. Paper No. 50-——-SA-17. 


Fluid Flow Through Porous Metals 
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A more general correlation of the measured permeability values 
obtained from different metals, however, could not be realized. 

The permeability problem in the case of porous metals is com- 
plicated by the fact that the method of manufacture produces 
some porosity which does not affect permeability; that is, not all 
of the pores or channels are necessarily continuous thro ughout 
the metal specimen; some may be dead ends. As the porosity 
of the meta) is increased, the proportion of continuous or con- 
nected pores also increases; thus the permeability is doubly sensi- 
tive to porosity changes, sometimes varying as rapidly as the 
tenth power of the porosity. 

Another complication is introduced by the fact that Darey’s 
law, which defines the permeability coefficient, is valid only for 
low velocity flow. The upper limit of this “creeping” regime, in 
which inertia forces are negligible, can be expressed by a critical 
Reynolds number. In the case of porous metals, however, it is 
not possible by inspection to define the characteristic length enter- 
ing into the Reynolds number expression. 


Resistance COEFFICIENTS OF A Porous Mevium 


The complexity of the porous-metal structures requires the 
use of dimensional analysis in order to approach the fluid-flow 
problem. In the case of a viscous liquid flowing through a por- 
ous medium, dimensional considerations proposed by Muskat (4) 
show that when changes in elevation are neglected, the piessure 
gradient in the system may be expressed as 


d 6 
dz pd: 


p = fluid pressure 
length variable 


where 


w = viscosity of fluid 

p = density of fluid 

6 = a length characterizing pore openings . 
F = an unknown function ' 
v = superficial bulk velocity of fluid 


For low values of velocity (or Reynolds number) the value of 
the function F has been found simply to equal its argument, so 
that 


which is the result experimentally verified by Darcey. Flows at 
sufficiently high values of Reynolds number, however, are 
characterized by the fact that the function F is proportional to 
the square of its argument. Thus Equation [1] takes the form 

»2 

const... (3) 

It will be recalled that in the case of flow in pipes, for instance, 
the transition from laminar to turbulent flow occurs abruptly 
over a short transition range. In the case of a porous medium, 
the losses due to the inertia of thre fluid become progressively more 
important with increasing velocity. The gradual transition from 
the Darcy regime is marked by losses due to both viscous shear 
in creeping flow and to inertial effects; hence terms proportional 
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to both the first and second power of the velocity must be in- 
cluded in the pressure-gradient equation as suggested by For- 
cheimer (5). By including the length parameter 6 in the un- 
known constants, Equations [2] and [3] may be combined into 
the form 


? = + Bpv* 

The two coefficients a and 8 defined by Equation [4] are inde- 
pendent of the mechanical properties of the fluid which were con- 
sidered in the derivation. Having only the dimensions of length, 
they characterize the structure of the porous material itself, and 
henceforth will be referred to as viscous and inertia) resis- 
tance coefficients of the material. It may be noted that the 
viscous coefficient a, of dimension [L~*], is the inverse of a 
permeability coefficient defined by Darcy’s law. The inertial 
coefficient 8 with dimensions [L~'] may be interpreted as a 
measure of the tortuosity of the flow channels, perhaps as an 
average curvature of the streamlines determining the accelera- 
tions experienced by the fluid. In terms of the conventional 
concept of kinetic-energy losses, 8 might represent a resistance 
equivalent to a certain number of contractions and expansions 
per unit length of path. 

The foregoing considerations need not be restricted to an in- 
compressible fluid. In the case of a gas in one-dimensional 
steady flow through a porous medium, the mass rate of flow pv is 
constant throughout the medium and may serve as an independ- 
ent variable. In this case, however, effects due to macroscopic 
changes in the momentum of the fluid cannot be ruled out a 
priori; thus Equation [4] must first be rewritten as a momentum 
equation® 


dp + apvdr + Bpr*dr + = 0 
Introduction of the variable pv then gives 
pip + + B(pv)*dz + p(pv)de = 0 


It is convenient to replace the mass density p by the specific 
weight o, and the mass flow rate pv by the weight flow rate G. 
With these changes, Equatien [6] becomes 


1 
odp + avGdz + 8 
g g ¢ 


If isothermal flow of a perfect gas is assumed 


bT 


where b = R/M. With this substitution 


G 
dp + avGdz + 8 — dr + 
b7 g 


Integrating over the complete path of length L 


1 pst — pi? G 
ir 2 + + 8 


: 2 1 


L g 


At this point it may be noted that all the experimental results 


5 The following development, since it is concerned with deviations 
from the Darcy law at high rates of flow, does not take into considera- 
tion the effects which occur in fine capillaries at the lower end of the 
Darcy regime as a result of molecular slip in gases at low pressures. 
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so far obtained with porous metals have shown the momentum- 
change term to be of negligible magnitude, and that the equation 
for the difference between the squares of the upstream and down- 
stream pressures per unit length of path (usually abbreviated 
as the pressure-square gradient ) may be written simply as 
2 

= + 8 (2 

L g 
which is the equation used as the basis for correlation of the data 
presented in this paper. 

A two-term quadratic equation such as Equation [11] not only 
is in accord with a reasonable picture of the resistance mechanism, 
but when written in dimensionless form provides a definition of 
the Reynolds number of a flow through porous structures too 
complicated for description. By definition the Reynolds num- 
ber of a flow system represents the ratio of the inertia forces to 
the viscous forces. By comparing the corresponding terms of 
the quadratic Equations [4] or [11], the Reynolds number may 
be recognized as 


Bpv 
=e = 


Nr 
and it may be seen that the unknown length entering into the ex- 
pression is the ratio 8/a, involving both the inertial and viscous 
resistance coefficients. The ratio of “dissipative” forces to 
inertia forces, on the other hand, defines the friction factor as 


8 dr 
a = 


1 ap" 


= 2 in the inertial regime 
= 2/Np, in the Darcy regime 


Over the entire range of flows, then, Equations [4] and [11] be- 
come 


[14] 


It has been found that this type of representation, which re- 
quires two characteristic length parameters, is the only one which 
can be applied successfully to complex consolidated materials such 
as porous metals, since it can correlate the behavior of speci- 
mens whose pressure-square gradient versus flow-rate curves 
intersect or cross one another. Such behavior is not uncommon 
in porous metals, since the inertial resistance coefficient appar- 
ently is more sensitive to sintering conditions than is the viscous 
coefficient. Intersecting curves of this type have also been ob- 
tained in tests upon consolidated sands (6). 

EXPERIMENTAL PROCEDURE 

In order to demonstrate that two resistance coefficients are re- 
quired for characterization of a porous structure, the results ob- 
tained from various porous-metal specimens of widely differing 
structures were examined. The porous specimens were prepared 
by a powder-metallurgy technique which has been described in 
detail (2). The principle of the method consists of adding to the 
metal powder a powdered substance that decomposes into a gase- 
ous phase at a temperature below the sintering temperature of 
the metal. The’ two powders are intimately mixed, pressed in 
a die in order to form a compact, then sintered at high tempera- 
ture. When the nonmetallic powder decomposes, empty spaces 
are left in the interior of the compact. Since the gases gener- 
ated by the decomposition of the porosity-forming material 
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must escape, smal] channels are formed in the compact and the 
pores are therefore interconnected. Although some of these 
channels may be closed during the sintering of the meta] powder, 
enough of them remain open to render the metal permeable. 
Various substances have been used successfully as porosity-pro- 
ducing agents, among them ammonium bicarbonate, phthalic an- 
hydride, and salicylic acid. 

The experiments described here were selected from an experi- 
mental survey of various types of porous metals. Two series of 
specimens will be considered. The first series includes four speci- 
mens, namely, two of porous iron having a coarse structure, one 
of low porosity, the other of high; a fine-structure stainless steel of 
low porosity; and a porous bronze obtained from the Moraine 
Division of the General Motors Corporation. Photomicrographs 


A, No. 1, Por- 
osiry = 25.6 Per Cent 


C, Porzx Grape 4, Porosity = 
46.2 Per Cent 


4t 


of the four spetimens under a magnification of 50 diam are pre- 
sented in Fig. 1. The bronze sample is made of almost spherical 
particles and was included as an example of a comparatively 
simple matrix structure. The second series of specimens con- 
sisted of samples of porous stainless steel prepared under identical 
conditions, but with various amounts of phthalic anhydride, 
namely 5, 7, 9, 11, 13, 15, and 17 per cent by weight. By this 
method a consistent set of specimens of increasing porosity is ob- 
tained, since there is a unique relation between porosity and 
amount of porosity-producing agent (2). This relation is shown 
in Fig. 2. 

The permeability experiments consisted in measuring the rate 
of flow of gas passing through a porous specimen 1.4 in. diam and 
about '/,in. thick. Four Fischer-Porter Flowrators were used to 


D, Iron No. 672, Porosrry = 59.5 
Per Cent 


B, Iron No. 641, Porostry = 
32.7 Per Cent 
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cover a range of flow rates from about 0.02 to 100 cfm. The 
pressure of bottled nitrogen gas was controlled by three Grove 
“regulators. Pressure differences across the specimen as great as 
1500 psi were sometimes required in order to attain the highest 
flow rates. The gas temperature used in the calculations was an 
average of the upstream and downstream absolute temperatures, 
which differed from the average by about 2 per cent at the most. 


ExperIMENTAL RESULTS 


The experimental results obtained from,the four porous metals 
of the first series described are presented in Fig. 3 in terms of the 
pressure-square gradient plotted as a function of weight rate of 
flow per unit area of the specimen. Fig. 3 also shows curves of 
the type prescribed by Equation [11], which were fitted to the 
experimental data. In the case of the stainless steel, Porex, and 
low-porosity iron specimens, the linear term was fitted by eye to 
the data in the Darcy regime of slope unity, and the quadratic 
coefficient was determined with the use of the second normal 
equation of the least-squares procedure. In the case of the high- 
porosity-iron specimen, however, the data lay largely in the 
inertial or quasi-turbulent range. Thus this procedure was 
reversed; the quadratic coefficient was determined visually, and 
the least-squares equation was used to calculate the coefficient of 
the linear term. The values of the viscous and inertial resistance 
coefficients a and 8 thus determined for each of the porous-metal 
specimens are presented in Table 1. 


TABLE 1 RESISTANCE COEFFICIENTS OF POROUS-METAL 
SPECIMENS 


Viscous Inertial 
resistance resistance 
coefficient a coefficient 8 


Specimen 
(10+* jn.~*) in. ~*) 


identification 
Stainless steel No. | 
Iron No. 672........ 
Porex Grade 4.......... 


The lack of parallelism exhibited by the curves in Fig. 3 makes 
it apparent that the data cannot be correlated by the use of any 
single length parameter, such as the equivalent capillary diameter 
which has been employed in some studies (7 and 8). This diame- 
ter is calculated by invoking an analogy between the laws of 
Darcy and Poiseuille and is inversely proportional to the square 
root of the viscous-resistance coefficient defined previously. If 
it is used in the Reynolds number and friction-factor expressions, 
the curves in Fig. 3 are brought together in the Darcy zone but 
diverge markedly in the quasi-turbulent regime. When plotted 
in terms of the dimensiunless groups mentioned, however, the 
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data all fall along the curve given by Equation [14], as is shown in 
Fig. 4. Examination of the data obtained from the highly por- 
ous iron specimen shows that the scatter of the experimental 
points apparent in Fig. 3 (presumably attributable to inaccurate 
determinations of relatively small differences between large pres- 
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sures) has been magnified in Fig. 4, thus indicating that the di- 
mensionless representation is not insensitive to deviations of the 
experimental data from the quadratic curve of Equation [11]. 

It may be noted that although Equation [14] provides a means 
of correlation and presentation of experimental] data in dimen- 
sionless groups, the whole advantage of friction-factor versus 


Reynolds number representation does not necessarily extend to 
In the special cases 
of flow through closed conduits and unconsolidated beds of geo- 
metrically simple particles, the experimental data can be reduced 
with the use of a single visually measurable length parameter, 
and the unified basis of representation afforded by the friction- 
fa tor versus Reynolds number graph is of real value in simplify- 
ing calculations. From the point of view of the present discus- 
sion, however, it may be seen that an extension of dimensionless 
grouping to the more general case of complex bonded structures 
such as porous metals requires knowledge of two experimentally 
determined characteristic length parameters, and in this case the 
unified representation affords only an esthetic advantage over 
direct calculation of flow rates or pressure drops from the basic 
quadratic Equation [11]. 

As mentioned previously, the second series of porous metals 
consisted. of seven sets of porous stainless steel prepared under 
identical conditions but having porosities between about 25 and 
47 per cent. The values obtained for viscous and inertial resist- 
ance coefficients a and 8 are presented as functions of porosity in 
Fig. 5. It can be seen that over a wide range of porosity the ex- 
perimental results can be approximated in logarithmic co-ordi- 
nates by a straight line, indicating that both the viseous and 
inertial resistance coefficients vary inversely as the porosity raised 
to a certain power. The data in Fig. 5 show this power to 
be 5.3 for the viscous coefficient, and 6.0 for the inertial coefficient. 
It should be pointed out that the near equality of the two power 
factors, 5.3 and 6.0, found in this case is not significant. Meas- 
urements made on various porous metals have shown that in 
some cases the exponent of the porosity could be as high as 10 
for a and as low as 5 for 8. In interpreting such results, it must 
be noted that complete control of the specific surface of the metal 
samples cannot be assumed, since the degree to which the closely 
sized metal particles forming the compacts lose their identity dur- 
ing the sintering process is highly sensitive to the sintering con- 
ditions. The specific surface, which was not measured in these 
early experiments, also varies with the particle size of the non- 
metallic powder as well as the proportion of this powder in the 
compact 


porous materials of complicated structures. 
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Comparison OF Porous Metats AND GRANULAR Beps 


The experiments just described represent preliminary studies 

of the flow characteristics of porous metals. Further investi- 
“gation of the dependence of the two resistance coefficients upon 
the porosity and specific surface of the materials appears desira- 
ble. Such studies may profit by comparing the properties of a 
highly complicated sintered structure with those of a medium 
possessing a well-defined characteristic length and no dead-end 
channels. The simplest such system, and one which has been 
subjected to considerable scrutiny by a large number of investi- 
gators, is a bed of smooth spherical particles. From their dimen- 
sions it is seen that a and 8 should be proportional to the second 
and first powers, respectively, of the specific surface of the 
medium. This dependence has been verified by experiments 
with sphere beds, in which all the surface area of the bed is convex 
and well exposed to the flow. In this special case 8/a and 1/8 
are both directly proportional to the particle diameter and, conse- 
quently, the sphere-bed data can be correlated by using the par- 
ticle diameter in the Reynolds number and friction-factor ex- 
pressions. Although the relationship between the resistance 
coefficients of a porous metal and its true specific surface cannot 
be expected to obey the foregoing proportionality, flow experi- 
ments can establish the fraction of the true specific surface which 
is effective in resisting fluid motion. 

A similar comparison possibly may permit determination of the 
effective fraction of the total measured porosity of a porous 
metal, but at the present time the influence of porosity on even a 
sphere bed is a subject of controversy. The work of a significant 


number of investigators, however, such as Ergun and Orning 
(9) as a recent example, indicates that the viscous and inertial 
resistance coefficients of a sphere bed may be approximated satis- 


factorily by functions (derived by use of the highly idealized 
Kozeny model) of the type 


where 


« = porosity of bed 
S») = specific surface of bed [L~'} 
ki, ke = dimensionless constants 


Following the usual convention, Ergun and Orning define 
Reynolds number as pvD,/u, where D, is the particle diameter. 
As a consequence they necessarily find that “the friction factor 
implicitly involves the fractional void volume and is not a func- 
tion of the Reynolds number alone, as has often been assumed.” 
It is apparent, however, that the ratio of the inertial forces to 
the viscous forces in the fluid system (as modeled by a “true”’ 
Reynolds number) must be profoundly influenced by the spacing 
of the spherical surfaces bounding the system. For comparison 
with porous-metal structures, therefore, it appears logical to in- 
clude porosity in the definition of both the Reynolds number and 
friction factor in the manner of Equations [12] and [13], which 
for liquid flow become 


kapv 


— dp 


= 
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thus preserving the unique relationship between the two groups 
as shown by Equation [14]. 


Strate or Fiow A Porous Metau 


Various physical explanations for the deviation from Darcy’s 
law at high rate of flow have been proposed in the literature. The 
oldest argument attributes the departure to the onset of turbu- 
lence within the pores of the medium. This explanation appears 
unsatisfactory, however, since experiments with granular beds 
show that the transition from the Darcy regime begins at a Reyn- 
olds number (based upon particle diameter) of the order of 4. 
A more logical model has been proposed by Bakhmeteff and Feo- 
doroff (10), who explain the deviation by analogy to form drag 
resulting from separation attending the growth of the inertia 
forces in the fluid. Many current investigators picture the mecha- 
nism of quadratic resistance in terms of so-called kinetic-energy 
losses due to contractions and expansions of the cross-sectional 
area of the fluid filaments. An expansion loss results from sepa- 
ration,® while contraction losses may be attributed to momentum 
changes due to entrance adjustments of the velocity profiles, 
or, at higher flow rates, to separation and vena-contracta for- 
mation. 

A generalized laminar picture has been suggested by Hubbert 
(11), who proposes that “the distortion of the flow lines by the 
inertial forces increases the velocity gradients, which in turn in- 
crease the frictional forces over what they would have been for 
the same rate of flow had the distortion not occurred.” Elimi- 
nating the turbulence picture as unacceptable, it is expedient not 
to attempt an appraisal of the individual contributions of the 
other mechanisms proposed, but rather to lump them together in 
the necessarily vague term “‘inertial resistance.” 

The experiments upon porous metals support the belief that the 
deviation from Darey’s law is not attributable to the onset of tur- 
bulence. Although at high rates of flow, Equation [11] reduces 
to a form which is dimensionally identical with the familiar equa- 
tion for turbulent flow in pipes, it must be emphasized that this 
similarity does not necessarily imply the existence of true turbu- 
lent mixing within the pores of the medium but merely indicates 
a flow regime in which losses due to the inertia forces in the fluid 
are predominant. Certainly the existence of turbulent velocity 
fluetuations within the minute interstices of a material such as the 
porous stainless-steel specimen in Fig. 1 is not easily conceivable. 
Distortion of the streamlines and perhaps formation of stationary 
vortexes as a result of seperation, however, are to be expected, 
and under such conditions ihe energy dissipation would still re- 
sult from momentum transfer on a molecular scale. It is believed 
that the effectiveness of the dimensionless presentation shown in 
Fig. 4 supports the argument that the quadratic resistance to 
flow provided by fine-grained structures such as porous metals is 
fundamentally molecular in origin, since the suitability of a 
smooth quadratic resistance equation is questionable in a flow 
regime where Reynolds stresses may arise from turbulent transfer 
of momentum on a scale involving exchange of large groups of 
molecules. 
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* This statement refers to the lative exp loss incurred 
over a succession of alternate expansions and contractions, in which 
ease the presence of viscosity prevents the recovery (during con- 
traction) of the momentum lost in the preceding expansion. 
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A Method of Numerical Analysis of Plastic 
Flow in Plane Strain and Its Application 
to the Compression of a Ductile 
Material Between Rough Plates 


By R. HILL,' E. H. LEE,? ano S. J. TUPPER® 


Problems of plastic flow which arise in practice, with 
plicated b dary conditions, are seldom amenable to 
exact analysis, and it becomes necessary to devise some nu- 
merical method of solution. This paper describes a rapid 
numerical] procedure for the determination of the stress 
and velocity distributions in plane plastic flow where the 
plastic strains are large. The method is applied to the 
problem of the squeezing of a plastic material between 
rough plates. This example has been chosen as it illus- 
trates the treatment of most types of boundary condition 
likely to be encountered and supplies for contrast several 
incomplete solutions attempted by previous authors. The 
solution shows the fallacy of the apparent static deter- 
minancy of the plane plastic problem, indicating the need 
to consider the velocity field in obtaining the true distribu- 
tion of stress. A further advantage of this example is the 
possibility of checking the numerical procedure, which is 
found to be extremely accurate. 


INTRODUCTION 


HE problem of analyzing the stress_distribution and de- 

formation in metals, which are flowing plastically, occurs 

in many fields of engineering, particularly in methods of 
metal forming. In many applications the problem reduces to 
one of plane strain, or can be considered to be such, as an ap- 
proximation. The general plane plastic problem as it occurs in 
practice with complicated boundary conditions rarely can be 
solved analytically, and therefore it is necessary to devise a 
satisfactory method of numerical solution. 

We consider plastic flow in plane strain, involving strains large 
in comparison with elastic strains. In analyzing conditions in 
the regions of large strain, it is permissible to neglect strains of the 
order of elastic strain and so to consider elastic material to be 
rigid. This type of solution applies whenever the freedom of 
movement of metal in plastic flow is not constrained completely 
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by material still elastic. A large class of technically important 
problems can be dealt with satisfactorily on the basis of this 
limitation. 

In this paper we select as an example to show in detail the nu- 
merical procedure, the problem of the compression of a metal 
between rough parallel plates. Historically this is an important 
problem in the development of plasticity theory, and a number 
of attempts have been made to solve it, originally by Prandtl (1)* 
and later, principally by Geiringer and Prager (2). However, as 
will be shown, none of these solutions is complete. The numeri- 
cal attack described in this paper enables a complete solution to 
be obtained, which demonstrates some interesting properties of 
plastie-flow problems. Moreover, this solution can be 
tained analytically in finite terms in a certain region near the 
ends of the compressed metal, so that it is possible to assess the 
accuracy of the numerical method. This provides a valuable 
check on its application to other cases of, practical importance 
where exact analysis is impossible. 


ob- 


Equations GOVERNING PLastic tN PLANE STRAIN 

The development of the equations governing plane plastic 
flow when plastic strains are large has been reported previously 
by the present authors (3) [see in particular Section 3 and 
the Appendix of (3)], and only a brief résumé of the final 
equations will be given here, using the nomenclature of that 
paper. 

It is assumed that the metal has a well-defined yield point and 
exhibits negligible work-hardening. For flow in two dimensions 
the maximum shear stress & is constant throughout the field, 
equal to Y'/\/3 for Mises’ criterion, where Y is the yield stress in 
tension. As was shown by Hencky (5), it is convenient to use 
as curvilinear co-ordinates (a, 8) the two orthogonal sets of 


directions of maximum shear stress, or slip lines, as shown in 
Fig. 1. The @ and 8 sets are distinguished by the direction of 
the shear stress k. 


* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

* Mises’ criterion reduces to this form when strains greater than 2 
or 3 times the yield-point strain have occurred. For strains of the 
order of elastic strains, the analysis of plane strain is more compli- 
cated. See, for example, the elastic-plastic solution for a thick tube 
in plane strain (4). 
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In terms of these co-ordinates the equations of equilibrium de- 
termine the equation 


Expressed geometrically, this states that the angle between two 
slip lines of the same family, where they are cut by a slip line of 
the other family, is constant along their lengths. 

The mean compressive stress p satisfies the relations 


p + 2k¢ is constant along an a-line \ (2) 
p — 2k¢ is constant along a @-line | 


Equation [1], governing the slip-line field, can be expressed in 
terms of the radii of curvature R, S of the slip lines, giving the 
alternative relations 


dS + Rdg = 0 along an a-line \ (3) 
dR — Sdg = 0 along a 8-line 


This form is particularly convenient for numerical integration as 
will be shown in the next section and enables the Cartesian co- 
ordinates (z, y) of the field points to be determined by integrals 
such as 


r=—JSR cos ¢ dg, y=—VJS Rsin ede {4} 


where the integrals are taken along an a-slip line. 

The relationship between stress and strain-rate tensors in 
plastic flow determines similar equations for the components of 
velocity u, v along the slip lines, giving 


du — v dg = O along an a-line | 5] 
dv + udg = Oalong a B-line | : 


In a particular problem, the boundary conditions usually deter- 
mine the value of the radius of curvature of one of the sets of slip 
lines along part of the boundary, or some relation between the 
two radii, combined with a condition governing the variation of 
¢. Starting from these boundaries, application of Equations [3] 
and [4] enables the values of R, S, z, y over the whole field to be 
built up. There will also be conditions governing the flow ve- 
locities on a part of the boundary, from which the velocity field is 
built up using Equations [5]. 

NUMERICAL PROCEDURE 

The basis of the method is the replacing of the differential forms 
of Equations |3} and [5] by linear difference relations across a net- 
work of slip lines. The field is thus split into an assembly of 
unit cells, of which a typical one is shown in Fig. 2. In the 
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particular problem to be considered, as for many others, the 
boundary conditions are such that it is possible to choose the net- 
work so that the increment of slope Ag between consecutive 
points is the same throughout the whole field. This introduces 
a considerable simplification in the numerical procedure. In 
eases where this simplification is not possible the method is still 
applicable by an obvious generalization. 

In Fig. 2 we suppose that values of R and S are known at A 
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and B, and we wish to determine R and S at P. Equations [3] 


are replaced by 


Sp Ss = }- Rp + Rs) 


Rp —R, = + S,) 


where A¢ is an essentially positive quantity when the slip lines 
are curved in the sense shown in Fig. 2. This will always be so 
for our particular problem. In other problems a change of sign 
may be required in Equations [6] with a corresponding modifica- 
tion deduced from these equations. We shall take dy = 5 
deg = 0.0872665 radian; solution of Equations [6] then gives 


Rp = 1.001907 Ry + 0.043716(S, + Sy) + 0.001907 Ry \ 7] 
Sp = 1.001907 S, + 0.043716(R, + Rg) + 0.001907 S, | ° 


Repetition of this procedure enables the whole field to be con- 
structed from known boundary conditions, 

In a similar way Equations [4] can be expressed in finite-dif- 
ference form, giving 
cos + Rp cos gp) ) 
sin + Rp sin ep) 


The velocity components are calculated from finite-difference 
relations based upon Equations [5). We have 


up — Ug = — + vp) | 9) 


which can be combined to give Equations similar to Equations 
(7). 

The foregoing equations are particularly simple and rapid to 
use with a calculating machine, the present problem requiring 
about 1 week with a single computer. 

Both Equations (3} and [5] when expressed in the form of par- 
tial differential equations reduce to the telegraph equation as 
shown in the Appendix. Hence the solution of a particular 
problem can be obtained in the form of an integral using Rie- 
mann’s method, but the integral can be evaluated analytically 
only for simple boundary conditions and in certain parts of the 
field. 

As shown in the Appendix, such an analytic solution is availa- 
ble for the particular problem we consider and provides a use- 
ful check of the numerical method. , 


Compression OF A Dvucrite Between Roven 
PLATES 


We shal! demonstrate the application of the numerical method 
discussed in the previous section by determining the stress and 
velocity distributions for a ductile material compressed between 
rough parallel plates with an overhang df arbitrary initial shape. 
This problem involves in principle all the main types of boundary- 
value problems which usually oceur. 

We consider the metal in Fig. 3 to be constrained to deform in 
plane strain with no motion normal to the plane of the paper, the 
metal being free to flow out between the plates at each end. As 
mentioned in an earlier section, we consider the motion when a 
state of flow has been built up in which the strains are large com- 
pared with elastic strains. Material not subjected to such large 
strain will be considered to be rigid. 

The contact between the plates and the metal is considered to 
be perfectly rough, sufficient slip having occurred to break down 
the intervening grease film or other adsorbed layers so that full 
contact is made between plate and metal. Under the compressive 
stress of several times the yield stress of the ductile metal, the 
friction will be limited, not by the contact surfaces but by the 
flow stress of the metal. The state of motion we are considering, 
for strains large compared with elastic strains, is not influenced 
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by the detailed mechanism of the build-up of frictional force, 
which is considered to reach its full value while the strain is still 
small. 


DereRMINATION OF BounDARY OF PLastic ReGion 


It might appear that the stress distribution can be determined 
without considering velocities, since Equations [1] to [4] do not 
involve u, v; but this concept of static determinancy due to 
Hencky (5) is quite illusory. For, although it is true that 
when the boundary of the plastic region is known the stresses 
can be straightway found, yet the position and shape of a part at 
least of this t dary is often dependent on the velocity-bound- 
ary conditions. 

In the present problem it is clear that the overhanging part 
cannot be completely plastic, for in the neighborhood of the 
external corner E in Fig. 3, the normal and shear stresses on per- 
pendicular planes are zero, which is incompatible with plastic 
flow there. This particular problem was discussed in general 
terms by Geiringer and Prager (2) who inferred that the bound- 
ary conditions specified a solution with the whole block of ma- 
teria] in plastic flow. In fact, very restricting conditions would 
have to be satisfied by the boundary stresses to determine a 
solution plastic throughout. The question therefore arises of the 
momentary position of the line of separation between rigid and 
plastic material. 

Fig. 4 shows a quarter of the block at some stage in the com- 
pression. AG is the plate, F is the center of the block, BF and 
FG are axes of symmetry. Velocity conditions at the plastic- 
rigid boundary determine that, apart from very special condi- 
tions which do not apply in the present case, the boundary be- 
tween plastic and rigid regions must be a slip line. This is to be 
expected since the slip lines are characteristics of the velocity 
equations. It is reasonable to assume a trial position of the 
boundary of the rigid overhang in the form of a curve AB through 
A. The material to the left of AB is thus astumed to move 
outward as a rigid body, the material to the right being com- 
pressed plastically. The sense of the relative straining deter- 
mines AB to be an a-slip line. Symmetry determines that AB 
cuts BF at an angle r/4. 

.1B having been chosen, the slip-line configuration in the plastic 
material between the plates is uniquely determined by Equation 
{1} and the stress-boundary conditions. These are that the 6- 
lines meet the plate orthogonally (since the friction acts,in the 
direction shown, to oppose the relative motion), and that both 
sets meet BF in x/4, since it is an axis of symmetry. The plastic 
region is thus determined up to the a-line through F, FZ in the 
figure. The conditions of the problem are satisfied if the region 
of large plastic strain is bounded by the slip line FE, EFG being 
considered to move as a rigid body attached to the compression 
plates to the order of accuracy in strain magnitudes considered 
here. A velocity discontinuity will occur across this slip line. 
The resulting infinite rate of shear strain across FE is compatible 
with its being a slip line according to the strain-rate relations. 

Having completed the slip-line field (further details of which 
are given in the next section) the velocity solution is built up from 
the right in Fig. 4 and is uniquely determined by the conditions 
on AE, EF, and BF. On AE and EF, the normal velocity is 


specified by the speed of compression, and the velocity com- 
ponent normal to BF is zeroby symmetry. Thus the velocity on 
AB is uniquely determined by the initial choice of AB. But the 
velocity normal to AB must be compatible with the fact that 
material which has crossed AB moves as a single rigid body. 
This condition fixes the choice of AB. Finally, the equation of 
equilibrium for the overhang determines the value of p at, say, 
B, since by Equations [2] its variation along AB isknown. By 
applying Equations [2] to the whole slip-line field, we can find 
the value of p, and therefore of the stress, at any point. 

The suitable choice of AB turns out to be a straight line _— 
ing +/4 with the axis, and this holds for every stage in the com- 
pression. In fact, this can be easily seen to be straightway, 
without any lengthy trial-and-error process suggested by the 
foregoing discussion, for, if AB is a straight line, a region ABC is 
uniquely determined in which the a-slip lines are radii from A, and 
the 8-lines are concentric circular arcs meeting the plate orthog- 
onally, Fig. 5. This configuration is such that, whatever hap- 
pens to the right of BC, the velocity normal to AB is uniform 
and so is compatible with a rigid-body motion. We see from 
Equations [5] that u is constant on each a-line, and, by integra- 
tion along a 8-line, that v is therefore a function of ¢ only since 
vis constant on AC. Thus the friction conditions on AC in our 
particular problem enable the shape and position of the plastic 
boundary to be inferred a priori. This would not be so, in gen- 
eral, for other friction conditions. 


DererMINATION oF Stress DistripuTION 


Having established that AB is a straight line, let us now con- 
sider the stress solution at any stage of the compression in more 


detail. Region ABC, Fig. 6, consists, as we have seen, of radii 
from A and concentric circular arcs. To extend the slip-line 
field to the right of BC the numerical procedure is used as de- 
scribed in the section on “numerical procedure,” with some 
modification for the boundaries BF, CE. The net points on 
BC were chosen to divide it into equal ares; nine segments of 
5 deg each were found satisfactory. The net points on BD were 
taken as the intersections of the a-lines (through the net points 
on BC) with BD. Since the value of ¢ is constant on each of the 
two boundaries BF, CE the continuation of the net thus defined 
is such that there is always an interval of 5 deg between consecu- 
tive points. 

To calculate points of the network on BF we use the condition 
that R = S by symmetry. 

On CE, which is the envelope of the a-lines, we have S = 0 
(see Appendix), and this permits the solution to be extended 
along this boundary. 

It is to be noted that there is a discontinuity in S across the 
a-line CD in Fig. 6, S decreasing by amount a proceeding from 
left to right. Similarly, there is a discontinuty in R across the 
a-line DE with R decreasing by a. The discontinuity in curva- 
ture is, however, not propagated beyond the point Z. The slip- 
line configuration has been determined as far as is indicated in 
Fig. 6; this corresponds to a stage in the compression when the 
length-height ratio is 6.72. In Fig. 7 this slip-line field is shown 
to scale. 

When the slip-line configuration has been completed the values 
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of p at points of the network can be found from Equations [2]. 
The initial value of p on AP is & from the equilibrium equation in 
the x-direction for the rigid overhang. It is easily seen that p = 
k(1 + #/2) on AC. 

It is necessary to study the history of the compression in order 
to visualize the development of the rigid region at the center of 
the block, shown in Fig. 6. As pressure on the plates is built up 
from zero, the materia] will at dirst deform elastically and the 
normal pressure wil] tend to produce the Poisson lateral expan- 
sion, causing slip along the whole surface AG, symmetry pre- 
scribing zero lateral velocity at G. This incipient slip will bring 
frictional resistance into play which will modify the stress dis- 
tribution, producing a build-up of the mean hydrostatic pres- 
sure from O toward F. With increasing pressure the elastic limit 
will be exceeded, probably first in the neighborhood of A, and the 
plastic region will spread into the material. As long as the elas- 
tic region has a finite width for all values of y, the approach of 
the compression plates will be limited to the order of elastic 
strains which are neglected in this problem. Not until the plastic 
region has spread to the configuration shown in Fig. 4, with point 
contact between the rigid regions at F, can displacements occur 
involving strains large in comparison with elastic strains, the con- 
dition covered by the analysis in this paper. 

In a full solution where strains of the order of elastic strains 
are not neglected, the center region would appear as in Fig. 8. 
for a sudden change to an elastic solution across EFE’ would 
involve a discontinuity in the stress normal to the plane EFF’, 
which on the basis of M.ses’ criterion would lead to incompatible 
stress conditions. In the shaded region, plastic and elastic 
strains are generally of the same order, with the former predomi- 
nating near FE, FR’. The region of pure elastic strains is then 
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smaller than is indicated by the rigid regions in our present ap- 
proximate solution. This is confirmed by experiment. The 
strain in the shaded region normal to FE, FE’ will be compara- 
tively small (so that the condition » = 0 on FE is effectively 
true), while the shear strain parallel to FZ, FE’ will build up con- 
tinually and rapidly to approximately the value obtained in our 
solution, 

Similarly, the line AB is an idealization of a diffuse region, in 
most of which plastic and elastic strains are comparable, the 
former predominating rapidly as AB is approached. The strains 
normal to AB are small and so the velocity condition which we 
have applied on AB is effectively correct. 

The stress distribution corresponding to Fig. 7 has been ob- 
tained, and the resulting distribution of pressure on the plate 
is shown by the full line in Fig. 9. The distribution in the elastic 
region is not known, but the average value of the pressure over 
EG, shown in Fig. 9, can be determined by integrating the known 
stresses along EF. The total force required to compress the 
block can be obtained by integration of the pressure curve. 

The possibility of obtaining an analytical solution for R and S 
was mentioned in the section, Numerical Procedure. A brief 
outline of the method is given in the Appendix. Values in the 
region BCD in Fig. 6 can be expressed simply in terms of Bessel 
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functions, while the region CDE requires the numerical] evalua- 
tion of the integral of a product of Bessel functions. Further 
extension involves the evaluation of multiple integrals. The 
analytical solution in these restricted regions is used to check the 
numerical method, which is always applicable but of unspecified 
accuracy. 


DeTEeRMINATION OF VeLOcrTy DisTRIBUTION 


Now that the slip-line configuration has been determined, the 
velocity solution can be found using Equations [5) and {9] in 
finite-difference form. “Velocities” u, v along the slip lines are 
referred to unit velocity of the plates, and not to a time scale 
since we are considering quasi-static motion in which inertia forces 
play no part. 

The boundary conditions for the material in plastic flow in 
Fig. 6 are » = —1l on AE, and u = » on BF by symmetry. The 
boundary condition on EF for the plastic solution is v = —cos ¢, 
since the component of the velocity of the rigid material normal 
to EF is continuous across the boundary. Integrating the first 


of Equations [5] along the a-line EF, and using the condition 
V2 — sin ¢ on this boundary. 


u = vat F, determines u = — 
This involves a discontinuity of magnitude /2 in the tangential 
component of velocity across EF, implying a momentary infinite 
rate of shear strain. Since EF is a slip line this agrees with the 
flow hypothesis that directions of maximum shear-stress and 
shear-strain rate must coincide. With no work-hardening the 
resulting discontinuity in shear strain involves no incompatibility 
with the equations of equilibrium. Because EF is tangential to 
the plate at EF, this velocity discontinuity is not propagated from 
Ealong ED. j 

From these boundary conditions, application of Equations 
{9}, with suitable modification for boundary points on AE and 
BF, determines the velocity solution in successive regions DEF, 
CDE, BCD, ABC. The procedure is similar to that for the slip- 
line field discussed in more detail in the previous section. 

As discussed in the section, Determination of Boundary of 
Plastic Region, u and v are constant along radii in region ABC. 
The outward velocity of the overhang (including AOB) is equal 
to the velocity found at B in the last stage of the numerical proc- 
ess in region BCD. Referring to Fig. 10, the incompressibility 
of the material is expressed by the differential relationship y dz = 
—L dy, where y = y(zx) is the shape of the extruded material. 
It is clear that the outward velocity of B is therefore L/(AQ) 
times the plate velocity. By integration, the surface of the ex- 
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truded material is found to be y = he~*/". Thus for this par- 
ticular problem, the final shape of the deformed material is ob- 
tained independently of the detailed strain distribution through- 
out the material. 

Fig. 11 shows the velocity field corresponding to the slip-line 
field in Fig. 7. To illustrate the velocity components, the de- 
formed positions of initially vertical sections are shown by broken 
lines, assuming that the velocity remains constant for a com- 
pression of 14 per cent. The actual displacements differ inas- 
much as the length-height ratio for the block varies during the 
compression. The lettering corresponds with Fig. 7 and a dash 
denotes the deformed position of a point. 

Discussion or Resutts—Accuracy 

Since it would be difficult to specify the accuracy of the nu- 
merical procedure discussed in the section, Numerical Pro- 
cedure, comparison of the particular solution with values ob- 
tained using the analytical method of the Appendix provides a 
useful estimate of accuracy. 

Equation [15] gives the radii of curvature of the slip lines, 2 and 
S, at Din the form 


8 R 
= = 2.768 
To (:) +t; (;) 2.4035 


to three decimal places. The numerical method gave 2.773, 
indicating an error of less than 0.2 per cent after covering a field 
of 45 unit cells. 

The first section of the Appendix shows that the solution in the 
region CDE can be expressed as a definite integral. In order 
to check the solution as far as it can be conveniently extended 
using the analytical method, the value of R/a at E was found by 
numerical integration to be 3.590. The finite-difference method 
gives 3.597, again indicating an error of less than 0.2 per cent 
after covering a field of 90 unit cells. 

These values indicate that satisfactory accuracy for practical 
purposes could have been obtained with fewer net points on the 
arc BC. This would effect a considerable saving of time. 

The analytical method of solution can be applied to the velocity 
field, but numerical evaluation of the resulting definite integrals is 
necessary for all regions. However, a more convenient check is 
supplied by the a priori knowledge of the velocity at B discussed 
in the previous section. The velocity with which AB is squeezed 
out for the particular block’ dimensions is determined by the 
condition of incompressibility to be 6.722, independently of the 
complete solution. Numerical integration throughout the whole 
field, starting from EF, determines the value 6.707, indicating 
an error of just over 0.2 per cent. 

These numerical checks indicate that the numerical procedure 
discussed previously produces extremely accurate results with- 
out resorting to inconveniently small ares. These examples 
lend confidence for the application of this method to other prob- 
lems where such a check may not be possible. 

Discussion OF OF PARTICULAR SOLU- 
TION OBTAINED 
In this section we consider what there is to be learned about 
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problems of plane plastic 
locity solution. 

The problem of the compression of a rectangular block of duc- 
tile material between rough plates has been considered pre- 
viously by several authors (1, 2, 6, 9), but to our knowledge no 
complete solution has been obtained so far. All former attempts 
appear to be implicitly limited to the initial stages of compression 
when the displacements are small, and it does not seem to have 
been realized that the type of slip-line configuration in Fig. 7 
holds at all stages. 

Prandtl (1) gave a qualitative picture similar to Fig. 7 but did 
not develop the corresponding quantitative stress or velocity 
solution; nor did he give the required justification for making 
AB straight. He also obtained an analytical solution on the 
assumption that the shear stress r,, is a function of yonly. This 
leads te a linear distribution of r,, across all vertical sections, 
an elliptical distribution of ¢,, and a slip-line field consisting of 
orthogonal families of cycloids which retain the same form 
throughout the field. With these restrictions it is impossible to 
satisfy the conditions for rigid-body motion to the left of AB, 
and so the stress distribution cannot supply the required solution. 
However, the stresser on OA can be chosen so that the resultant 
force on the overhang is zero, which may supply a satisfactory 
solution for regions away from tie end by analogy with Saint 
Venant’s principle in elasticity. 

Geiringer and Prager (2) have discussed Prandtl’s cycloid 
solution and obtained the corresponding velocity solution. They 
do not, however, attempt to satisfy the conditions at the ends. 
Lichinger (6) gave the correct solution in the region ABC (with- 
out the necessary justification derived from a consideration 
of velocities) and fitted this approximately to Prandtl’s cycloid 
solution, but he does not discuss the significance of the discon- 
tinuities of stress involved. He also does not consider the 
possibility of an overhang and assumes that the flow limit is 
reached in AOB. Sokolovski (9) has carried out a numerical in- 
tegration of Prandt!’s stress field (1) to determine the stress dis- 
tribution in the region ABDE. He does not, however, consider 
the velocity solution, nor the associated justification for the stress 
field. 

The broken line in Fig. 9 shows the pressure distribution on the 
plate, according to Prandt!’s solution with zero resultant force 
over the ends. The pressure rises linearly to the beginning of the 
rigid region at E. Thus the influence of the free boundary OA, 
which produces the constant pressure over AC, is lost, although 
this linear expression provides a good approximation to the cor- 
rect pressure toward the center of the block. 


HILL, LEK, TUPPER—NUMERICAL ANALYSIS OF PLASTIC FLOW IN PLANE STRAIN 


DESIGNATION OF THE G@ LINE STARTING WITH 9 INTERVALS ON BC OF FG 6 


Fie. 12 


The approach of the correct solution toward Prandtl’s solu- 
tion can be studied more sensitively in another way. The a- 
curves in Fig. 7 are similar in form to cycloids, so that the lengths 
of their projections on the z-axis give a measure of their deviation 
from true cycloid form. Fig. 12 shows this deviation and in- 
cludes an extension of the plastic solution beyond EF, i.e., for a 
greater length-height ratio. The constant length of the Prandtl 
cycloids is shown by a broken line. The first branch of the curve 
(CD) to (EF) brings the value closer to the limit, but the gradient 
appears to indicate subsequent larger deviation. However, the 
hyperbolic nature of the equations, which involves the possibility 
of the propagation of discontinuities along the characteristics, 
modifies this expectation, and the second branch involves a repe- 
tition of the first with a smaller deviation from the limit. Sub- 
sequent branches, which may not, however, exhibit discontinuity 
in gradient at their junctions, will oscillate about the limiting 
length of the Prandtl cycloid to which they approach. The 
approach of these curves to cycloidal form has a direct bearing on 
the stress distribution, for Equations [2] relate the mean hydro- 
static pressure with ¢, and it follows that as the slip-line curves 
approach the cycloidal form, the stress distribution approaches 
that given by Prandtl. 

This solution thus demonstrates an analogy in plastic theory to 
Saint Venant’s principle in elasticity. The approach to a steady 
solution independent of the distribution of the external forces 
over the end occurs in a typical hyperbolic manner in contrast 
with the smooth variation obtained in elasticity. The same in- 
fluence is evident in the deformations shown in Fig. 11 where 
discontinuities in gradient occur in the lines showing the dis- 
placement of vertical sections where they intersect C’D’'E’. 
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Appendix 
ANALYTICAL METHOD OF SOLUTION 


Without loss of generality, Equation [1] shows that the values 
of a, 8 associated with the slip lines can be chosen so that 


¢ = —a + 8 + const 


Fig. 13 


and the equations of the slip-line field corresponding to Equa- 
tions [3] become 


Eliminating S and R, respectively, we have 
PR ip. 
da 08 

Thus both R and S satisfy the telegraph equation. The Equa- 

tions [5] for the velocity components become 


[13] 


which are again the same equations. This type of equation can 
be treated by Riemann’s method using the Green’s function 


J (2% Via — a) (8 — 8,)] (see reference 7) which was first 
applied to these equations by Caratheodory and Schmidt (8). 
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For application to the particular problem treated in this report 

+ the constant in Equation [10] is taken as —x/4 and the a, 8 field, 

corresponding to Fig. 6 is shown in Fig. 13, corresponding points 

being designated by the same letters. The boundary conditions 

are determined by the known solution in the region OABC and 
Equations [11]. For S, this determines 


S(a, 0) = a(l + a) 
S(O, 8) =a 


where @ is the radius AB, Application of Riemann’s method* 
determines S( a, 8;) in terms of Bessel functions in the form 


(2 Vass) 


61) 
a 


Pa 15] 


= (2 Vas.) + 


By symmetry 
S(a, 8:) = R 


To extend the solution into the region CDE, we have the bound- 
ary condition S = 0 on CE. This is conveniently treated by a 
solution covering the square HCDE and taking S(0, x/4 + a) on 
CH equal to the known value S(a, 7/4) on CD with a negative 
sign. Asymmetry then determines S = 0 on CE, and the bound- 
ary conditions are in the form of given functions along two char- 
acteristics. For convenience, C is taken as the new origin of 
co-ordinates, and the solution reduces to* 


Ie (2 Via — Bd) (2 *) 


R can be expressed in a similar form using Equations [11]. As 
these integrals do not appear amenable to evaluation analytically, 
the values of R and S on DE are not in a suitable form for anal yti- 
cal extension of the solution into the region DEF. 


Bounpary Conorrion at Surrace CE 
Expanding the equation for an a-line in a Maclaurin series 
about the point of contact as origin we have 
y = + + +... 
dy 
dz 


The radius of curvature of the orthogonal 8-line adjacent to the 
point of contact is therefore 


= 2agr + + +... 


y 2 3 ‘ 


S = lim 
Qasr + 3agr* + 4agr? +... 


dy 


dx 


which is zero whatever the order of contact of the a-line with 


. the boundary CZ. 


® Refer to Bibliography (7), p. 815. 
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An approximate method for estimating radiant-heat 
transfer from gaseous emitters has been developed. An 
average absorpticn coefficient is used for an effective width 
of an entire vibration-rotation band. The procedure for 
determining an average absorption coefficient in terms of 
integrated absorption can be justified, approximately, for 
very large total pressures where the spectral half-width is 
no longer small compared with the rotational spacing. 
Because of this limitation, it is to be expected that the pro- 
cedure proposed here will be particularly useful only in 
estimating gaseous emissivities for emitters in high- 
pressure combustion chambers. Nevertheless, it appears 
that the simplified procedure yields reasonable results 
even at relatively low total pressures. Thus a comparison 
of calculated and observed emissivities for CO at atmos- 
pheric pressure shows satisfactory agreement, especially 
at large optical densities. Representative emissivity 
calculations over a wide temperature range are described. 
Emissivity calculations on CO, NO, HF, HCl, HBr, and HI 
can be carried out very rapidly by the use of recently pub- 
lished data on these gases. 


INTRODUCTION 
A ‘tenis FIED method for the approximate determination 


of emissivities of diatomic and polyatomic gases at thermo- 

dynamic equilibrium can be developed by a detailed con- 
sideration of the basic relations involved in radiant-heat-transfer 
calculations. The formulation of the problem will be the more 
complex, the greater the desired degree of accuracy. In a re- 
cently published report,’ a brief survey of basic theory and a 
detailed description of a simplified treatment and of theoretical 
results have been presented. 

It is the purpose of this discussion to demonstrate the relation 
between the simplified theoretical approach and experimental 
spectroscopic and heat-transfer studies. In particular, it will be 
shown that the drastic simplifications involved in the previoushy 
published analysis* are suggested by empirical measurements of 
infrared absorption spectra of pure gases. Furthermore, the 
theoretical results obtained previously* will be used for carrying 
out a number of representative emissivity calculations. The 
approximate method for making emissivity calculations can be 
justified only for large values of the total pressure where extensive 


' This paper presents the results of one phase of research carried 
out at the Jet Propulsion Laboratory, California Institute of Tech- 
nology, under U. 8S. Army Ordnance Department Contract No. W-04- 
200-ORD-1482. 

* Jet Propulsion Laboratory, California Institute of Technology. 

* “The Emission of Radiation From Diatomic Gases. I. Approxi- 
mate Calculations,” by 8S. 8. Penner, Journal of Applied Physics, vol. 
21, 1950, p. 685; also “The Emission of Radiation From Nitric 
Oxide: Approximate Calculations,” by L. E. Benitez and 8. 8. Pen- 
ner, Journal of Applied Physics, vol. 21, 1950, p. 907. 

Presented at the Heat Transfer and Mechanics Institute Meeting, 
Los Angeles, Calif., June 28-30, 1950. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1951, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be un- 
derstood as individual expressions of their authors and not those of 
the Society. Manuscript received by the ASME Applied Mechanics 
Division of the ASME, October 10, 1950. 


Emissivity Calculations for Diatomic Gases 


By S. S. PENNER,* PASADENA, CALIF. 


broadening and overlapping of spectral lines occur. Nevertheless, 
it appears that the simplified procedure yields reasonable results 
even at relatively low total pressures. Thus a comparison of 
experimentally determined emissivities for carbon monoxide‘ with 
theoretical calculations shows fair agreement for large optical 
densities. For small optical densities the calculated emissivities 
are found to be too large. This observation is in agreement with 
theoretical predictions and can be derived, for example, from an 
analysis of the effect of total pressure on infrared absorption 
measurements, 


AssorpTion Specrroscopy or Diaromic MoLecuLes 


The reason for examining the absorption spectra of molecules 
whose emissivities are to be calculated is evident from Kirchhoff's 
law. According to Kirchhoff’s law the emissive power at a given 
wave length is equal to the absorptivity at this same wave 
length, multiplied by the spectral intensity of radiation emitted 
by a black body. Hence, if the absorptivity is zero, the emissive 
power is zero; if the absorptivity is unity, the emissive power 
reaches a maximum value, namely, the emissive power of a 
black body. Of course, the emissivity, absorptivity, and emis- 
sive power of a black body are dependent on temperature. The 
temperature dependence of these three quantities can be calceu- 
lated by a straightforward though laborious procedure. Hence, 
by the use of theoretical relations, it is possible to extend room- 
temperature results. In the following paragraphs we shall be 
concerned with a discussion of absorption spectra, remembering 
that whatever conclusions are reached are immediately applicable 
to the calculations of emissive power. 

Fig. 1 is a plot of the percentage of light transmitted by a 6-em- 
long cell filled with carbon monoxide to a pressure of 1 atm, as a 
function of wave length. The results shown in Fig. 1 were 


*“Heat Transmissior. by Radiation From Non-Luminous Gase i. 
Experimental Study of Carbon Monoxide,’ by W. Ullrich (thesis), 
Massachusetts Institute of Technology, Cambridge, 1935. 

*“All of the experimental spectroscopic data presented in this 
paper were obtained by the author in collaboration with Dwight 
Weber of the Jet Propulsion Laboratory. 
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obtained with a low-resolution infrared spectrometer which is 
incapable of showing very rapid alternations in the transmitted- 
light intensity, if these alternations occur over very short wave- 
length ranges. Thus Fig. 1 gives only the broad contours of the 
absorption bands Reference to Fig. 1 shows a region of promi- 
nent absorption, designated as the fundamental vibration-rota- 
tion band, and a region of weaker absorption, designated as the 
first overtone. If the optical density of the absorber (i.e., the 
product of the partial pressure of absorber and the cell length or 
optical path length) were made very large, additional regions of 
absorption would be observed corresponding to the second, third, 
and higher overtones. The position of the second overtone of 
CO is indicated in Fig. 1. It is well known from spectroscopy 
that the fundamental vibration-rotation band results from a 
change in energy of the absorbing molecules described by an in- 
crease of unity in the vibrational quantum number; the first 
overtone corresponds to a change of 2 in vibrational quantum 
number, etc. 

It has been found experimentally that the absorption spectra of 
all diatomic molecules show distinct regions of absorption similar 
to CO. Furthermore, for all ordinary optical densities encoun- 
tered in practical work, only the absorption of the fundamental 
and the first overtone is large enough to be of practical signifi- 
cance. We therefore arrive at the important conclusion that 
emissivity calculations on diatomic molecules require considera- 
tion of only two distinct wave-length regions. 

If an instrument of very high resolving power were used to 
examine the intensity of transmitted light, it would be found that 
each of the absorption bands shown in Fig. 1 consists in reality 
of many more or less discrete rotational lines. Representative 
lines of the fundamental vibration-rotation band are shown in 
Fig. 2. The Wave length A has been replaced as abscissa in Fig 
2 by the wave number v where vy = 1/A. ‘The percentage of trans- 
mitted light 100 /,/7o, has been replaced as ordinate by the spec- 
tral absorption coefficient P?,. Here /,//>, and P, are related by 
the well-known relation 


= exp(—P, pL) . 


where /, = transmitted intensity at the-wave number v; /,, = 
incident intensity at the wave number vj) p = partial pressure of 
absorber, which is CO in the present case; and L = ofttieal path 
length. The data shown in Fig. 2 were calculated, within an 
undetermined proportionality constant, by the use of a theoreti- 
cal relation derived by Oppenheimer.* A designation such as j 
= 3-—-) = 2in Fig. 2, shows that we are dealing with the absorp- 
tion coefficient resulting from an energy jump of the absorbing 
molecule involving the rotational quantum number 3 in the lower 
vibrational state and the rotational quantum number 2 in the 
upper vibrational state. The fundamental vibration-rotation 
band derives its name from the fact that it is characterized by a 
change of unity in the vibrational quantum number (at room 
temperature the only important transitions are those from the 
vibrational quantum number x = 0 to the vibrational quantum 
number n = 1) coupled with all the changes j — j =1 in the rota- 
tional quantum number. The two branches of the absorption 
bands shown in Fig. 1 arise from the two series of transitions j 
j+landj—~j—1. 

The width of the rotational lines of a vibration-rotation band is 
known to be strongly dependent upon the total pressure.’ It 
also varies with temperature and the type of foreign gas which 


*“On the Quantum Theory of Vibration-Rotation Bands,” by 
J. R. Oppenheimer, Proceedings of the Cambridge Philosophical Soci- 
ety, vol. 23, 1926, p. 327. 

7 “Pressure Effects on Spectral Lines,” by H. Margenau and W. W. 
Watson, Reviews of Modern Physics, vol. 8, 1936, p. 22 
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The data shown in Fig. 2 utilize experimental 
If it is assumed that 


may be present.’ 
measurements of line width by Matheson.* 
the line width varies with pressure according to the dispersion 
formula,’ then it is found that the rotational lines shown in Fig 
2 assume the shape shown ia Fig. 3, at room temperature, but at 
a pressure of 30atm. Since the contributions from all of the rota- 
tional lines to the absorption coefficient are additive, it can be 
seen from the dotted curve shown in Fig. 3 that at high pressure 
the absorption coefficient is a continuous function of Wave num- 
ber. It should be noted that the area under the absorption coeffi- 
cient versus wave-number curve (i.e., the integrated absorption ) 
presumably does not change with pressure. Hence the effect of 
high pressure is primarily that of decreasing the variations of P, 
with v. 
From Equation [1] it is readily seen that 


dv = + exp —P, p L) dv 


if Av represents the wave-number width which is resolved by the 
spectrometer. For a vibration-rotation band it can readily be 
shown that the quantity on the left-hand side of Equation {2} will 
become smaller as the variation of P, with v is decreased, as long 
as the sum of the integrated absorption for the rotational lines 
remains constant. It is therefore to be expected that for a given 
partial pressure of absorving gas in an absorption cell of fixed 
length, the percentage of transmitted light will decrease as the 
total pressure is increased by the addition of a nonabsorbing gas, 
such as helium, argon, or nitrogen. The percentage of transmitted 
light will continue to decrease until the total pressure is large 
enough to make P, a continuous function of v. Beyond this 
point an enormous increase in pressure is required in order to 
produce a further decrease in the integrated percentage of trans- 
mitted light. 

Experimental verification of the conclusions reached as the 
result of the foregoing considerations is shown in Fig. 4 for CO 
pressurized with No. Reference to Fig. 4 shows a large decrease 
in transmitted light when the total pressure is raised from 15 to 
50 psia and then to 300 psia. However, addition of N, to raise 
the total pressure from 300 to 700 psia produces very little change 
in the percentage of transmitted light. 

The discussion of the effect of pressure on absorption coefficient 
is thus seen to lead to the conclusion that, at sufficiently large 
values of the total pressure, the fraction of absorbed light be- 


* “The Intensity of Infrared Absorption Bands,” by L. A. Mathe- 
son, Physical Review, vol. 40, 1932, p. 813. 
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comes practically independent of the total pressure although it 
continues to increase as the optical density is increased. The 
pressure at which absorption of light becomes relatively insensi- 
tive to total pressure would not be expected to vary greatly with 


temperature or type of added and optically inactive gas. On the 
other hand it is evidently dependent on the distance between the 
centers of adjacent rotational lines (this distance is independent 
of temperature and pressure for a given molecule), the required 
pressure increasing with increasing line spacing. 

Experimental absorption measurements of the type shown in 
Fig. 4, as well as theoretical considerations,’ lead to the conclu- 
sion that at sufficiently large total pressures we can replace Equa- 
tion [2] by the relation 


dv = Av expl—P p L).........13) 


where P is an appropriately chosen average absorption coefficient 
for the wave-number interval Ay. Furthermore, as a first ap- 
proximation, we can choose Av so wide that it includes an entire 
vibration-rotation band. In this case the following relations are 
obtained for the fundamental and the first overtone, respectively 
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Av dv = Av,on+1 —Py p L).. [4] 


Here Py and P, represent appropriate values for the average 
absorption coefficients of the fundamental and the first overtone, 
respectively. The quantities Ay,—+,»+ and Av,—., 42 represent 
the corresponding effective band widths. For example, for the 
spectrum shown in Fig. 1 it would be appropriate to use ree- 
tangular boxes, shown by dotted lines, to represent, in first ap- 
proximation, the absorption bands. The calculation of values of 
average absorption coefficients and the calculation of effective 
band widths are evidently related problems. Their determina- 
tion from spectroscopic data is discussed in the next section. 

As was pointed out earlier in this section, the problems of 
absorption and emission of radiation are closely related, and the 
same quantities which determine the fraction of transmitted 
light in absorption measurements also determine the emissive 
power, to the same approximation. In particular, it is readily 
shown? that the intensity of radiation J,’ emitted by the funda- 
mental vibration-rotation band is given, in first approximation, 
by the relation 


I,’ = [1 (6) 


-exp(—Pp p J(Pp, T) Avpmen+t 


whereas the intensity of radiation emitted by the first overtone is 


Io’ = — exp(—Po p L)| J( Ho, T) (7] 
Here J(», 7’) dv is the intensity of radiation emitted by a black- 
body radiator at the temperature 7' and in the wave-number 
interval between v and vy + dv per square centimeter of surface 
per second into a solid angle of 27 steradians, and vy and Vg 
represent, respectively, average wave numbers for the funda- 
mental and the first overtone. The quantities J/(7, 7) can be 
calculated readily from Planck's equation. The emissivity, as 
ordinarily defined, is equal to the ratio of the intensity of radia- 
tion actually emitted divided by the intensity of radiation emitted 
by a black body over all wave numbers. Since the latter quan- 
tity is 


Wy, T)dv = T 


where o is the Stefan-Boltzmann constant, it follows that the 
emissivity € is given by the relation 


e = + I,')/o T* {9} 


or 
Dp, T) Avn—en+1 


=p, 
exp(—P, p L)} 


= 
J(Bo, T) 


(10) 
o T* 


+ |l —erp(—P, p L) 


Equation [10] is the fundamental relation used to make approxi- 
mate emissivity calculations for diatomic molecules 


OF Errective WipTHs AND OF AVERAGE 
ABSORPTION COEFFICIENTS 


Emissivity calculations by the use of Equation [9| depend on 
the successful evaluation, from available spectroscopic data, of 
average absorption coefficients and effective band widths. Since 
the average absorption coefficient must vary inversely as the cor- 
responding effective band widths, it is apparent that Equation 
{10] contains two quantities which will tend to compensate one 
another. Thus choosing too large an effective band width will 
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lead automatically to a low value of average absorption coeffi- 
cient and vice versa. For this reason the choice of an appropriate 
effective band width, although important, is not really critical for 
the successful calculation of approximate emissivities. This last 
statement is, however, not true if the optical densities are so 
large that the emitter radiates practically as a black body in the 
regions of its emission bands. In this case a reasonable choice of 
band width is of the utmost importance if more than semi- 
quantitative information is desired. 

Caleulation of Effective Band Widths. For the theoretical cal- 
culation of effective band widths we proceed from Oppenheimer’s 
equation which allows us to determine the relative intensities of 
the rotational lines of a given vibration-rotation band. The 
principal factor determining the relative intensities of the rota- 
tional lines is of the form. 


j exp —E,, ;/kT) 


where £,,, is the energy of the nth vibrational and jth rotational 
energy levels, & is the Boltzmann constant, and 7’ represents the 
absolute temperature. The quantities £,., can be calculated, 
with a high degree of precision, from available spectroscopic data.* 
The variation of 7 exp(—E,,,/kT) with j is shownin Fig. 5 for CO 
at several temperatures. The plots of j exp(—E,,;/kT) as a 
function of n for all values of n which are of importance in prac- 
tical problems are similar to those shown in Fig. 5. If itis re- 
membered that the magnitude of the factor j erp(—E,,,/kT') or 
j exp(—E,,,/kT) determines the intensity of emitted radiant 
energy, it is apparent that only a small number of j-values needs 
to be considered for a given molecule. In particular, reference to 
Fig. 5 shows that for CO at 300 K the value of 28 exrp(—E, »s/kT’) 
is only about 10~* as large as the maximum value correspond- 
ing to 8 exp(—E,4,/kT). At 3000 K, on the other hand, the first 
ninety j-values lead to appreciable values of j exp(—E,,,/kT). 
Hence we conclude that for ordinary values of the optical den- 
sity, about thirty rotational lines of CO lying in each of the two 
branches characterized by the rotational transitions jj —1 and 
j-j+1, respectively, will yield measurable intensities at room 
temperature. At 3000 K, somewhat more than ninety lines will 
contribute to emission of radiation from each of the two band 
Similar remarks apply at other temperatures. 


branches. 


*“Molektlspektren,” by H. Sponer, Julius Sp.co cor, Berlin 
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From plots of the type shown in Fig. 5 it is a simple matter to 
determine the values of j for which j erp(—E,,,/kT) has become 
so small as to assure negligible contributions to radiant heat 
transfer for ordinary optical densities. The values of j are 
uniquely associated with wave numbers. Hence, if it is known 
that a definite number of lines contribute to radiant heat trans- 
fer, it is also known in what wave length or wave-number range 
the emitting lines are distributed. This information, in turn, 
fixes the effective band widths.’ Effective band widths Av,_.,+1 
and Avpy—+n+2 have been calculated by this procedure, as a func- 
tion of temperature, for CO, NO, HF, HCl, HBr, and HI. From 
the effective band widths, in turn, the quantities J(D,, 1) 
i/o Ttand T)AVp—+n+2/0 T*appearing in Equation 
9] have been evaluated. These quantities are designated as ¢,’ 
and €,', respectively. The numerical values of €y’ and €,’ have 
been presented, as a function of temperature, in a previously 
published report, for the diatomic gases mentioned.’ In terms of 
the known quantities €y’ and €,,’ Equation {9] for the emissivity 


becomes 


€ = — exp(—Py p + — exp(—Pp p L)] 


Before proceeding with the discussion of the determination of 
average absorption coefficients, it appears desirable to examine 
the concept of effective band width in terms of empirical absorp- 
tion measurements. 

The definition of effective band width adopted for the present 
analysis will be useful, provided it can be shown that the effective 
band width, as determined by the procedure described in this 
section, is relatively insensitive to optical density. In Figs. 6 
and 7 are shown experimentally observed data of the percentage 
of transmitted light as a function of wave number for the funda- 
mental vibration-rotation band and for the first overtone of CO, 
respectively. The calculated effective band widths are indicated 
by dotted vertical lines in Figs. 6 and 7, which show experimental 
results for approximately 1 and 50 atm of CO contained in a 6-em- 
long absorption cell. Reference to these data shows that a fifty- 
fold increase in optical density changes the effective band width 
by less than about 30 per cent for the fundamental vibration- 
rotation band and by perhaps 10 per cent for the first overtone. 
Therefore we are justified in concluding that the concept of effec- 
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tive band width, determined by use of the procedure described in 
this section, will be of practical value in making emissivity calcu- 
lations, at least for the optical densities which are likely to arise 
in rocket combustion engines. 

Calculation of Average Absorption Coefficients. The calculation 
of appropriate average absorption coefficients for the fundamental 
and the first overtone is a difficult problem which can be carried 
out with relative ease only if a number of restrictive assumptions 
are introduced.* The absorption coefficients depend on the inte- 
grated absorption as well as on the effective band widths. At the 
present time, reliable numerical values of integrated absorption, 
which is determined from studies of room-temperature infrared 
transmission, are known for only a few molecules. A critical 
review of available data (as well as a list of suggested values of 
Py and Po, for the diatomic gases CO, NO, HF, HCI, HBr, and 
HI) has been published previously.’ In line with the approxima- 
tions involved in effective band-width calculations, a simple pro- 
cedure for estimating average absorption coefficients has been 
developed.* Tentative plots of Py and P, as a function of tem- 
perature for diatomic gases have also been prepared by the author. 
It is apparent that emissivity calculations by the use of Equation 
[11] can be carried out in a few minutes for given values of p and 
of L by referring to the graphs giving €p’, €p’, Py, and Py asa 
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function of temperature for each individual molecular species. 
Calculations of this type have been of some use in estimating the 
importance of radiant heat transfer in combustion chambers such 
as a hydrogen-fluorine rocket motor, where it appears that not 
more than about 25 per cent of the total heat transfer in the 
chamber can be aseribed to radiant heat transfer. 
Emissivity CaLcuLations ror CO 
As was pointed out in the preceding section, the approximate 
theoretical calculation of emissivities of diatomic molecules at ele- 
vated total pressures can be accomplished in a matter of minutes 
by the use of published graphs showing the temperature depend- 
ence of the unknown parameters appearing in Equation {11)}.* 
Unfortunately, no high-pressure emissivity measurements are 
available with which the calculated results can be compared. It 
therefore appears to be desirable to use the procedure developed 
for high-pressure combustion chambers in order to determine 
emissivities at atmospheric pressure where a comparison with 


available experimental measurements‘ can be made. 

It is apparent, Fig. 2, that at atmospheric pressure for CO the 
rotational lines do not overlap sufficiently for the present method 
of emissivity calculations to be strictly applicable 
lapping of rotational lines means that the procedure for making 


Lack of over- 
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emissivity calculations described in this paper will yield re- 
sults which are too large at low and intermediate optical 
densities. 

For very large optical densities the experimental emissivity 
measurements should approach and then exceed the theoretical 
values. Experimental emissivities ultimately should exceed the 
calculated emissivities, as the optica! density is increased, because 
some of the weaker rotational emission lines, lying outside the 
range of the estimated band width, will begin to contribute to 
radiant heat transfer. 

The foregoing predictions are completely verified by the com- 
parison of calculated and observed emissivities shown in Figs. 8, 
9, and 10. At the largest optical density for which experimental 
data are available (viz., 6 ft-atm), calculated and observed emis- 
sivities are seen to agree closely, Fig. 8. As the optical 
density is decreased to 2 ft-atm, Fig. 9, and then to 0.2 ft-atm, 
Fig. 16, the discrepancy between calculated and observed emis- 
sivities is seen to increase, the calculated values being too large. 
Since these results are in line with theoretical predictions, it 
appears likely that the approximate procedure for making radi- 
ant-heat-transfer calculations described in this paper will yield 
satisfactory results at elevated pressure for which it was de- 
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The Solution of Elastic Plate Problems 


by Electrical Analogies 


A dynamic-analogy method for the solution of elastic 
plate problems is described in this paper. The electrical 
circuits developed here can be set up and studied on an 
electric log puter. Problems involving deflections 
under constant load, transient vibrations, or norma! modes 
can be solved in this way. The method of applying bound- 
ary conditions to plates with irregular edges is given, 
together with a detailed description of the representation 
of the boundary conditions for a rectangular variable- 
thickness plate. Solutions that have been obtained on the 
Cal Tech electric-analog computer are presented for the 
static deflections and normal modes of a rectangular canti- 
lever plate. 


INTRODUCTION 


N this paper an analogy method is developed for the solution 
ef elastic plate problems. Because the mathematical 
formulation of plate problems is complex, only limited suc- 

cess has been achieved in the solution of these problems by classi- 
cal methods. Expansions in orthogonal functions have yielded 
the solution of a few problems involving simple geometrical 
shapes and simple boundary conditions. In most cases, more 
general methods are required, among the more powerful of which 
is the finite-difference method. In the electrical-analogy method 
described here, the problem is formulated in finite-difference 
terms, and the solution of the difference equations is carried out 
on an electric-analog computer. 

The analogies to be developed are an extension to two dimen- 
sions of the beam analogy derived in a previous paper (1).* 
They share with it the advntage that they are completely dy- 
namic analogies in that the values of none of the electrical com- 
ponents depend on frequency. This permits normal mode and 
transient-vibration problems to be solved. Another feature of 
the plate analogy is that all of the quantities of physical interest 
(slopes, moments, and shears) can be measured directly. This 
aids the development of an intuitive approach to the problem 
with the result that it becomes unnecessary to set up the mathe- 
matical equations before attacking each problem. An even 
more important result is the fact that it is possible to make state- 
ments about the electrical analogy that have equal validity when 
applied to the elastic plate and vice versa. 

The electrical analogies to be developed are based on the equa- 


! This study was accomplished under a United States Air Forces 
Contract. 

2 Instructor of Electrical Engineering, California Institute of 
Technology. 

3 Numbers in parentheses refer to the Bibliography at the end of 
he paper. 
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at the Semi-Annual Meeting, St. Louis, Mo., June 19-23, 1950, of 
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Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be aceepted 
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Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by the Applied Mechanics Di- 
vision, October 19, 1949. Paper No. 50—SA-23. 
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tions for a thin plate with the assumption of smal) deflections. 
The equations for large deflections are nonlinear and cannot be 
solved by an analog computer consisting of passive electrical ele- 
ments only. 

No restrictions are made on the elastic properties of the plate 
as regards homogeneity and isotropy. Analogies for variable- 
thickness plates and anisotropic plates can be set up so that, for 
example, the vibrations of thin airplane wings can be investigated 
under realistic assumptions. In the electric-analogy method, 
free edges cause no particular difficulty. The representation of 
irregular edges has been developed by an intuitive method, using 
the close correlation between the physical properties of the plate 
and of its electrical analogy. 

Among the advantages of the analogy method is the fact that 
plates with inhomogeneous elastic properties, irregular edges, or 
any condition of loading or support can in principle be solved as 
easily as a uniform symmetrical plate. Problems in which a 
plate is coupled to other mechanical] systems can also be solved. 

An analog computer capable of solving reasonably difficult 
plate problems (requiring more than 20 or 30 cells) does not at the 
present time exist. A few of the simpler problems have been 
investigated on the Cal Tech electric-analog computer with the 
intention of determining the feasibility of the analogy method. 
The principal unsatisfied »equirement of the plate analogy is the 
existence of a large number of essentially perfect transformers 
It is estimated that 250 of these, or five times the number at 
present available in the Cal Tech computer, are a reasonable re- 
quirement for complex problems. 


Evecrricat ANALOGY For BenpInG or Bram 


The electrical analogy for an elastic plate is more easily intro- 
duced by discussing first the dynamic analogy for the bending 
of a beam. Although this analogy is the subject of an earlier 
paper (1) it will be rederived here in « slightly different form. 

The differential equation for the bending of a beam is 


where w is the deflection and q the load density. The nature of 
q, Whether it represents static loading, inertia loading, or spring 
loading, need not at present concern us. For a uniform beam £/ 
is constant, and the finite difference equivalent of Equation [1] 
may easily be derived 
4 + 6 w, — 4 + = (2) 
El 

An electrical ladder network can be constructed in which 
Kirchhoff’s current law for the nth node is identical with Equa- 
tion [2]. This network, however, requires the use of negative 
impedances which is a serious disadvantage for the solution of 
normal mode and transient-vibration problems. 

A less direct analogy wil) be used. If the slope and shear are 
defined as 

ow 
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When £7 is not constant, it is simpler to write the finite-differ- 
ence equations corresponding to Equations [3], [4], and [5] sepa- 
rately, than it is to write the finite-difference equation corre- 
sponding to Equation [1]. This method has the advantage that 
it immediately reveals the correct form of the electrical network 
for the solution of transient problems. The equivalent finite- 
difference equations are, respectively 


Wn+t 
Ar 
Blows 


Ar? 


. [6] 


On+i/g = 


= — + 


El, 
(On —i/2 On+1/2) Art ove 


(Qne1/2 — Qn—1/2) 
aa q 


The subscript n + 1/2 refers to the mid-point between z, and 
xn+1, the points at which the deflection is defined. 

Equations [7] and [8] may be regarded as expressions of Kirch- 
hoff’s current laws in an electrical network. The circuit in Fig. 
1 satisfies all three of these equations if w and @ are regarded as 
voltages. Equation {6} expresses the relationship between the 
primary and secondary voltages of a transformer where the turns 
ratio is Az, Equation [7] is Kirchhoff's law for the sum of the 


Snes 


Az? 


Fie. 1 Dynamic ANALocy ror Benpine or a Beam; Z, = EI 
na 


currents entering the node @n+1/.. The impedance of the branch 
connecting On+1/, and On43/, is The current flow- 
ing in the secondary of the transformer is the turns ratio times 
the current in the primary, i.e., Qn+1/9. 

Equation [8] is Kirchhoff’s law for the sum of currents entering 
the node w,. The bending moment 


Ow 
M = —EI dz? 


is the current flowing in the slope circuit, multiplied by Az as 
shown. For static-loading problems, the impedances Z, may be 
purely resistive, while for transient and normal mode problems 
they must be inductive. 


The transformers in Fig. 1 must be essentially perfect. Any 
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leakage or magnetizing inductance associated with them detracts 
from the accuracy of the solution. 


Dynamic ANALOGY FoR ConsTANT-THICKNESS PLATE 


The differential equation for the deflection of a constant-thick- 
ness plate is 


where D is the stiffness constant and q is the load density. The 
finite-difference expression equivalent to Equation [10] can be 
written down directly, resulting in a relationship coupling the 
general node point with twelve of its nearest neighbors. This 
procedure is always employed when a digital method of solution 
is to be used and has even been extended to the solution of skew- 
plate problems (2). When applied to the analogy method, how- 
ever, it leads to the unwelcome necessity of negative circuit 
elements. The method that we shall use is similar to that em- 
ployed in the derivation of the dynamic-beam analogy. In fact, 
by making use of this previous derivation, it is possible to derive 
the plate analogy without referring to the finite-difference equa- 
tions at all. 
Equation [10] can be written in the following form 


a [( a ( oat q 
+—)—|=-.. 
Or L\Or? = Oy? Ox dy L\Or? Oy? Oy D 


The equation for a uniform beam is 


re) 
ar [ art) az} 

The brackets in Equation [12] indicate the manner in which 
this equation was broken up into three equations in the deriva- 
tion of the dynamic-beam analogy. The first term of Equation 
{11] is the same as the left side of Equation [12] with (0*/0z*) + 
(0*/Oy*) replacing 0?/dz*. For the beam analogy it was shown 
that the operator 0*/dz* is represented by impedances in the @ 
circuit connecting neighboring nodes. For the plate, 0#/dz? + 
d*/dy" is represented by impedances connecting neighboring nodes 
in both the x and y-directions, The network to represent the 
first term of Equation [11] is shown in Fig. 2. By definition, the 
slope in the x-direction is 


{11} 


ow 
or 


The additional impedances Z,, oriented parallel to the y- 
axis represent the term 07/dy?. Consequently a two-dimensional 
grid of impedances connects nodes in the @, circuit. 


Fic. 2 Dynamic ANALOGY For First Term or Equation [11] 


The second term of Equation [11] is represented by a second 
network entirely similar to that in Fig. 2. It has a two-dimen- 
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sional grid of impedances connecting nodes in the @, circuit. The 
primaries of its transformers which are oriented parallel to the 
y-axis are joined at the nodes of the w-circuit with the z-trans- 
formers so that a two-dimensional grid of transformer primary 
windings is formed. Thus the complete analogy consists of 
three separate two-dimensional grids in which the voltages to 
ground are, respectively 


The coupling between these three networks is by means of the 
magnetic fields of the transformers only. Since no conductive 
interconnection exists, the circuit diagrams of the three networks 
can be drawn separately. Plan views of these networks are shown 
in Fig. 3. 


Dynamic ANALOGY For A VARIABLE-THICKNESS PLATE 


The equations given for the bending moments by Timo- 
shenko (3) are 


06 
M,= +» . [13] 
or oy 
oy or 
= —J)(1 .. [15] 
oy or 
The shears are given by 
oM, oM,, 
. {16} 


or oy 


oM, 
= 
or 


Q, 


The static equilibrium of the plate requires that 
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Fre.3 Dynamic AnaLooy ror Constant-Taicxyess 


Combining Equations [13] through [18], where D need not be 
constant, the equation of the plate may be written as 


a2 fa 26, 20, 
Although it appears imposing, the only terms of Equation [19] 


that cannot be represented by the network in Fig. 3 are those in- 
volving 


and 
oy or 


The other terms can be represented by the network with 


Ax ay? 
Dia —») 
Ay? ax 
Z Z —— 
D 


The terms »(06, /Oy) and »(0@,/z) represent a mutual coupling 
between the @, and @, circuits. By superimposing the networks 
in Fig. 3 it will be seen that the Z, and Z, branches cross each 
other, and that the centers of these branches are at the same 
geometrical point. A mutual admittance between the two 
branches is required where 


This mutual admittance requires an essentially perfect trans- , 


former for its realization, bringing to three the number of such 
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transformers required per cell. In practice it is expedient to con- 
vert this mutual admittance to a mutual impedance with ac- 
companying modifications in Z, and Z,. The impedances re- 
quired may be summarized as follows 

Z, 


Z 


ws D 
Fig. 4 shows the network for a variable-thickness plate. In 
this network the currents in the slope circuits are proportional to, 
the moments, and the currents in the w-circuit are proportional 


to the shears 
Current in Z, 
Current in Z, 
Current in Z,, 
M,. 


Current in Z,, = 
Ar 


Curcuit in z-branch of w circuit = 
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Current in y-branch of w circuit = = 


We see that all of the quantities of physical interest are availa- 
ble in the electrical analogy. 

The variable-thickness-plate analogy can be easily extended to 
include anisotropic plates. For such a plate four constants in- 
stead of two are needed to define the elastic properties of the ma- 
terial (4). In terms of these four constants the equation of the 
plate may be written as 


or + Oy + oy If 


06 
D, — + D- 2D,, — 
[ * Oy or Oz [ 


fa 


dy lay 


This equation is entirely similar in form to Equation [19]. Refer- 
ring to Fig. 3, we see that the self-admittance of the Z, and Z, 
branches are D,/( Ax?) and D,/( Ay*) respectively, that the self- 
admittance of the Z,, and Z,, branches are 2D,,/( Ay?) and 
2D,,/( Az*), respectively, and that the mutual admittance be- 
tween the Z, and Z, branches is D, /( Ax Ay). 


Meruop or Apriytnc Bounpary CoNbDITIONS 
Two boundary conditions must be applied along each edge of 
an elastic plate. A general result of the application of the prin- 


ciple of virtual work is that along any edge one condition from 
each of the following two groups must apply 


Group 1 
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Group 2 


on 


n is the co-ordinate normal to the edge, and ¢ is the co-ordinate 
parallel to the edge. The combination [a], [c] gives the boundary 
conditions of a clamped edge, while the combination {a}, [d] with 
M, = 0 refers to a simply supported edge. For an edge that is 
insufficiently clamped, a linear combination of [{c] and {d} can 
be applied, in addition to [a]. The boundary conditions of a free 
or elastically supported edge are given by the combination 
Along a line of symmetry the combination ap- 
plies with Ry and @ equal to zero, and the further derivable con- 
dition that M,,, the twisting moment, is equal to zero. 

This grouping of the boundary conditions corresponds to the 
division into a deflection and slope circuits in the electrical anal- 
ogy. The quantities involved in Group 1 are represented by the 
currents and voltages in the deflection network, while the quan- 
tities in Group 2 are analogous to the currents and voltages in the 
slope circuits. One may expect, therefore, that these conditions 
can be imposed on the network in a natural way. 

Before examining in detail the manner in which these bound- 
ary conditions can be applied to the electrical analogy, we shall 
develop a general intuitive approach to the problem. 

The boundary-condition equations as summarized are the 
consequences of constraints on the plate or of changes in its elastic 
properties. For instance, a free edge can be described completely 
by saving that there are no constraints on the edge, and that the 
stiffness and load equal zero beyond the edge. This type of physi- 
cal description can be used directly in the derivation of an elec- 
trical analogy. In the variable-thickness analogy, the value of 
each impedance depends only on the local value of the stiffness 
constant, It may be expected, therefore, that for points one or 
two cells beyond a free edge, these impedances will vanish. A 
more precise expression of this idea leads to the correct analogy. 

Up to this point the network impedances have been considered 
as lumped elements without attaching any particular geometrical 
significance to their location. For the discussion of boundary 
conditions the network impedances must be regarded as distribu- 
ted elements. For example, along an edge where the slope @, 
is constrained to zero, all impedances in the @,-circuit should be 
grounded at the points where they cross the edge. A part of an 
impedance element is retained proportionally to the portion of its 
length interior to the plate. The transformer primaries of the 
deflection circuit should similarly be considered as distributed 
coils and grounded at the point where the coil crosses the edge. 
The part of the winding extending beyond the edge cannot be 
omitted. From the discussion of beams, the value of the trans- 
former primary winding depends only on Az, the cell size, and 
not on the elastic properties of the plate. If transformer primary 
windings are to be omitted for points beyond the edge, this must 
be deduced from the conditions on other parts of the network. 
The transformer secondary windings are intimately associated 
with the nodes of the slope circuits and cannot be distributed. 

It has been said that the admittances in the slope circuits are 
proportional to the local values of the stiffness constant. To 
give precision to this statement, each impedance element will 
have assigned to it an element of area with sides Ar and Ay, 
centered at the mid-point of the element. The value of the ad- 
mittance of the element will be calculated from the average value 
of the stiffness constant taken over this area. If this area is 
crossed by a free edge, for example, the admittance of the ele- 
ment will be proportional to the fraction of area interior to the 


plate. 
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The justification of this method of calculating impedances 
when sharp discontinuities are present rests on the verification 
of the resulting networks by means of the mathematical boundary 
conditions, and, when this is impossible, on the experimental re- 
sults obtained from the network. A sharp distinction should be 
made between boundary conditions arising from constraints and 
boundary conditions arising from discontinuities in the elastic 
properties of the plate. 


Bounpary FOR A RECTANGULAR PLATE 


The analogy developed in the section on Constant-Thickness 
Plate can be used only for a constant-thickness plate with a 
combination of simply supported and clamped edges. If the edge 
xz = const is clamped, the constraints require that w = O and 8, 
= 0 along the edge. As a consequence of the first condition 6, 
also equals zero along this edge. These conditions can be im- 
posed upon the network by grounding the deflection and slope 
networks where they cross the boundary, as discussed in the pre- 
vious section. No difficulty is encountered in clamping an edge 
not parallel to a co-ordinate axis, since @, and @, must still be zero. 

If the edge z = const is simply supported, the mathematical 
boundary conditions are 


w=0 


M,=—lI -J=Q@ 21 
) ( ont +” ) {21] 


As a consequence of the first condition dw/dy = 0 and d*u 
oy? = 0 so that by the second condition 0*w/dz* = 0 also. In 
the constant-thickness-plate analogy, the current in Z, is pro- 
portional to 0*w/dz*. Consequently a Z,-branch that crosses a 
simply supported edge is left open. The w and @,-circuits are 
grounded where they cross a simply supported edge. Fig. 5 
shows the method of representing simply supported and clamped 
edges, when they coincide with nodes of the w-circuit. 

Clamped and simply supported edges are represented in the 
variable-thickness analogy in exactly the same way. To repre- 
sent a free edge, the analogy for a variable-thi>kness plate must 
be used, even though the plate may be uniform 

The physical conditions along a free edge are the absénce of 
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any constraints and the vanishing of the stiffness constant for 
points beyond the edge. Applying these conditions to the circuit 
in Fig. 6, we reason that (Z,)s, (Z,)s, (Z,2)s, and (Z,,)s can be left 
out. The numerical subscripts refer to the value of x. 

Since (Z,,)s and (Z,). are left out, thete can be no current in 
the y-branches of the w-cireuit along x = 6, and these branches 
can be left out. Since there is no load at z = 6, no current can 
flow in the z-branches of the w-circuit at z = 5. This means 
that no current flows into the nodes of the 6,-circuit through the 
transformer secondaries. Consequently, no current flows in 
(Z,),and these impedances can be left out. Half of the area asso- 
ciated with (Z,), is beyond the edge, so that-the impedance of 
these branches should be doubled. Furthermore, since there is 
no current in (Z,)4, the mutual impedance between the two cir- 
cuits can be omitted. (This is not the same thing as omitting 
the mutual admittance, a condition that would be appropriate 
if (Z,)«had been shorted.) 

Since the load vanishes for points beyond the edge, the average 
load density is one half the load density for points inside the plate. 
The load currents for points on the edge should be reduced by one 
half. 

The networks resulting from the foregoing reasoning are illus- 
trated in Fig. 7 which shows the complete network used in the 
solution of a cantilever-plate problem. The impedances are de- 
fined in Table 1. It is shown in the Appendix that the free-edge 
network satisfies the finite-difference equivalent of the mathe- 
matical boundary conditions, 

The boundary conditions for a free diagonal edge also have 
been obtained by the method of physical reasoning described 
here (5). They have been verified by means of the mathematical 
conditions, although the agreement is not as perfect as for the free 
edge parallel to a co-ordinate axis. This verification becomes ex- 
ceedingly laborious for an arbitrarily oriented edge. 


Tue So.ution or Prospiems* 


The analogies described in this paper have been applied to 

‘ The examples included here were investigated as part of a con- 
tract with the Air Materie) C d and are published with their 
permission. 
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the solution of a few problems on the Cal Tech electric-analog 
computer. At the present time this computer contains approxi- 
mately 80 each of inductors, capacitors, and resistors, and 25 
transformers. The only elements with imperfections that need 
to be considered are the transformers. In connection with an 
earlier study on beam-vibration analysis (1), it was shown that 


TABLE! 


DATA FOR AN OF RECTANGULAR 
CANTILEVER PLA 
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the finite leakage and magnetizing impedances of the trans- 
formers can lead to appreciable errors in the determination of 
natural frequencies of vibration. This conclusion also holds for 
the elastic plate analogy. 

With the 25 transformers available, it was possible te set up a 
plate with a maximum of twelve nodes and consequently only 
plates with simple shapes could be investigated. The following 
specimens, all of uniform thickness, were studied: 


1 Rectangular plate—all edges simply supported. 

2 Rectangular plate—all edges built-in. 

3 Square plate, one edge built-in, three edges free (cantilever 
plate). 

4 Cantilever plate swept back at an angle of 45 deg. 


In each case influence coefficients were calculated for concen- 
trated loads at each node; deflections and bending moments were 
measured for various distributed loads; and the normal modes of 
vibration for a uniform mass loading were determined. In this 
paper detailed results will be given only for the square cantilever 
plate, the other cases being of less general interest. 

The cantilever plate and its electrical analogy are shown in 
Fig. 7. The co-ordinate system used in the tables of deflections, 
slopes, and moments is shown. Foisson’s ratio for the plate is 
» = 0.30. The transformer secondary windings coupling the slope 
circuits with the deflection circuit are omitted for clarity, as are 
the load currents in the deflection circuit. In the slope circuits, 
Za, Za, Ze, Zy, and Zy are calculated from the formulas giver 
in Fig. 4 for the general interior point; while the rest of the im- 
pedances, Z2:, Zzs, Zzs, and Zys have special values because of their 
proximity to the edges of the plate. The values of ali of the im- 
pedances are given in Table 1. Two values of the stiffness con- 
stant D are given in Table 1 because resistors were used in the 
slope impedances for static loads and inductors were used for dy- 
namic loads. When the value of D for dynamic loads is inserted 
in the impedance formulas, the numerical value of these induc- 
tors is obtained. 

Influence coefficients were calculated for the twelve nodes of 
the deflection circuit by inserting a constant alternating-current 
(10 ma) into each node in succession and measuring the voltages 
at all twelve points. The results are given in Table 2, in dimen- 
sionless form. 
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TABLE 2 INFLUENCE COEFFICIENTS, &j, FOR A SQUARE 
CANTILEVER PLATE 


Pya* 
hay D 

Loadapplied (1,0) (2,0) (3, 0) es Gs 3, 1) @, 2) 

Deflection 

measured at 
(1, 0) 0.051 0.073 0.001 0.024 0460 «600.064 041 
(2, Q) 0.073 0.197 0.280 0.048 0.135 0.215 
(3, 0) 0.000 0.278 0.522 0.071 0.222 0.400 0.306 
(1, 1) 0.024 0.048 0.072 0.027 0.046 0.067 0.059 
(2, 1) 0.045 0.134 0.221 0.046 0.133 0.214 0.189 
(3, 1) 0.064 0.214 0.400 0.067 0.212 0.400 0.350 
(1, 2) 0.011 0.029 0.049 0.017 0.037 0.059 0.067 
(2, 2) 0.026 0.089 0.164 0.037 0.111 0.189 0.212 
3, 2) 0.041 0.155 0.306 06.058 0.189 0.352 0.400 
(1, 3) 0.002 0.011 0.024 0.011 0.026 0.041 0.064 
(2, 3) 0.011 0.053 0.112 0.029 0.000 0.157 0.214 
(3, 3) 0.023 0.111 0.237 0.049 0.164 0.306 0.400 


Influence coefficients have been obtained for the square canti- 
lever plate at the Defense Research Laboratory of the University 
of Texas both by direct experiment and by analytical calculation 
(6). Fig. 8 presents a comparison of the analog-computer solu- 
tion with experimental results for a concentrated corner load. 

In Table 3 results are given for a uniformly distributed edge 
load. Currents in the slope circuits corresponding to the bend- 
ing moments were measured in this case. The twisting moment 
can be measured in both circuits, thus providing a direct check 
on the network. Since the twisting moments are small for a uni- 
form edge load, the percentage agreement between the two values 
is not particularly good. It will be noticed that all quantities 
that should be identical by reason of symmetry show good agree- 
ment. 

For the determination of the normal modes of vibration, in- 
ductors were substituted for the resistors in the slope circuits 
and capacitors were connected from the nodes of the deflection 
cireuit to ground, in order to represent the mass of each cell. 
A voltage source from a variable-frequency oscillator was then 
connected to one of the nodes of the deflection circuit and the fre- 
quency varied until the current fed into the network was a mini- 
mum, This resonance condition corresponds to a minimum force 
for a given deflection. The frequency of the oscillator was re- 
corded and the voltages ay the 12 nodes of the deflection circuit 
were measured. In this way the first five normal modes of vibra- 
tion were determined, Fig. 9. 

At the Defense Research Laboratory of the University of Texas, 
the normal mode frequencies for a square cantilever plate have 
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TABLE3 RESULTS FOR UNIFORM EDGE LOAD 
D=0500 +=03 a=3 


4 — 1.000 were applied at (3,1) and (3,2) 
— 0.500 were applied at (3,0) and (3,3) 


This represents ne edge load equal to 1.000 per unit length of edge 
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Two values of twisting moments are given. They were measured independently in the network. Sign of 
the moments was not measured 
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been measured experimentally for the two lowest modes and cal- 
culated theoretically for the five lowest modes (7). The fre- 
quency for the lowest mode as given by the analog computer is 
8.2 per cent below the experimental value while the computer 
value for the second (torsional) mode is 17.2 per cent below the 
experimental value. The theoretical calculations for the higher 
modes indicate that the analog-computer values for these fre- 
quencies are even more in error. The mode-shape data are in 
considerably better agreement. 

Errors in the normal mode frequencies are due primarily to the 
approximations inherent in the finite-difference method. The 
; i errors from this source are inversely proportional to the total 
FREQ") number of cells in the network representation of the plate, and it 
is estimated that at least 10 times as many cells as were used in 


7 — a these tests would be necessary to reduce these errors to a satis- 
° 


factory level. L. Brillouin (8) suggests methods by which quan- 
titative estimates of the magnitude of errors from this source may 
be made. It should be possible to add a correction term based on 
these methods to the frequency measured on the analog compu- 
ter. 

The error in frequency due to the magnetizing and leakage 
impedances of the transformers can be eliminated by using trans- 
0 ees formers with high permeability cores. An experimental design 
indicates that the ratio of magnetizing to leakage inductance can 

be raised from the present value of 2500 to more than 100,000 

without unreasonable expense. 
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Appendix 


VERIFICATION OF BouNDARY CONDITIONS FOR A FreE Epce 


Fig. 10 shows the location of the points where the moments 
are defined in the neighborhood of a boundary point (4,4). The 
quantities M Mysss, and are fictitious. By eliminating 


FREE EDGE 
Fic. 10 Gromerricat Distrisution of Moments Near Free 
Epes 


them from the boundary-condition equations, a single equation is 
obtained that the real moments must satisfy. In terms of the 
moments the differential equation is 


ox? 


Ordy dy? 
and the boundary condition equations are 


M, =0 


The finite-difference equivalent of Equation {22} is 


Mass — + M ox + 


2 M yw — + Myen — Mya 


Ar Ay 


M ya — 2Myu + Mye 
ay? q (24) 
The finite-difference equivalents of Equation [23] are 
Mou = 0... 

and 

M M yess + — M M 

2Aar ay 

Multiply Equation [26] by 2/42, and subtract from Equation 
(24). Then utilizing Equation [25] 


M 
Az? 


M yess — Myss 
ArAy 


— 2M yas Mye 


2 
2 Ay? 


.. [27] 


It will now be shown that this equation is satisfied by the free- 
edge network. In Fig. 6 the currents in the slope circuits are 
written in terms of the moments. The dotted circuit elements are 
ficticious. In the 6,-cireuit the current in the branch (4,4) is 
one half of norma] because, as shown earlier, the impedance of 
this branch must be doubled. 

Referring to the w-circuit we see that 


qu 


+ — Cirle = . [28] 


The currents in the transformer primaries are related to the 
moments as follows 


1 (“= 
iris = + 
Ar ar 
1 M yu 
Ay \2Ay 2Ay Ar 
Ay 2 Ay Ar 


Substituting these terms into Equation [28] gives Equation 
identically. Thus the network in Fig. 7 is verified. 
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The motion of a perfectly elastic initially slightly curved 
column is calculated when one of its ends is displaced 
axially at a constant speed in a perfectly rigid testing 
machine. A nondimensional quantity & is defined which 


The Dynamics of the Buckling 
of Elastic Columns 


By N. J. HOFF,* BROOKLYN, N. Y. 


figurations adjacent to it and differing from it only by infinitesimal 
quantities, 

This approach to the problem of stability cannot be maintained 
for elastic systems that are nonlinear or for systems that develop 


depends only upon the slenderness ratio of the col 
and the ratio of the velocity of the propagation of sound in 
its material to the speed of the testing machine. Two 
elastic columns are dynamically similar if & and the initial 
deviations from straightness are the same for both of them. 
The dynamic transverse deflections of the column lag be- 
hind the static values at the outset and overshoot them 
later. At an advanced stage of the loading the dynamic 
deflections can be represented as oscillations superim- 
posed upon the static deflections. The axial compressive 
force in the column increases proportionately to the dis- 
placement of the loading head of the testing machine in 
the first phase of the loading. When the deflections be- 
come large, the compressive force increases at a reduced 
rate, reaches a maximum, and finally begins to oscillate 
about the Euler load. The maximum force recorded on 
the testing machine can be a multiple of the Euler load 
when © and the initial deviations from straightness 
are small. At ordinary speeds and with the usual inac- 
curacies of routine testing the maxi load should 
differ little from the Euler load. 


INTRODUCTION 


N the classical theory of elasticity the stability of an elastic 
body subjected to given constant loads is investigated 
through the device of assuming an infinitesimal disturbance 

in the geometry of the equilibrium configuration of the elastic 
body. When the cause of the disturbance is removed, the body 
resumes its original shape, possibly after some vibrations, pro- 
vided the loads are smaller than their critical values. If these 
values are exceeded, deviations from the equilibrium configura- 
tion increase indefinitely. Consequently, in the limiting case, 
namely, when the critical loads are applied to the body there 
must exist patterns of deviations from the equilibrium shape 
which are neither increased nor decreased. This means that 
equilibrium is possible with deflected shapes differing from the 
original equilibrium configuration. The critical loads can 
therefore be found as the loads under which equilibrium can be 
maintained not only in the original configuration but also in con- 
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Brooklyn. Mem. ASME. 

Presented at the Annual Conference of the Applied Mechanics 
Division, Purdue University, Lafayette, Ind., June 22-24, 1950, 
of Tae American Soctety or Mecuanicat ENGINeeRs. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until Apri! 10, 1951. for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by the Applied Mechanics 
Division, December 14, 1949. Paper No. 50--APM-23. 
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permanent deformations through plasticity or creep under suffi- 
ciently large loads. It was suggested by the author at a Sym- 
posium on Engineering Structures held at Bristol University® 
that the stability of such systems be investigated by assuming a 
finite disturbance and following up the ensuing motion by means 
of the dynamic equations of motion. The concept of a static 
stability is thereby replaced by dynamic stability considerations. 
A system is stable if within a reasonable time it returns to a con- 
figuration satisfactorily close to the original configuration of 
equilibrium. The exact meaning of the words ‘reasonable’’ and 
“satisfactory”’ must be defined in each case individually. 

A certain arbitrariness is thus introduced into the definition of 
the theoretical critical load. The experimental buckling load 
has always been defined in an equally arbitrary manner. With 
columns it is usually taken as the maximum loa registered by 
the testing machine in a buckling test. There is no fundamental 
reason for the belief that the critical load of the classical theory 
and the maximum load measured in a buckling test should be 
identical. It is true, of course, that good agreement has been 
found between the Euler load and the maximum loads recorded 
in column tests carried out with elastic columns on commercial 
testing machines, and it is even possible to extend this range of 
correlation to columns failing at stresses exceeding the elastic 
limit. But the definition fails completely in the case of flat elastic 
plates subjected to edgewise compression which are known to 
carry loads amounting to multiples of the theoretical critical 
loads. This has led experimental investigators to defining the 
buckling load of plates on the basis of load-strain and load- 
defiection diagrams. There are a number of such definitions‘ 
in use today and the buckling loads obtained from them for the 
same test specimen differ considerably. 

A column test is a dynamic process in which the column fails 
while the load is being increased. The classical buckling load is 
derived from considerations of the properties of the equilibrium 
under constant loads. Consequently, the conditions on which 
the theory of stability is based differ fundamentally from those 
under which buckling tests are undertaken, and there is no 
obvious connection between the experimental failing load and the 
theoretical buckling load. Better correlation between theory 
and experiment can be expected only if the buckling test itself is 
examined analytically. 

In the present paper the behavior of an elastic column com- 
pressed in a commercial testing machine is calculated with the 
aid of the dynamic equations of motion. The testing machine 
is assumed to be perfectly rigid and its moving head descends with 


“Dynamic Criteria of Buckling,” by N. J. Hoff, Research, Engi- 
neering Siructures Supplement, Butterworths Scientific Publica- 
tions, Ltd., London, England, and Academie Press, Inc., New York, 
N. Y., 1949, p. 121. 

‘The Development of a Technique for Testing Stiff Panels in 
Edgewise Compression,” by N. J. Hoff, B. A. Boley, and J. M. Coan, 
Proceedings of the Society for Experimental Stress Analysis, Addi- 
son-Wesley Press, Inc., Cambridge, Mass., vol. 5, 1948, p. 14. 
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a uniform velocity. The column is of uniform cross section, and 

it has a slight initial curvature of sinusoidal shape. The ideally 

straight column can be approximated by decreasing arbitrarily 

the amplitude of the initia] deviations from the straight line. 
Basic Equations 


If the element of a column, Fig. 1, bounded by two cross sec- 


Fie. 1 in Testinc Macuine 


tions a distance dz apart is isolated, its equation of motion in the 
axial direction can be written in the form 


where £ is Young’s modulus, « the mass of a unit volume of the 
material, u the z-displacement of a section originally a distance 
z from the origin, and ¢ is time.* 
The transverse motion of the element is governed by the equa- 
tion 
El(d‘y/dx*) + (8/00) + = 0... [2] 


where y is the transverse deflection, E/ the bending rigidity, A 
the cross-sectional area, and P the compressive force in the par- 
ticular section of the column.‘ 
Since 


Equations [1] and [2} are connected by Equation [3]. 

Solution of these simultaneous equations with prescribed 
boundary and initial conditions is difficult. Fortunately, 
changes in the end displacement of the column cause pressure 
waves to travel along the axis of the column with a velocity 


This amounts to about 200,000 ips for aluminum or steel. With 
a column of 20 in. length, a pressure wave travels from the mov- 
ing head to the fixed platen and back again in 2 X 10~‘ sec. 
The effect upon the lateral ::otion of the consequent variations 
in compressive force along the column is therefore negligible 
when the period or the duration of the lateral motion is large as 
compared to 2 X 10~* sec. In such cases the transverse motion 
can be calculated from Equation [2] with no regard to Equation 
{1}, and an average value, which is a function of time alone, can 
be assumed for P along the column. 


5 “The Theory of Sound,”” by Lord Rayleigh, first American edi- 
tion, Dover Publications, New York, N. Y., vol. 1, 1945, p. 245. 
Ibid., p. 297. 
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Cotumn Wirs Inrriat Curvature 
When the column is slightly curved in its original natural 
state, the first term in Equation [2] must be replaced by the ex- 
pression E/(|0“y — yo)/dz*), where yo stands for the initial and 
y for the total deflection. The other two terms are not changed 
by the initial curvature, but a suitable expression must be de- 
rived and substituted for P in the second term of the equation. 
With a perfectly straight column in a perfectly rigid testing 
machine, the compressive load is a linear function of the dis- 
placement of the moving head. If this is descending with a uni- 
form velocity ¢ from the unloaded position, the strain is 


where L is the initial distance between the end points of the 
column. When the column is slightly bent at the outset, the 
bending increases as the moving head descends with a consequent 
relief in the compressive strain. The relief is equal to the dif- 
ference between the end-point distances in the initial and fina] 
curved states divided by the initial distance 


= (1/2L) fo” — y/dz)*] de 
The compressive force in the bar can, therefore, be written as 
P = (EA/L) {ct — (1/2) (2y/0z)* — .. 15] 


where ZA is the rigidity of the column in compression. Equation 
[2] becomes 


— + (BA/L) {et — (1/2) fy" 
— (0*y/dz*) + = 0..... 16] 


In this investigation the rigidities HA and EI are considered 
constant, and the initial deflected shape is assumed as 


Substitution of this expression for yo in Equation [6] and the as- 
sumption 
y = F sin (w2/L)........ 


where F is a function of time alone, yield 


{ El(x/L)* (F — a) —(EA/L) {et — (L/A4) (F? 
—a*)] (x/L)*F + pA(O*F/di*)} sin (w2/L) = 0........ [9] 


As this equation must be satisfied identically for every value of 
z, the expression in braces must vanish. Use of the notation 


= (I/eg) (ct/L) 
Flo =f a/p =e 


where p is the radius of gyration of the cross section, leads to 
+ + (1/4)? — = 0.... [11] 


The primes denote differentiation with respect to the nondimen- 
sional time parameter £. The initial conditions are 


f=e df/dt =0 = df/dt, whent =0........[12] 
After similar transformations Equation [5] can be written as 
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When both the initial deviations from straightness and the 
total deflections are small, the terms containing f* and e*f may be 
neglected in Equation [11]. One obtains 


+ U1 — = Me 
and if the new nondimensional time parameter 


is introduced 


where the primes denote differentiation with respect to z. This 
is an inhomogeneous Bessel-type equation. Below the Euler 
displacement, z > 0, that is, as long as the shortening ct of the 
distance between the end points of the column caused by 
the motion of the head of the testing machine is smaller than 
the length L multiplied by the Buler strain eg, the complemen- 
tary solution of differential Equation [13] is’ 


te = Afa + Bha = 
+ Bz'*J 


where A and B are constants of integration, and J stands for the 
Bessel function. A particular solution is* 


= fee) f° fals)ds — fulz) fo’ .. [17] 
with W the Wronskian of the two solutions 
W = fafa’ — fafa’ 
It can be shown’ that the Wronskian of the two solutions of 
Equation {13} must be a constant 
W = = —3/(r(1/3)r (1 — 1/3)] 
= —(3/r) sin(x/3) = —3°/3/2e 


The displacement is given by 


f = Afa + Bla +fy..... 


and the velocity is 


-(c/Leg) (df/d:) = (c/Leg)f’.. 


v= 
It follows from Equation [17] that 
df,(z)/dz = (2e/W ){fe'(z) So \ds —fa'(2) fo Saks yds}. .{21] 


where the prime indicates differentiation with respect to 2. 
Moreover 
fal = 
Thus the initial conditions can be written in the form 
+ BJ 


™*’Tables of Functions,” by Eugen Jahnke and Fritz Emde, 
American edition, Dover Publications, New York, N. Y., 1943, p. 
147. 

* “Differential Equations,’ by L. R. Ford, McGraw-Hill Book 
Company, Inc., New York, N. Y., 1933, p. 76. 

* “Applied Bessel Functions,” by F. E. Relton, Blackie and Son, 
Ltd., London, England, and Glasgow, Scotland, 1946, p. 50. 
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AQ'/*J — ((2/3)2'/*) = 
(24/3 {Js .{(2/3)2" ds 
+ = Ry. . (25) 
The denominator determinant of the equations is 


D = Jy Jy, — Ja oy, = —3V/3 (2r).. [26] 


Hence 
A = [4+ [(2/3)0'" JR, 
+ (27) 
B = 
Of particular interest are the deflection and velocity at the 
moment when the loading head reaches the Euler displacement, 
that is, when the displacement of the loading head is L times the 
Euler strain. At that moment 
z=0 
and 
f(0) = = 1.065 [29] 
= —(c/Leg) = 
{30} 


As A and B are proportional to e and depend in a transeenden- 
tal manner on Q, the deflection and the velocity a‘ the Euler dis- 
placement are also proportional to e. This is true only because 
the deflections were assumed small enough to neglect the non- 
linear terms in e and f in Equation [11]. 

A numerical example was worked out, with slide-rule accuracy, 
to illustrate the theory. The buckling index @ was chosen as 
2.25 so as to obtain unity for the maximum value of the argument 


= (2/3) = | 
Tables” yield the values 


J—+/,(1) == 0.18834 
Jip, (1) m 0.73088 


J ipl 1) = 0.60689 
= 0.59795 
The integration was carried out with the aid of the series 


p=0 


Ss 


p=0 


with 
¢ = (2/3)0'/%3°/2 
and of the recursion formula 
= —Jn —1 
with ¢ = 1. Summations yield 
‘© The Computation Laboratory of the National Applied Mathe- 
matics Laboratories, National Bureau of Standards, Tables of Bessel 


Functions of Fractional Order, Columbia University Press, New 
York, N. Y., 1949, 
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(1/2) & 0.635 
(1 2) = 0.309 


With these values the right-side members of Equations [24] and 
[25] become 
R, =0 R, = —1.66¢ 
Equations [27] and [28] yield 
A = —1L.2le B = 
Finally, Equations [29] and [30] become 
f(0) = 1.366 = 1.08 (ce/Leg) 
Deriections Beronp Eviter DisPLACEMENT 


When the time parameter ¢ is greater than unity and both e and 
f are smal} as compared to unity, omission of the nonlinear terms 
from Equation [11] and introduction of the notation 


[32] 
result in the differential equation 
— = Me.......... (33) 
The solution of the homogeneous equation can be written as 
fe = A'fa + B’fa = 
+ [34] 


where A’ and B’ are constants of integration, and J stands for 
the modified Bessel function. The differential coefficient of f, 
with respect to fis 


+ Ba . {35] 


At the Euler displacement, that is, when ¢ = 0, the values of the 
two independent solutions and of their derivatives are 


fa =90 fe = 
fa’ = fa’ = 0 


The particular sélution can be given in the form 
f(t) = W) falt) for fol skis + felt) fi fa(s)ds}.. {37} 
where Wis the Wronskian of the two solutions 

W = fala’ — fafa’ 


As the Wronskian is a constant it can be calculated from the 
values of the functions and their derivatives at ¢ = 0, which are 
given in Equations [36]. One obtains 


W = —1/(I(2/3)r (4/3)] = —0.828 
The solution of the inhomogeneous differential equation is 
f = A’fa + + fy. [39] 


This represents the deflection of the mid-point of the column. 
Its velocity is 


v = (c/Le,) (df/dt) = Leg) [A’fa’ + + f,’|...[40] 
where 


The constants of integration are determined from the initial 
conditions. It must be stipulated that the deflection and the 
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velocity at ¢ = 0 be the same as those obtained earlier for z = 0. 
If the values are again denoted by f(0) and »(0) one has 


A’ = (0) } (42) 


These constants of integration can be expressed by means of the 
constants that obtain below the Euler displacement. Substi- 
tution in Equations [29] and (30) yields 


A’ =—A B’=B [43] 


The solution is valid provided the nonlinear terms are small 
as compared to the linear ones in Equation [11]. One might 
stipulate, for instance, that the nonlinear terms should not 
amount to more than 2'/, per cent of the value of the linear ones. 
In the form of an equation 


— AGS + < 0.025........... [44] 


If the corresponding values of ¢ and (f/e) are known from the 
solution, Equation [44] can be used to determine the eccentricity 
e that causes an error of 2'/, per cent. A form of Equation [44] 
suitable for such computations is 


_f/e) +1 
(f/e) (f/e® 
When (f/e) and {(f/e) are large as compared to unity, the formula 
simplifies to 


= (1/10) (45) 


= (1/10) /(f/e)®.... [45a] 


The numerical example of the preceding section was continued 
beyond the Euler displacement. With 


A’ = —A = 1.2le B' = B = 1 Abe 


graphical integration of the expressions contained in Equation 
[37] and substitutions yield the following simultaneous values 


f= L5e f’ = 1.3262 


At this stage of the loading, the error caused by the omission of 
the nonlinear terms in Equation [11] amounts to 2'/; per cent if 
the amplitude of the original deviations from the straight-line 
shape is one quarter of the racius of gyration of the section. 
This ca; be ascertained by substituting the values in Equation 
[44]. Consequently, the modified Bessel function solution 
ceases to be valid at this stage of loading ife = 0.25. From this 
point on a new solution of Equation [11] is needed. 


So.uTion By Power Series 


When the deflection f is large, the terms containing f* and ef 
must not be disregarded in Equation [11]. As the expression in 
brackets in Equation [11] is an analytic function of € and f at all 
points except infinity, the solution is also analytic and can be 
represented by the convergent power series'' 


f = a9 + ar + + art + (46) 
where 
z=t—T .. [46a] 


and = T is any point except infinity. 

Substitution of f from Equation [46] into Equation [11] and 
the requirement that coefficients of each power of z vanish in the 
resulting equation yield the following expressions for az, a3, and 
soon 


ut “Differential Equations,” by L. R. Ford, McGraw-Hill Book 
Company, Inc., New York, N. Y., 1933, p. 183. 
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= (2/2) [e — Cao — (1/4)ay*)... (47a) 
a, = (2/6) [ap — Ca, — (3/4)ac%a, | . [47] 
ay = (2/12) fa; — Caz — (3/4) + [47c] 
ay = (2/20) fag — Ca; — (1/4) + 3ac%as + [47d] 


The nth coefficient is 
n-2n-2 
a, = [2/n(n — 1)}an—2 — Can—s — (1/4) 
i=0 j=0 
GG 
In these equations 
C = 1— T—(1/4)e* 
The values of the first two coefficients, namely, a» and a, must be 
determined from the initial conditions prevailing when — = T. 
At that time, from Equation [46] 


f =a and f’ =a, 
Moreover, the velocity of the mid-point of the column is 
v = (c/Leg)f’ 


If the deflection and the velocity of the mid-point are prescribed 
at £ = 7, the foregoing equations suffice to determine all the co- 
efficients of the expansion. 

The series solution is naturally valid for smal] as well as large 
values of f. It does not lend itself so easily to the drawing of 
general conclusions in regard to the motion of the column as do 
the Bessel-function solutions given earlier. For this reason, and 


because it usually converges slowly, the series solution should be 


used only in that realm of & where other solutions are not 
available. 

The numerical example is now continued from the point where 
the Besse] function solution began to become inaccurate. For 
an eccentricity e = 0.25 the pertinent values are 


g€=T=11 f= 0375 f' = 0.3313 


Consequently 
a = 0.375 a, = 0.3313 C = —0.115625 


Evaluation of the coefficients given in Equations [47] and sub- 
stitutions in Equation [46} yield 
Sf = 0.375 + 0.33132 + 0.3152? + 0.142z* + 0.05692 
+ 0.0280zr5 + 0.00467z* — 0.000800z7 — 0.001 — 0.00102z* 
— 0.000560r"* — 0.0002482r"! — 0.00009717'* — ... 
Differentiation gives 
= 0.3313 + 0.6302 + 0.426z* + 0.22762° + 
+ 0.02802zr* — 0.005600r* — 0.008882’ — 0.00918z* 
— 0.005602* — 0.002728r" — 0.0011652r""—... 
The series was used to calculate numerical! values up to § = 
2.1. Beyond this value of the independent variable the series 
was too slowly convergent and was replaced by new expansions. 


Altogether, four different values of 7 were used for successive 
expansions, until the following numerical values were obtained 


& = 3.54 f = 3.25 f’ = —20 


So.uTion Basep on Static Der.tection Curve 


It was observed that at large values of — the dynamic deflection 
curve can be represented as small oscillations superimposed upon 
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the static deflections. With a vanishing acceleration Equation 
[11] can be solved for & 

& = 1 — (e/fo) + (1/4) fo*[1 — (e/fo)*] 


where the subscrips zero indicates that the solution corresponds 
to zero acceleration. When the expression 


(50) 


where » is the small deviation of the dynamic displacement from 
the static value, is substituted in Equation [11], and Equation 
{50} is duly considered, the following equation is obtained 


So” +” + — + + (3/4)fon* 
+ (1/4)n* — (1/4)e%] = 0........ 
Whenever the ratio of the nonlinear terms to the linear ones 
E = [(3/4)fon + (1/4)n*]/[1 — & + (3/4)fo® — (1/4)e?]. . (53) 


is smal] as compared to unity, Equation [52] can be written in 
the linearized form i 


n” + Q[l — (1/4)e* — + ln = —fo” 


In this equation the independent variable is and the primes de- 
note differentiation with respect to —. Since Equation [50] con- 
tains a convenient expression for ¢ in terms of fo, while no simple 
expression is available for fo in terms of £, fo is chosen as the new 
independent variable. With 


dn/dt = (dn/dfs) 

d%/dg* = (d™/dfo*) (dfo/dt)* + (dn/dfo) (d*fo/dé*). . [556] 

= —Afo% fo* - 


[52] 


fe)/(fo® + 2e)*........ [566] 
Equation [54] becomes 


n” — (1/fo) [(fo® — 4e)/(fo® + 2e)}n’ + (2/8) (1/fo*) (fo? + 2€)% 
= (1/fo) (fo? — 4e)/(fo® + 2e) 


where the independent variable is fo and the primes indicate dif- 
ferentiation with respect to fo. When ¢ is small as compared to 
fo* Equation [57] can be written in the form 


n” — [(1/fo) — (Ge/fo*) In’ + (2/8) [fot + 
= (1/fe) — (Ge/fo').... [58] 
Finally, when 
(6e/fy?) << 1 
Equation [58] simplifies to 
n” — (1/fo)n’ + (2/8)fo% = (1/fo) 


where fo is the independent variable. This is a Bessel type dif- 
ferential equation whose solution can be written in the form 


n = Ana + Bne + 1, 
with the complementary solutions 
na = [62a] 
na = fol —1/,1(1/3) [625] 
The particular solution is 
tp = (nea/fo W) + (na/foW . .. (63) 
where W is the Wronskian of the two complementary solutions 


W = nane’ — nene’ 
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Differentiation of Equations [62] yields 
(dna/dfe) = na’ = (2'8)'/*f3J —2/,((1/3) . [64a] 
= nea’ = . . . [640] 
Substitution gives 
W = 165] 
Hence the particular solution becomes 
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approximation. Nevertheless it fully represents the important 
features of the motion of the column. With a smaller speed of 
loading the approximation would be good throughout. 


Discussion oF Resutts 


The deflections of the mid-point of the column calculated in 
the numerical example are shown in Fig. 2. Fig. 3 represents 
the variation of the axial load as computed from Equation {13}. 
The behavior of an elastic column during a compression test ean 


The numerical example was continued from the stage of load- 
ing characterized by the values of ¢, f, and f’ given at the end of 
the preceding section. Substitution in Equation [50] shows 
that the point represented by these values of ¢ and f lies on the 
static deflection curve. Consequently 7 = 0. This is one of the 
initial conditions to be used in determining the constants of in- 
tegration. The other is obtained from the rate of change of 
with to 


dy/dfo = d(f —fe)/dfy = (df/dfe) — 1 } 


= (df/dt) (dt/dfe) — 1 
From Equation 

dE = + [68] 
The numerical! values obtained at the end of the preceding sec- 
tion were 


fo=f=3.25 (df/dt) = —20 


Substiiution in Equation [68] yields 
dt/dfy = 1.65 
Hence 
de/df, = —4.3 
With (1/3) (Q@/8)’* = 0.177 and fo = 3.25, the argument of the 
Bessel functions is 6.07 at the transition from the power-series 
solution to the Bessel-function solution. Tables of Bessel 
functions give the values 
= 0.01207 J-1/,(5.07) = 0.286 
J ~1/,(6.07) = 0.3236 J, (6.07) = —0.1437 


With these values one obtains 


ma = 0.0392 na = 0.929 
na’ = 5.87 1a’ = 2.61 


Thus the initial conditions are 


0.0392 A +0.929B= 0 
5.87 A+261 B=—43 


The solution of these two simultaneous equations is 
A =—0.747 B = 0.0307 


Again, graphic integration had to be carried out to obtain the 
particular solution. Its contribution to the total deflections 
was found to be negligibly small. This is due in part to the 
fact that in the integrands of the particular solution the Bessel 
functions are divided by fo while the complementary solutions 
are multiplied by fo, and the values of fy range from 3.25 to 5.0. 
Inequality [59] is satisfied by the solution. On the other hand, 
E in Equation [53] is not very small in the neighborhood of fp = 
3.25. In that vicinity, therefore, the solution is only a first 


— foJ ~1/,{(1/3) (2/8)'/fe* S (1 .. . (66) 


be discussed with the aid of these graphs on the basis of the 
equations derived in the preceding sections. 

Two perfectly elastic columns are dynamically similar when 
compressed in a rigid testing machine whose moving head is dis- 
placed at a constant speed if the nondimensional buckling index 
Q is the same for both. This requirement is sufficient only when 
the displacements are small. For dynamic similarity at large 
displacements, the initial deviation from straightness must also 
be the same. The buckling index, as defined in Equations [10], is 
proportional to the square of the velocity a of the propagation 
of sound in the material of the column, as can be seen from a 
comparison of Equations [10] with Equation [4]. Itis inversely 
proportional to the sixth power of the slenderness ratio of the 
column and to the square of the velocity of the loading head 


Q = [68] 


The equation shows that the value chosen for 2 in the numerical 
example, namely, 2.25, can be realized if a 10-in-long column of 
*/-in. X */srin. rectangular cross section, whose slenderness 
ratio is 370, is compressed with a loading velocity of 0.256 ips. 
The validity of the theory can be checked by taking the square 
root of each member of Equation [69] 


= (p/L)* = 2n%p/L) (aeg/2c) 


Since Leg/c is the time necessary for the loading head to reach 
the Euler displacement, and 2/./a is the time required for a pres- 
sure wave to start from the moving head, arrive at the fixed 
platen, and return again through the column to the moving head, 
the ratio of the two quantities, aeg/2c, is clearly the number NV 
of round trips the pressure wave can make from the beginning 
of the loading until the Euler displacement is reached. Solution 
of the preceding equation for N yields 


N = (1/2e*) (L/p)a'”.......... 


With the values of the numerical example N = 28, and thus 
the assumption of a uniform axia! force along the column appears 
to be warranted. 

The numerical example represents the very rapid loading of a 
very slender column. A slenderness ratio of (1/4)370 = 92.5 and 
a loading-head velocity of (1/10)0.256 = 0.0256 ips would be 
more usual in a column test. In such a case Equations [69] and 
[70] would give 2 = 922,000 and N = 4560. 

In the first phase of the loading, before the moving head 
reaches the Euler displacement, the solution of the differential 
equation consists of Bessel functions with real argument. Con- 
sequently, the column must undergo oscillations. As the dis- 
tance between consecutive zeros of the Bessel function is close 
to #, the number of oscillations is the range of the argument 
divided by x. Consequently, the total number n of oscillations 
from the beginning of the loading until the Euler displacement 
is reached is 


[70] 
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In the numerical example 2 = 2.25 and thus the plot of deflections 
does not show any vibrations. With the more usual arrangement 
for a column test represented by 2 = 922,000, the total number of 
oscillations would be 204. Because of-the-small amplitudes, 
the oscillations would not be easily detected. 

During a rapid loading the transverse motion of the elements 
of the column is retarded by the imertid of their masses. For 
this reason the dynamic deflections lag behind the values that 
correspond to infinitely slow loading. In the example, the dy- 
namic deflection is 1.36e at the Euler displacement while the 
static deflection is 4e. The lag increases rapidly as the initial 
deviation from straightness decreases. For instance, at the 
Euler displacement the static deflection is 36e when e = 0.01, as 
compared to the dynamic value of 1.36e. The lag also increases 
with decreasing 2. 

Column tests are often interrupted for readings and adjust- 
ments. After the testing machine is stopped, the column even- 
tually assumes its static-deflection position. When the loading 
is resumed, the column has to be accelerated from this deflected 
position and reaches the Euler displacement with less lag than 
in an uninterrupted loading. 

Beyond the Euler displacement the solution is represented by 
modified Bessel functions, and the deflections increase mono- 
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tonically. Depending upon the initial deflections and the value 
of Q, the deflections sooner or later become so large that the small- 
deflection theory loses its validity. Up to this point the axial 
force in the column increases linearly since the nonlinear terms 
in Equation [13] are negligibly small. When @ and e are small, 
the axial force may well reach values which are multiples of the 
Euler load. 

In the third phase of the loading, the deflections can be repre- 
sented by power series in the nondimensional time parameter 
In the first expansion of the numerical example the first negative 
coefficient is the ninth coefficient of the series, indicating that 
the monotonic increase in deflections represented by the modi- 
fied Besse] function solution is continued for a while in this phase 
of the loading. At large values of the independent variable, the 
negative coefficients of the higher powers become effective and 
oscillations develop. The mass of the column is now accelerated 
sufficiently in the transverse direction to catch up with the static 
deflections. As a matter of fact, the inertia forces make the col- 
umn overshoot the static deflections with a consequent drop in 
the compressive axial force below the Euler value. 

The ensuing vibrations can be represented by Bessel functions 
of the static deflection superimposed upon the static deflection. 
In the numerical example the axial compressive force reaches the 
value 1.725P, before it begins to decrease. The first minimum 
of the force is —0.25P, which is a tensile force. This cannot 
be realized in an ordinary column test but is feasible if the ends 
of the column are pivoted about pins rigidly attached to the test- 
ing machine. With lower speeds of loading the vibrations 
would be much less violent. 
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Evaluation of Stress Distribution in the 
Svmmetrical Neck of Flat Tensile Bars 


By JULIUS ARONOFSKY,? DALLAS, TEXAS 


The local strains and the strain distribution in the necks 
of two flat tensile specimens have been measured. A 
strain-hardening function for the material was obtained 
from the results of tension tests on round bars. This 
strain-hardening function and the measured strains are 
used to determine the stress distribution in the neck. 
Good agreement between the calculated and the meas- 
ured fracture load was obtained. 


INTRODUCTION 


HE tension test has been used for many years as an im- 

portant tool for evaluating the physical properties of 

metals. The tests usually are performed with round, 
flat, or tubular specimens, and the results are used to predict the 
strength of structural members under various conditions of com- 
bined stress. There are several phases of the tension test, how- 
ever, that are not so well understood and which warrant further 
study. Local necking (previous to fracture) in the tension test 
of a round bar is a well-known phenomenon, but no rigorous 
theory has been offered as yet which explains this process (1-4).* 

If a circular specimen of a ductile material is loaded in a testing 
machine, the tensile load will reach its maximum value at the in- 
stant that the uniform extension ceases. At this point the test 
piece will begin to neck, and the load on the specimen will de- 
crease as the neck develops. The state of stress will change 
gradually from uniaxial tension to a complex condition of tri- 
axial stress. Also the stress-strain relationship becomes much 
more complicated in the neck due to the rotation of the principal 
directions of both the stresses and strains, Some approximate 
solutions to the problem of stress analyses in the neck of round 
bars have been developed by the following investigators. 

Siebel (5) developed an equation of equilibrium for the curved 
elements of material in the neck but did not consider the double 
curvature of the elements, and simplified his solution by consider- 
ing it as a plane problem. Then Bridgman (6) arrived at more 
accurate conclusions by taking into consideration the double 
curvature of the material elements. More recently, Davidenkov 
and Spiridonova (7) developed a simple theory which is similar 
to Bridgman’s theory but with more experimental justification. 
Most investigators determined only the distribution of the 

1 This work represents part of a thesis submitted to the Uni- 
versity of Pittsburgh as part of the requirements for the degree of 
Doctor of Philosophy. 

? Senior Research Engineer, Magnolia Petroleum Company; for- 
merly, Westinghouse Research Laboratories, East Pittsburgh, Pa. 
Jun. ASME. 

? Numbers in parentheses refer to the Bibliography at the end 
of the paper. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 26—December 
2, 1950, of Tae American Soctety or MecHanicat EnGIneers. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be aec 
until April 10, 1951, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by the Applied Mechanics Di- 
vision, March 15, 1950. Paper No. 50—A-14. 


stresses in the minimum section of the neck; but the theory, 
when consequently developed, may permit the determination of 
stress distributions in the entire necked portion of the round bar. 
Some additional experimental work has been done by Parker, 
Davis, and Flanigan (8), and their results at least are in qualita- 
tive agreement with the theories of Bridgman, and Davidenkov 
and Spiridonove. 

In this investigation, at the suggestion of Dr. Nadai, the more 
complex problem of analyzing the stresses in the neck of a flat 
bar was treated by making use of the information developed for 
the round bar and a knowledge of the strain distribution for the 
flat bar. The method applied herein assumes that (a) the flat 
bar deformed symmetrically around a section perpendicular to 
the axis of the bar; (b) the distribution of the permanent strains 
near the minimum section and the strain-hardening function for 
the metal have been determined from experiments; and (c) the 

atios of width to thickness are not too small and not too large. 


THEORY FOR COMPUTATION OF STRESSES AT FRACTURE FoR Rouno 
Bar 

Before discussing the stress distribution in a flat bar, a brief 
description will be given of the method used for evaluating the 
stresses in the neck of a round tensile bar. The problem of 
determining the stress distribution in the neck is complex, as 
there is a triaxial stress condition with rotation of the principal 
axis. The following approximate theory has been developed by 
Davidenkov and Spiridonova (7) in which they describe the stress 
distribution on the minimum section of the neck of a round bar. 
They found experimentally that the radial strain é,, is equal to 
the tangential strain ¢, and that both values are the same 
throughout the minimum section for a given stage of develop- 
ment of theneck. Let 


&, = true principal stress in axial direction 
@, = true principal stress in radial direction 
&, = true principal stress in tangential direction 
&» & = principal natural strains 
Toor = octahedral shear stress 
Foo. = octahedral unit shear 
r = radial distance in minimum section of neck 
p = radius of curvature of longitudinal fiber element in 


neck 
R = radius of curvature of contour of neck 
a = radius of minimum section 
load 
avg 0, = average true axial stress = 
A = area of minimum section 


The principal natural strains in the minimum section are 


= = const........ . ft] 


One of the known laws of plasticity is expressed by 


i, — 4, 


Davidenkov and Spiridonova did not concern themselves with 
the validity of Equation [2]. They did point out that this equa- 
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tion has not been proved experimentally as being fully accurate 
(9). They justified their use of this flow condition simply by 
assuming it can be employed at least as a first approximation. 
The restrictions of the validity of this flow condition for flat 
bars will be discussed later. 

Equations [3] and [4] follow from Equations [1] and [2] 


= . B) 
So = &, — &, = const . [4] 


The equilibrium condition of the stresses in the axial direction 
in the neck is expressed by 


Axial load = f8,dA.............. [5] 


It is assumed that the curvature 1/p (of the principal stress tra- 
jectories of the stress o,) is proportional to the radius r, along the 
minimum section of the neck, Fig. 1(4A) 


Davidenkov and Spiridonova checked this assumption experi- 
mentally by measuring the radius of curvature p of the fibers on 
an etched longitudinal section of the neck. 

The radial equilibrium condition of an element in the neck is 
expressed by using as curvilinear co-ordinates the orthogonal 
system of the trajectories of principal stresses 

dé, é, é, Sor 
dr p aR 


Integrating Equation [7] along the symmetry plane or in the 
minimum cross section leads to 


at — 


which indicates how the axial stress 3, varies along the minimum 
section of the neck with r. 
The octahedral shear stress is 


gy 

4 


and the octahedral unit shear 


Foc = Ve + & — + — = [10] 

Equations [9] and [10] serve for calculating 7o+ and Yeet in the 
minimum section. 

The foregoing equations were utilized for calculating the stress 
and strain distribution in the minimum section at fracture of 
round bar No. 11 which is from the same heat of steel as the flat 
bars. The data for bar No. 11 were taken from a paper by 
J. Miklowitz (10). The natural strain distribution along the 
minimum section for round bar No. 11 is shown in Fig. 2. As was 
stated in Equation [1], the strains are uniform along the mini- 
mum section. The distribution of stresses at fracture is given 
in Fig. 3. The stresses ¢,, ¢,, and o, have a parabolic form with 
a maximum at the center of the minimum section (r = 0), and 
@, is much larger than either %, or &,. Also foc: is constant 
throughout the minimum section. In Fig. 4 the radius of curva- 
ture of the fibers p is plotted against the radial axis r of the 


R { 


minimum section. According to Equation [6], the radius of 
curvature p is expressed by a hyperbola in function of r with the 
smallest value of p at the boundary (r = a) and an infinite value 
at the center of the minimum section (r = 0). 


Srrain-Harpenine Function 


The strain-hardening function which connects the octahedral 
shearing stress Ton, with the octahedral unit shear, Fou, has been 
described by A. Nadai (11) and may be expressed by the follow- 
ing equations 


It is herewith assumed that (a) the elastic portions of the strains 
are small and can be neglected, (6) that the principal directions of 
stress coincide with the principal directions of strain in the mini- 
mum section of the neck, and (c) that the flow condition expressed 
by Equation [2] may be used. Several investigators (12) have 
shown experimentally that a ductile steel, under biaxial states of 
stress, will follow the strain-hardening function Equation [11] for 
various conditions of combined stress. The assumption is 
made, therefore, that the strain-hardening function which applies 
in elements of a bar in the minimum section of a round bar also 
will hold for the material elements in the minimum section of a 
flat bar. In Fig. 5 the octahedral shearing stress is plotted 
against the octahedral shearing strains for the round bar series 
previously described (10). The curve represented in Fig. 5 
was used in analyzing the stresses in flat bars 6A and 10A. 


F.iat-Bar TuHeory 


Description of Strain Measurements in Flat Bars, A series of 
flat-bar tension tests (13) was previously carried out in order to 
investigate the influence of size and shape of the specimen on the 
mode of yielding and fracture. The grid pattern used for strain 
measurements is shown in Figs. 1(B) and 13. It was put on the 
specimen mechanically with the use of a scriber. The strain 
distribution in the neck for specimens 6A and 10A was taken 
from the foregoing report and was utilized to evaluate the stress 
distribution in the minimum section at fracture. Let « denote 
the local conventional strain in the axial direction, «& the strain 
in the lateral direction parallel to the width of the bar, and « the 
strain in the direction parallel to the thickness of the bar (see the 
schematic sketch in Fig. 18). The strain in the axial direction 
« was calculated from « and « by use of the equation expressing 
the volume constancy 


1 
— 
(1 + (1 + 
The value for the local strain in the width direction is given by 
the relation 


dy’ — dy 
dy 


€ 


where dy’ is the strained value of the original element dy The 
strain e; was calculated using the entire thickness of the bar as 
the element. This strain is given by « = (h — ho)/ho, where h 
is the strained value of the original thickness he. The original 
dimensions of the two flat bars are as follows: 


Specimen 6A 10A 
Gage length, in... ... 22.50 37.50 
Width (be), in..... -.. 4.50 7.50 
Thickness (ho), in........ 0.75 0.75 
. {be 
Rati ( ) 6 0 
he 1 


The distribution of conventional strains in the minimum sec- 
tion for specimen 6A is given in Fig. 6. The plotted points are 
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at the intersection of the longitudinal elements with the minimum 
section of the neck. 

Analysis of Stresses at Fracture in Two Flat Bars. The stress 
distribution in the flat bar can be evaluated by utilizing the fore- 
going information on the round-bar analysis. 

Only the minimum section of the neck will be considered for 
evaluating stresses. The following assumptions are made: 


1 Since the distorted grid pattern on both sides of the mini- 
mum section appears in first approximation as orthogonal, it is 
assumed that the principal directions have rotated to coincide 
with the grid lines. Obviously, the principal directions in the 
minimum section do not rotate due to symmetry.‘ 

2 The general strain-hardening function determined from a 
tensile test made with a round bar also holds for the elements of a 
flat bar. 

3 The principal stress in the thickness direction &;, is assumed 
to vanish throughout the thickness.* 

A glance at Fig. 6 shows that the strains in the thickness direc- 


(tee, Mle ey) 


CONVENTIONAL STRAINS 
° 
@ 


ELEMENTS IN ORIGINAL POSITION ALONG JIDTH,Y 


VARIATION OF CONVENTIONAL Strains MINIMUM 


Section at Fracture or Fiat Bar 6A 


Fic. 6 


tion (€) are larger than the strains in the width direction (&) in 
the minimum section. Hence, the symmetry of the strains in 
the round bar (é€, = @,) does not hold for the flat bar, and a differ- 
ent method of analysis must be developed. { 


Symbols: 


€1, €2, & 


= true principal stresses 
principal conventional strains 
principal natural strains 
principa! natural unit shears 
principal shear stresses 


a, & 
Fir, Vay Far 
Tia, Ten, Tar 


The logical approach to writing a relation between the stresses 
and strains is to start with the natural strain rates 
dé; dé, 
dt dt 
‘ The first erack starts at the center of the minimum section and 
then propagates along it. During the formation of the rupture 
surface, the elements of the bar adjoining it deform plastically. 
This additional permanent distortion is not considered. 
* The size and effect of ¢; is assumed to be negligible, because it is 
known that o; must be zero at the surfaces, and because the thickness 
of the model is smali in comparison to the other dimensions 
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This equation is a generalization of the flow condition which was 
proposed originally by Saint Venant in his theory of the plastic 
deformation of ductile metals (1871). In Saint Venant’s theory 
the rates of strains were assumed to be infinitesimals. For a 
finite distortion we may presume logically that the true strain 
rates can be substituted for the former ones. Thus (dé)/(dt) 
may be substituted for (de)/(dt) where Z is € = In(1 + e). 


Equation [12a] could be written in the form 
+ 8; 


a t+ 
2 


or in the form 


= do E 
= do E 
= d@ E 


where dé,, dé, and dé; are the increments of the principal natural 
strains. In a rigorous solution these relations would have to be 
integrated step by step. 

The preceding equations can be integrated when the principal 
stresses &,, &,, &; change in such a manner that the ratios &,/%,, 
&,/%, are kept constant during the increase of the stresses and 
Equations |12c] then will integrate into 


dé; 


strains. 


where ¢ is a variable quantity, or in the form 


3 
Fu = (4 —&) = —G:) = 


3 


= (é 


fn = (&—a) = — 21) = 367 

Although the condition that and remain constant 
is not satisfied in general in the material elements on both sides 
of the minimum cross section since the lateral components of 
stress develop quite gradually, in a first approximation, use of 
the Equations [12d] was made by assuming that they may ex- 
press at least averaging conditions in a similar manner, as in the 
theory of partial yielding of bodies (heavy-walled cylinders) in 
which use of such relations was made with good results by several 
investigators. Let the octahedral shear stress be 
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and the octahedra] shearing strain 


9 

For = 3 + + 

In accordance with what has just been stated, from Equations 
{13}, [14], and [15] 


Foe = OF = ; {16} 

From Equations [16] and [13} 
1 


ort 
1 Fo 
in = (8 — (17) 
2 Toet 
2 Toct 


Rewriting Equations [17] and neglecting 


= —2 | 
Foer 
{18} 
Toet | 


=0 


Thus the stress distribution in the minimum section can be 
evaluated from Equations [18]. 
Fig. 7 shows the principal natural strains plotted as a func- 
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tion of the distorted co-ordinate of points along the minimum 
section y’ for flat bar 6A. The plotted points are at the intersec- 
tion of the distorted longitudinal elements with the minimum 
section (Fig. 13). The natural unit shears and the octahedral 
shearing strains are plotted against the y’-co-ordinate for bar 6A 
in Fig. 8. In Fig. 9 the octahedral shearing stress and the 
principal stresses are plotted against the y’-axis. The octahedral 
shearing stress was determined from the strain-hardening function 
in Fig. 5 and the norma! stresses were calculated from Equations 
{18}. 

The fracture load for bar 6A was calculated by evaluating 
graphically the integral 


Load = J S @i(y’, 2’ )dy'de’.. {19} 


where y’ and z’ are the distorted co-ordinates of points in the 
width and thickness direction (see the schematic sketch in Fig. 
1). The minimum cross section of the neck at fracture of speci- 
men 6A was divided into 28 small increments of area (Fig. 9). 
The average load for each small area was calculated and then 
summed over the entire cross section. The calculated fracture 
load was 182,000 Ib, whereas the observed fracture load in the 
testing machine was 178,000 lb. The calculated fracture load, 
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therefore, was 2.2 per cent higher than the observed fracture 
load for bar 6A. 

The same procedure was used in computing the stress distribu- 
tion for specimen 10A. The load at fracture again was calculated 
by integrating graphically Equation [19] from the curves in 
Fig. 10. The calculated fracture load was 278,000 Ib, whereas 
the observed load was 302,000 Ib. Therefore, the calculated 
fracture was 7.9 per cent lower than the observed fracture load for 
bar 10A.* 

The basic restriction for the validity of Equations [12d] is that 
the ratio of the principal stresses 4,/é, will remain constant as 
the stresses and strains are increased. It is desirable then to 
check the values of &,/%, for some element along the minimum 
section of flat bar 6A as given in Fig. 9. These data are com- 
piled in Table 1. 


RATIO OF PRINCIPAL STRESSES IN BAR 6A 


Lateral stress, Ratio 32/4: 
4s, psi 
19.5 
16.2 


TABLE 1 


Longitudinal element, Axial stress, 
in. #1, psi 


120 X 10 
115 


It is evident that the ratio ¢,/%, remains constant only for the 
boundary elements A and K. The maximum deviation of 2/8, 
oceurs at the axial element F which changes from 0 to 0.163 
as the neck develops. This deviation for element F is represented 
in Fig. 16 by constructing the plasticity ellipses for a material 
exhibiting strain-hardening and observing how far the point F’ 
has drifted from the &,-axis. If the element F (axis of the bar) 
were subjected to pure axial tension, then the point F at fracture 
necessarily would be located on the @,-axis. The conclusion 
then is that Equations [12d] may be used as a first approxima- 
tion, since the ratio ¢,/%, remains practically constant. 

Satisfying the Equilibrium Condition. Since the stress dis- 
tributions in Figs. 9 and 10 were evaluated from the experi- 
mentally observed values of the strains, it is desirable to investi- 
gate whether the equilibrium equation of the stresses in the direc- 
tion of the width of the bar has been satisfied. For an element 
of volume near the minimum section, the equilibrium equation is 
expressed by 


dd, — 


= . [20 
dy’ [20] 
Where » is the radius of curvature of a longitudinal grid line (see 
Fig. 1B). Rewriting Equation [20], we get 


[21] 


This equation can be used to calculate the value of the radius of 
curvature p (assuming that the stresses &, and , were known), 
as given in Figs. 9 and 10. The calculated p then was compared 
with the radius of curvature measured from the photos in Figs. 
13 and-14. For this purpose it was necessary to differentiate 
graphically the &, curve (Figs. 9 and 10) to obtain values for the 
slope (dé,/dy’). The change in p along the minimum section at 
fracture for bar 6A is plotted in Fig. 11. Both the calculated 
values of p and the measured p are plotted along the minimum 
section at fracture. 


* It is believed that due to the local distortion near the shear-type 
fractures in bar 10A, the measurements of the strains and measure- 
ments of the radii of curvatures were less exact than in the case of 
bar 6A in which the fracture surface was more sharply defined. 
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Tt is quite interesting to point out that the minimum value of 
the radius of curvature p is not obtained at the bar profile or the 
outer surface (as in the case of a round bar), but approximately 
halfway between the axis of the bar and outer surface in the 
width direction. In Fig. 12 the measured p is plotted along 
the minimum section for bar 10A at an intermediate stage of 
necking. The object of plotting p at an intermediate stage was 
to show that the minimum value of p again is approximately 
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halfway between the center axis of the bar and outer surface in 
the width direction. 

Accuracy in Measuring « and p. A glance at Fig. 11 shows 
that there is considerable difference in the calculated p and the 
p measured from the photographs. This difference probably is 
due to the difficulties in (a) measuring p from an enlarged photo- 
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graph, and (6) calculating p from Equation [21], due to the 
graphical differentiation of the &-curve. 

The strain measurements, however, are comparatively accurate 
as they were made directly on the specimen with the aid of a scale 
divided in hundredths of an inch and by a micrometer. The 
accuracy of the strain measurements at fracture depends some- 
what on the type of fracture. For instance, the fracture surface 
of bar 10A (Pig. 14) was irregular, due to the tearing action that 
separated the two halves of the bar which did not fit together 
after fracture, so that it was difficult to make the measurements 
The stress distribution at an intermediate stage, therefore, would 
be more accurate than at fracture. It would have been desirable 
to calculate the stress distribution for bar 10A at the intermediate 
stage as shown in Fig. 15. The load at this intermediate stage 
was 315,000 lb as compared to the fracture load of 302,000 Ib. 


Comparison or Rounp Fiat Bars 

A comparison is made of the stress distribution in the round 
and flat bars. The octahedral shear stress 7..:, is constant along 
the minimum section of the round bar, Fig. 3, while Tocs varies 
along the minimum section of the flat bars. For both bars 6A 
and 10A, the maximum value of foc: was found at the center of the 
minimum section (y’ = 0), Furthermore, there appears an inflec- 
tion point in the curves for the flat bars while there is no in- 
flection point in the 7oc-curve of the round bar. 

The octahedral shear stress Toc for the round bar is 51,600 psi, 
and the maximum oct for the flat bars 6A and 10A is 52,500 psi 
and 54,500 psi, respectively. The axial stress curve 6, is repre- 
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sented by a parabola with a maximum at the center of the mini- 
mum section (7 = 0) for the round bar. The flat bars also have 
a Maximum axial stress &, at the center (y’ = 0) and a decreas- 
ing , as y’ increases, The &; curves also have an inflection point 
at approximately the same distance as the inflection point on the 
Foer-curve. The maximum axial tensile stress ¢, for the round 
bar is 155,500 psi, and the maximum stress o, for the flat bars 
6A and 10A is 120,500 psi anc’ 125,800 psi, respectively. 

A companson also is made of the radius of curvature in the 
round and flat bars. The radius of curvature p for the round 
bar varies with the radial distance r as a hyperbola. Also p 
has the smallest value at the boundary (r = a) and increases to 
infinity at the center of the minimum section (r = 0). The 
change in the radius of curvature for the flat bars is similar to the 
round bar except that an analytic minimum of p occurs for the 
flat bar which is not located at the boundary. The dip in the 
p-curves and the inflection point in the stress curves occur at 
approximately the same distance along the y’-axis. 

In order to show that the dip in the p-curve does not form at the 
instant when the fracture occurs, p was measured at an inter- 
mediate stage of necking before any cracks had yet formed and 
were visible (see Fig. 15 and the curve in Fig. 12). The necking 
process in wide flat bars is more complex than that in a round bar 
because a highly strained cross-shaped region forms in the neck. 
Fig. 15 shows that this cross-shaped depression had already 
formed. 

ConcLusions 
The stress distribution in the minimum section at fracture has 
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been analyzed for two flat bars having the ratios of width to 
thickness equal to 6 (bar 6A) and 10 (bar 10A). The method 
which was used may be applied for determining the stress dis- 
tribution in the minimum section at any given stage prior to 
fracture during the necking of a flat bar provided: 


1 Measurements are taken to determine the strain distribu- 
tion. 

2 The strain-hardening function for the steel has been deter- 
mined experimentally. 


In order to evaluate the stress distribution for the bars 6A and 
10A, the data on strain measurements and the strain-hardening 
function were taken from two published papers (10, 13). It was 
shown that the method of evaluating the stress distribution in 
flat bars in a first approximation permitted the determination of 
the load at fracture. This was calculated from the stress-dis- 
tribution curve and compared with the observed fracture load. 
The calculated fracture load for bar 6A was 2.2 per cent higher 
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than the observed fracture load, and the calculated load for bar 
10A was 7.9 per cent lower than the observed fracture load. 

Also the distribution of the axial and lateral principal stresses 
&, and &; could be computed in the minimum section of wide flat 
bars at fracture. The maximum values of axial stress for a 
0.20 per cent C steel causing fracture were found to be as follows: 


(a) In a round bar of 3 in, diam, max ¢, = 155,000 psi 
(b) Ina flat bar of bo/ho = 6, max &; = 120,500 psi 
(c) Ina flat bar of bo/ho = 10, max &; = 125,800 psi 


But the maximum value of octahedral shear stress causing 
fracture were as follows: 


(a) In around bar of 3 in. diam, max foc: = 51,690 psi. 

(b) Ina flat bar bo/ho = 6, Max Focr = 52,500 psi 

(c) Ina flat bar bo/ho = 10, max Foee = 54,500 psi 
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Appendix 


TuBULAR SrectmeN—AN IpEAL Tension Spect- 
MEN FOR StupyiInG THE SrrRatn-HARDENING FUNCTION OF A 
METAL 


As the analysis of the distribution of the stresses after necking 
started in a solid round bar has shown, several assumptions had 
to be introduced for determining the radial and tangential 
stresses in the neck. As A. Nadai (14) remarked, some of these 
difficulties may be eliminated by using a hollow cylindrical speci- 
men in a tension test instead of a solid round bar. 

A thin-walled hollow cylinder may thus be considered an idea! 
tension specimen because the strain-hardening function Toc = 
F(4oce) may be determined without resorting to superficial or 
arbitrary special assumptions. 

Suppose that a series of snapshots is taken of the minimum 
section region to supply consecutive values of the radius of curva- 
ture p, and the outside radius a, at the minimum section (Fig. 
20). The initial values are p’, a’ and the initial wall thickness 
h’. 

Let &,, &,, and &, represent the principal stress directions as 
shown in Fig. 17. Assume that the radial stress ¢, and the 
bending stresses may be neglected for a thin-walled tube. 

The static equations in the neck are 


6, =0 

\ 29) 
— 
a 


The latter equation is known as the membrane equation from 
the theory of thin curved shells and is derived in several text- 
books (15). 

From equilibrium condition 
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where P is the tensile load. Equation [29] may be written in the 


form 


a, =——@,.. (31) 


where p is considered negative and a is positive for the saddle- 
type surface. 

Equation [31] shows that in general the ratio of stresses ¢,/é, 
does not remain constant, so it is preferable to use the stress- 
strain relation in the differential form (14) 


+ *| 
2 


ai, = do [32] 


di, = de = 


where dé,, dé,, dé, are increments of principal natural strains. 
Substituting Equation [31] in Equations [32] 


di, = do E 


d. 
di, = [2 + 


2 
de 


d 
di, = — + 1} | 


The conventional strains are 
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h—h’ | 
h’ 


and the natural strains are defined as 


z, = In(l +.¢,) = Ina/a’ ) 
é = In(l = In h/h’ 
=— (+4) ) 


(35) 


The differential strains come 


from the constancy of volume. 
from differentiating Equations [35] 


de, 


.2 


a 
ite A 


da , dh\ | 
a= — — 
le, (4 


Equation [37] comes from Equations [36] and Equations [33] 


which reduces to 
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The thickness A can be determined by integrating Equation 
[39] graphically, since successive values of the radius of curva- 
ture p and the outside radius a are known from the series of 
snapshots. 

Hence, from Equations [30] and [39], the state of stress is 
known up to the instant in which fracture occurs. 

The octahedral shear stress and unit shear become 


+( 


T 


and 
(* a + h =| 


The strain-hardening function Toce = (foc) can now be plotted 
from Equations [40] and [41], and could replace the curve in 
Fig. 5. It would be of interest to conduct a tubular tension 
test in this manner and compare the strain-hardening function 
of the tubular test with that of the solid circular test. 
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A new and simpler proof is given for a theorem due to 
Melan concerning the conditions under which an elastic- 
plastic body will “shake down”’ i.e., reach a residual stress 
state on which only elastic stresses are superimposed for 
all further variations of the surface loading stresses within 
limits prescribed at surface points. The theorem is ap- 
plied to discuss the case of a circular bar subjected to an 
axial force and a torsional moment which vary independ- 
ently between given limits. Relations to previous work 
on trusses and rigid frames are discussed briefly. 


INTRODUCTION 


REVIOUS papers (1, 2, 3)* have dealt with methods for 
p the analysis of elastic-plastic structures such as trusses and 

rigid frames. One important problem which was con- 
sidered was that of determining whether a given structure, sub- 
jected to a set of “load components” each of which may be varied 
independently of the others between prescribed extreme values, 
will eventually shake down. By this term is meant that 
plastic flow ultimately ceases, and, in particular, in no part of 
the structure is there set up a cycle of plastic flow. If this were 
the case the material would be damaged severely after rela- 
tively few cycles, and the structure could not be considered 
“safe” under the given extreme values of the load components. 
This condition of shakedown, therefore, provides a criterion 
of failure which may be used in the analysis and design of struc- 
tures subjected to several independent loads, and which may be 
considered as a more realistic basis for design than that of the 
conventional methods which assume failure to occur when a 
critical elastic stress is attained. It should be emphasized, 
however, that what is attempted is only to introduce a more 
realistic criterion of failure than that of elastic design methods; 
in many cases entirely different conditions, such as maxi- 
mum deformations, or fatigue, are the controlling factors in 
design. 

The typical structure considered in reference (1) was a plane 
pin-jointed truss with load components consisting of a set of inde- 
pendently variable forces applied to the pins. Considerable in- 
sight into the nature of the problem and suitabe methods of 
attacking it was gained by the use of certain geometrical concepts. 
For a truss of n bars the state of stress could be represented by a 
point in an n-dimensional Euclidean space, the n rectangular 
Cartesian co-ordinates being proportional to the forces in the 
n bars. The sets of linear equations of equilibrium and of com- 


! These results were obtained in course of research conducted under 
Contract N7onr-358 sponsored jointly by the Office of Naval Re- 
search and the Bureau of Ships, Navy Department. 

? On leave from Brown University; now at Engineering Depart- 
ment, Cambridge University, England. 

* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 26-December 
1, 1950, of Tue American Socrety or Mecuantcat ENGIneers. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1951, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Norse: Stat its and opini advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by the Applied Mechanics 
Division, September 2,1949. Paper No. 50—A-17. 


Shakedown in Continuous Media’ 


By P. S. SYMONDS,*? CAMBRIDGE, ENGLAND 


patibility, together with the yield conditions,‘ govern the motion 
of the “stress point” as the external load is varied. Although 
the geometrical concepts are highly suggestive and afford a con- 
venient terminology, in the analysis of particular trusses (of many 
bars) recourse must be had to algebraic methods. 

In (1) a simple proof was given for a “shakedown theorem,” 
stated first by Bleich (4) in a more restricted form, which could 
be made the basis for analysis of structures having any number 
of members. Applications of this theorem have been made in 
(2) and (3) to continuous beams and to rigid frames. Before 
stating the theorem certain terms will first be defined. The 
“elastic stresses” corresponding to any given set of external loads 
are defined as the stresses in the bars computed by standard 
elastic methods, i.e., assuming each har to behave elastically at 
all stresses. (A set of elastic stresses is of course fictitious if 
some of the values fall outside the actual yield limits in tension 
or compression. In such a case certain bars flow plastically, 
and the actual set of stresses corresponding to the final load 
values depend on the yield values and also on the precise history 
of loading.) Now suppose, after bringing the load components 
to certain values (and producing a definite state of stress in the 
truss), all of the load components are reduced to zero in such a way 
that the stresses in al] bars are maintained within their elastic 
ranges. This is defined as an “unloading process,” and, in 
general, when it has been completed there will be a definite state 
of permanent deformation and a corresponding set of “residual 
stresses” in the bars. Obviously, from the definitions, the resid- 
ual stresses, corresponding to any set of actual stresses pro- 
duced by a given loading program, can be calculated by sub- 
tracting from the stress in each bar the elastic stress correspond- 
ng to the given final load value. 

The definition of shakedown which was given earlier implies 
that the structure ultimately reaches a state of residual stresses 
such that all further changes of the load components, between 
their respective extreme values, produce only elastic changes 
of stresses and deformations. This will be termed a shakedown 
state of residual stress, or simply a “shakedown state.” Now 
the essential content of the shakedown theorem is this: If any 
set of residual stresses can be found such that the addition of 
elastic stresses calculated for all possible load combinations re- 
sults in stresses which do not violate the yield conditions, then 
the structure eventually will shake down. It will not, in gen- 
eral, shake down to a unique state independent of the loading 
program. However, the theorem shows that if any residual- 
stress state exists, satisfying the conditions of a shakedown state, 
the structure will find its way to some shakedown state. This 
theorem reduces the analysis of a particular structure under a 
system of load components with given extreme values to the in- 
vestigation of a system of linear algebraic inequalities. If this 
system possesses at least one solution, then shakedown occurs; 
if there is no solution, then shakedown cannot occur. These 
systems of inequalities can be investigated without difficulty by 
the methods presented in (3). 


* The assumption of ideally plastic behavior was made in (1) and 
(2); each bar has a yield stress in tension and in compression, 
flow continues indefinitely when the stress is held constant at either 
of these values. In (3), dealing especially with rigid frames, a more 
realistic t-ourvature relat was d, of the “limited 
strain-hardening”’ type. 
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SHAKEDOWN THEOREM FoR ConTINUOUS MEDIA 


A typical problem of an elastic-plastic body which must be 
treated as a continuum rather than a structure is that of a bar 
subjected to an axial force and a twisting moment. If these 
two loads can vary independently between given limits, the ques- 
tion arises whether the bar will shake down to some state of 
residual stress, on which only elastic stresses are imposed there- 
after, or whether plastic flow at some points may continue indefi- 
nitely, alternating in sign with suitable reversals of the loads. 

The concepts of stress-space geometry can be extended to 
continuous media letting a state of stress (six functions of posi- 
tion throughout a given body) be represented by a point in an 
appropriate function-space. It is possible that the use of these 
geometrical concepts in the discussion of elastic-plastic bodies 
will prove to be of value similar to that in the case of purely 
elastic bodies (5), although there seems little hope of establishing 
approximation methods having anything like the simplicity of 
those which are available in theory of elasticity. Instead of 
pursuing this line of attack, the present paper will be concerned 
with a proof of the shakedown theorem for elastic-plastic bodies, 
and an application of this theorem to the problem of a bar under 
independently variable axial force and twisting moment. 

The only paper previously published on problems of continuous 
media subjected to loading of the type considered here seems 
to be one of E. Melan (6). In Melan’s paper a theorem of 
uniqueness of solution is proved as well as a theorem of shake- 
down. Melan’s proofs made use of integral equations involving 
certain “influence functions” which relate the permanent strains 
to the residual stresses. No applications of the theorems were 
considered by Melan. The proof of the shakedown theorem to 
be given in the present paper is simpler and more direct than 
Melan’s, and the application to the problem of a bar under simul- 
taneous axial and torsional loads is apparently the first attempt 
to apply the theorem in a specific problem. 

let o,,, €; denote the stress and strain components, respec- 
tively; the subscripts i, j take the values 1, 2, 3, and refer to the 
three co-ordinate axes. 
ponents defined by 


The “stress deviator” s;; has com- 


where 6,;, = 1 fori = j, and 6,; = Ofori # j; and ¢,, = Ou + 
Ox + Oy, using the summation convention on repeated suffixes.* 
Now the effect of changes in the external loads is to produce cer- 
tain increments of the stresses and the strains, say, Ao,; and 
Ae¢,;. It is convenient to introduce the rates of change ¢;;, ; 
defined in the usual way as the limits of the quotients Ao,;/ At, 
Ae,,/ At as At -- 9, where ¢ stands for time or possibly some 
monotonic function of time. It is simplest to think of the 
“rates” ¢,,, €; a8 merely a convenient notation for infinitesimal 
increments do; ,, dé; 

It will be assumed that the strain rates depend on the stress 
rates and the existing state of stress in the following manner 


x 
* ox 


| + [2] 


In this expression the first two terms represent the usual elastic 
strain rate; G and K are the elastic moduli of shear and of com- 
pressibility, respectively. The last term represents the plastic 
(permanent) strain rate, and is assumed governed by the follow- 
ing law 


* Any subscript which appears twice in a term is given in turn the 
values 1, 2, 3 and the results are added; for example, a;8ij = sau + 
+ Satie + + + + + + 
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if << 2k*, or 8,;8;; = < O 


85565" 


2k? 


> O if s,,8 = 0 


2k*, 8;,4 


ij 
The Mises yield criterion is thus assumed to hold. The con- 
stant k is the yield stress in pure shear. It is noteworthy that 
when plastic flow occurs, the parameter J is positive, since s,; €;,” 
is the rate at which plastic work is done, and this is a positive 
quantity. 

With every state of stress o,;, reached after some loading pro- 
gram (which, in general, produces some plastic flow), can be 
associated two other states of stress, namely, an “elastic-stress 
state’ o,;*, and a “residual-stress state’’ p,,. By the elastic 
stress state o,;*, corresponding to a given state of external loads, 
is meant the system of stresses that would be reached if the mate- 
rial were perfectly elastic at all stresses. The residual-stress state 
p;;, corresponding to a given state of stress o;;,, means the sys- 
tem of stresses which exists after the body is unloaded from the 
external loads which produced ¢,;; in an unloading process all 
of the external loads are reduced to zero in such a way that no 
additional plastic flow occurs (€;,7 = 0 everywhere). Since the 
changes in stress which result from an unloading process are 
—o,,*, the residual stresses are given by 


Alternatively, one can think of any stress state o,; as consisting 
of an elastic stress state o,;* corresponding to the values of the 
external loads (independent of the previous history of loading) 
superimposed ou a residua! stress state p,;; which satisfies equilib- 
rium with z¢ro external loads, and which depends upon the state 
of permanent deformation of the body, and hence upon the 
history of loading. Corresponding to any residual-stre « state 
p;;, there is a residual stress deviator r,;, equal to 
1 


ae 
g Pn 


Now by definition a body is said to have “shaken down” if it 
has arrived at a state of residual stress such that thereafter all 
allowed combinations of the external load components produce 
only elastic increments of stress and strain. Thus if o,;* repre- 
sents any elastic-stress state which the external loads can pro- 
duce, afd if J,; is a shakedown state of residual stress, then 
the corresponding stress deviators s,;;* and r;; satisfy the follow- 
ing relation 


+ 8;;*) + 8;;*) 2k? 


The shakedown theorem for continuous media may be ex- 
pressed by the statement: “If any residual stress state p,, can 
be found which satisfies the equations of equilibrium under zero 
external loads and satisfies the shakedown criterion {6}, for all 
values of the external loads, then the body will shake down to 
some residual stress state §,;’, not necessarily the same as j;;.”’ 
The value of the theorem, as will appear from the example to be 
given, ‘ies in the fact that the analysis of a body under a set 
of external load components which vary arbitrarily between 
prescribed limits is reduced to an investigation of the conditions 
under which a “solution” of inequalities [6] can exist. 

The following proof appears to be simpler than Melan’s since 
it does not require the consideration of the “influence coefficients” 
which relate the residual stresses to an existing state of permanent 
strains. Let us suppose that there exists at least one residual- 
stress state B,, whose deviator 7,,; satisfies the “shakedown con- 
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dition” {6}. Let o,; denote the actual) state of stress in the body 
at any instant, under any arbitrary (permissible) set of load 
components, and after any arbitrary loading program. Cor- 
responding to o,; there is a certain residual stress-state p,; = 
o,; — @,,;* and residual stress deviator r;,. Now let V denote 
the total volume of the body and form the following integral 


E(B; ;, = f [ 155) — 
G 
+ 2 — Pre ‘| 

E is a positive definite functional fosm vanishing only when 
By; = pi; it is the elastic-strain energy corresponding to the sys- 
tem of stresses B,; — p,;; to within a factor 4G. The proof of the 
theorem now consists simply of showing that p,; always ap- 
proaches p;; in the sense that E always decreases (if yielding 
occurs) or remains constant (if no yielding occurs). But since 
E is positive definite, it can decrease at most until it reaches the 
value zero, when no further change can occur. In general, how- 
ever, E reaches a constant value different from zero, since the 
shakedown state which is reached in general is not unique, but 
depends on the loading program. 

The rate of change of E, corresponding to changes of p,; is, 
by differentiation of Equation [7], equal to 


‘ 2G F 
E=-—2 — + K (Byp .. [8] 


The rates Bi; are supposed to be preduced by some arbitrary (per- 
missible) change of the state of loading. Equation [8] will 
now be transformed by means of the principle of virtua! work. 
Let ¢;;' and o;;" denote any two systems of stresses, both of 
which satisfy the equations of equilibrium throughout the in- 
terior of the body, and are in equilibrium with the same surface 
stresses wherever these are specified by the given state of load- 
ing. Further, let Ni; denote any system of strain rates which 
satisfy the equations of compatibility everywhere, and in addi- 
tion correspond to displacement rates which vanish at any sur- 
face points where the displacements are specified. Then the 
“principle of virtual work”’ states 


S — = 0 9) 


(This result is easily proved by an application of the divergence 
theorem taking account of the properties of ¢,,’, 0,.", and Ni; just 
defined. ) 

In particular, let us take o,;’ = p,;, and o;,” = p,;, the latter 
being the actual residual stresses at some instant, as defined for 
Equation [7]. Moreover, let Nii = €,;, the actual strain rates 
corresponding to some arbitrary change of the system of external 
loads. Then, using the stress-strain Equation [2], Equation 
[9] becomes 


. 
f (Bi; — + + 26 dV =0..[10) 


We can write the actual stress rates as 

where ¢,;* and p,; are the elastic- and residual-stress rates, respec- 
tively, and 4,,;*, r,; the corresponding deviations. Then Equation 
{10} becomes 


2G 
J (Bij — Pi;) + + OK 54; + Ppp) 


+26 ap {12} 
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However, note that 


stands for the system of strains corresponding to the elastic 
stresses Su and hence is a compatible system which satisfies 
Equation [9]. After using this fact, and writing p,,, Dy, in terms 
of the corresponding deviations, Equation [12] becomes 


1 ‘ 2G 
rig + 3 Pry?) ry + OK Pp; 


+2042] av =o 
Since 
= = = 0 
this reduces to 
f = (ray + + — =0 


[13] 
Combining this with Equation [8], we obtain the important re- 
sult 
B=4G (14) 


Obviously, if no plastic flow occurs anywhere, (i.e., €,,7 = 0) 
then E = 0. However, we can now show that at all points where 
plastic flow is occurring (i.e., €,% # 0) the quantity (#,, — 
ra is negative, if ?,; is a shakedown state, and = 
according to Equation [3]. To prove this, let us assume the con- 
trary, namely, that at some point 

— req) > 0 [15] 
Since \ > 0 this implies that —r,,)s;, >0 or 
(Ay; + — 8;;°)8;, > 0 


where s,;* is the elastic-stress deviation corresponding to the exist- 
This, in turn, implies 


= 2k? 


ing stress deviations s,,. 


(Fg, + 8;;* 


> 


Now since 8,,8,, 2 0, this inequality means that also 


94; > (955855)? 16) 


But Cauchy's inequality (7) states that for any set of numbers 
a,,b,,k = 1,...0 
n \ 4 
k k=1 
the equality sign holding only when a, = ab, for all k. Accord- 
ingly, if [16] is true, then also 
Dividing through by 8,,8;; = 2k*, we have finally 
(Fe; + (Fey + 855") > Bk? 
But this contradicts the initial hypothesis that 7,; is a shake- 


down state and satisfies Inequality [6] for all s,,*. Hence the 
Assumption [15) is false, and we conclude that throughout the 


body 


— rej O0...... [17] 
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This proves that E < 0, or, in words, if plastic flow occurs any- 
where E decreases, while if no plastic flow occurs at any point E 
remains constant. This establishes the shakedown theorem 
stated earlier. 
APPLICATION OF THE SHAKEDOWN THEOREM 
Consider a circular bar subjected to an axial force F and a 
torsional moment M which may have any values within speci- 
fied limits 
Fain SF S 
Mais s M s j 
The state of stress is defined by the values of the axial stress o 


and shear stress 7 tangent to circles with center at the axis. The 
elastic stresses are j 


. [18] 


[19} 


where r is the radial co-ordinate, A is the area and J, is the polar 
moment of inertia. The yield condition is 


o* = F/A,r* = rM/I,.. 


1 
.. [20] 

We may now introduce residual stresses g¢, r. Since these are 
functions of r only, they satisfy the differential equations of 
equilibrium identically. They must also be in equilibrium with 
zero values of F and M, i.e. 


fFrda=0 
A A 


Now if the bar can shake down, there exists a pair of functions 
&, = such that for all values of r the following inequality is satis- 


fied 

y +( sk 

3 A 
The investigation of the possibility of shakedown under given 
loads is thus reduced to investigating whether it is possible to 
find &, 7 satisfying the “shakedown condition” [22], and the 


equilibrium requirements [21]. This is facilitated by introduc- 
ing dimensionless quantities 


.. [21] 


[22] 


= O/k, = #/k,a = F/KA,B = M/kI, 


and taking the radius of the bar as unity. Then [22] becomes 


1 
gitar t+ . [23] 


where 


&, and 7, must also satisfy the following equations 
1 


1 
ff rar = 0; 
0 


Under any given loading, specified by a and 8, the values of 
@, and 7, which allow the yield condition to be satisfied at any 
Taking a, as rectangu- 


point r are related by Equation [23]. 


. [24] 
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lar axes, the points with co-ordinates (,, 7,) satisfying Equa- 
tion [23] lie on or inside an ellipse of semiaxes 1/3 and 1 and 
with center at (—a, —r8). As the state of loading changes, 
the ellipse translates, its center remaining on or within the rec- 
tangle bounded by the lines = 3, = 7, = 
7, = —rB:. A necessary condition (but not a sufficient one) for 
shakedown to occur is that at each value of r there is an area 
common to every position of the ellipse. 

Fig. 1 illustrates the use of the yield ellipses. In Fig. l(a) 
are shown the four ellipses with centers at points corresponding 
to the four extreme load values taking r = 1. With the ranges 
of a and 8 as shown there is a region common to all the ellipses 
shaded in the figure. Figs. 1(b) and (c) show the common areas 
of the yield ellipses when r is taken as 0.5 and 0, respectively. 
In order for shakedown to occur it is also necessary that 3, and 
7, satisfy Equations [24]. In the example shown in Fig. | the 
only allowed values of #, at r = 1 are negative, while those of 7; 
at the same point are positive. Therefore, before it can be con- 
cluded that shakedown will occur it must be shown that at least 
one pair of functions @,(r) and 7;(r) can be constructed from the 
allowed points such that Equations [24] are satisfied. It is 
clear that shakedown is impossible if the ellipses in their most 
remote positions (centers at a, 8; and a, 8;) have no point in 
common, and thus one condition for shakedown to be possible is 
that 


- [25] 


i (* — 
3 2 


58) 


(-O,,-5/3,) 
(bd) r= 5 
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In addition, limits on a and 8 which are set by the requirement 
that plastic collapse does not occur are 


lal s V3, bid (26) 


In the case when the axial and torsional loads have positive 
and negative values of equal magnitude, say 


then Equation [25] yields 


In this case, therefore, the condition for shakedown to be im- 
possible is merely that the elastic stresses cause the yield stress 
to be exceeded at any point. Moreover, in this case it is obvious 
that shakedown must occur if the load limits are such that 
Equation [27! is satisfied. This is a trivial result, however, 
since Equation (27) is merely the condition that no plastic flow 
occurs. 

The more interesting cases are those in which plastic flow does 
occur, but in which there is a possibility of shakedown (Inequali- 
ties [25] and [26| are satisfied), The case of equal positive and 
negative limits for the axial force is one for which the conditions 
under which shakedown will definitely occur can be given ex- 
plicitly. If the limits on the axial force are specified by a, = 
—; = d, and the numerically greater limit of the torsional 
moment is specified by So, then the relation between a and {y, 
such that shakedown will occur, is the following 


4 1 


The range of the torsional moment, specified by 8; — 8: = 8o + 
8o’, say, must be such that Equation [25] is also satisfied. If it 
is, then satisfaction of Equation [28] indicates that shakedown 
will occur. As a numerical example, suppose a@ = 0.9; then 
shakedown will occur if 


Bo S 1.14, By’ S 0.57 


Thus in this case the bar would carry “safely” a torsional mo- 
ment which exceeds the maximum elistic moment by about 14 
per cent. 

In the general case when none of the positive and negative 
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load limits are equal, then satisfaction of Equation [28], taking 
@ as the numerically greater limit, is not enough to insure that 
shakedown will occur; however, shakedown is impossible if 
Equation [28] is not satisfied. A trial-and-error numerical 
procedure would determine whether shakedown will actually 
occur in a given case. 


ConcLusions 


The shakedown theorem proved is of theoretical interest since 
it shows, for example, that if an elastic-plastic body shakes down 
under some particular program of loading, it will ultimately 
shake down under any loading program (in which the individual 
load components are held within their prescribed limits). It may 
also possibly provide the simplest basis for the plastic design of 
members subjected to several independent loads which vary 
arbitrarily between given extreme values. However, the ex- 
ample which has been given shows that the application of the 
theorem even in a simple problem is much more complicated 
than is the application of the corresponding theorem to a struc- 
ture such as a truss or frame. Fxplicit statements of conditions 
under which shakedown will occur probably can be given for 
special loading conditions in many problems, as was found to be 
the case in the combined torsion-tension problem treated as an 
example. 
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Solution to the Rolling Problem for a 
Strain-Hardening Material by the 
Method of Discontinuities 


By ALICE WINZER,* PROVIDENCE, R. I. 


The problem of drawing and rolling of a thin plastic 
sheet between cylindrical guides was investigated recently 
by H. I. Ansoff, under the assumption that the material 
is in a state of plane plastic flow and obeys the Saint 
Venant-Mises yield condition (1, 2).? He determined the 
stress distribution along the sheet by the method of char- 
acteristics and also by the method of discontinuity sur- 
faces and found good agreement between these results 
as well as with experimental data. Since the computa- 
tions required for the discontinuous solution are con- 
siderably less laborious than those necessary for the con- 
tinuous solution, the same type of problem, but now under 
the assumption that the material displays strain-harden- 
ing, will be analyzed by the method of discontinuities. 
It seems reasonable to expect that the results so found 
constitute a close approximation to results based upon a 
continuous solution. 


Bastc Equations—IpEAL PLasticrry 


F THE zg, y-plane is the plane in which plastic flow occurs, then 
the state of stress is completely determined once the normal 
stresses o, and ¢, and the shearing stress r,, = 7 are known 

where ¢,, ¢,, and r are functions of x and y only. These 

quantities must satisfy the equations of equilibrium 


I 


and the yield condition 
(o, — o,)? + 4r? = 4k? 
The stresses tuay be represented in the form 


o, = k(2w + sin 26) ) 
o, = k(2e — sin 29) 


r=—keos® | 


(2] 


! The results presented in this paper were obtained in the course of 
research conducted under Contract N7onr-358 sponsored jointly by 
the Office of Naval Research and the Bureau of Ships. The paper 
constitutes part of a thesis submitted in partial fulfillment for the 
PhD degree at Brown University. 

? Graduate Division of Applied Mathematics, Brown University. 

* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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Division, Purdue University, Lafayette, Ind., June 22-24, 1950, of 
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ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1951, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by the Applied Mechanics 
Division, September 2, 1949. Paper No. 50—APM-19. 
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With this substitution, the vield condition is identically satisfied 

and the equilibrium equations become the equations of the char- 
acteristics. In Equations [2] 

o,+¢ 

= 


4k 


and @ is the angle between the negative y-axis and the character- 
isties which coincide with the slip lines. 

Now consider the projection AB of an arbitrary surface ele- 
ment in the plastic field separating two elementary rectangles, 
Fig. 1.4 In order that this be in equilibrium, the normal stress 


Fia. 1 


and the shear stress acting across the line element must be con- 
tinuous; however, the normal stress acting along this separating 
surface may be discontinuous. If the normal to the surface 
forms an angle a with the positive z-direction, then the stresses 
actingonitaregivenby 


o, = + sin 2(@ — 
o, = — sin 2(@ — a)] 


r = —k cos 2(0 — a) 


Equilibrium demands that os, = on, and 7; = 7 where the sub- 
scripts 1 and 2 denote the two regions separated by the surface. 
Such a discontinuity surface shall be referred to as a shock. 


ror Aa Marertat— 
DETERMINATION OF STRESSES AND VELOCITIES 


Consider now the problem of the rolling of a fully plastic sheet 
between two cylindrical surfaces. Let the circular trace of the 
rollers be approximated by a succession of chords, and assume 
that the field of plastic flow may be represented by n regions of 
constant state (in each such region the stresses are constant), 
separated by shocks as indicated in Fig. ? It is assumed that 
the yield condition is satisfied in each constant-state region but, 
since the material undergoes strain-hardening, the yield constant 
k varies from region to region. Let its value in the nth region be 
denoted by k,. Continuity across a shock requires that 


‘ For further details, see Bibliography, ref. (3). 
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k,(2w, + sin 2(¢, — a)}] = knsil2ang: + sin 2(n41— a)]...[4a] On the basis of the geometry of the problem, the minus sign in 
Equations [7] gives the desired relation. Note that in the per- 
fectly plastic case (k,; = k,), two such reflective shocks must be 

k, cos 2(0, — a) = kn+1 2(@n41 — ax)....... [40] inclined at (reference 5), which agrees with the result ob- 

where a is the angle between the shock and the negative y-axis. ewe from Equations td Elimination of the quantities @, in 

In particular, consider the plastic region divided into seven (n = quation [4a], together with Equations [5] and [7] yields 

1, 2,..., 7) constant-state regions. 


and 


k 
— — cos 2a, + sin [ cos! (- 


k 
cos 2a, + cos 28, 


n+l 


by Equations [7]. Corresponding to any a there are two possible 
8 satisfying Equations [7], symmetric about 37/4. The geome- 
try of the problem determines the proper choice of 8. 

Now consider the conditions along the surface of the guides. 
Denote the angle between the boundary and the negative y-axis 
by p,, << 1. Then the angle between the slip lines and the 
boundary will be x — @,, + p,,, Where @,, is the angle between the 
slip line and the negative y-axis in region m. Since p,, is small, 
the shearing stress r, along the boundary will be small compared 
tok, For the ease of a smooth boundary (i.e., 7, = 0), 
x—0,, + p, = Hence for r, small, —6,, = 7/4+ 
where 4,, is a small angle. Let us apply the Coulomb friction 
law along the guides, i.e., shearing stress directly proportional to 
normal stress. Then 


= |fe,| for 
=k for 
where f is the coefficient of friction. 

Along the boundary 


= k,, + Sin 2(0,, — = ky, [2w,, cos 26,,} 
Tam = —k, cos 2(0,, — p,,) = k,, sin 26, 
van. Assuming a reversal of shearing stress along the guides, Fig. 2, 
the friction law vields 


It is assumed that the entrance and exit sections are free from 
normal pressure; further, due to symmetry, the shearing stress —k,, sin 28, ke sin 2b, 


vanishes along the center line. These conditions are satisfied if (Qe, = fform = 2, 4, and — 


and 
These relations reduce to 


= + 500s = 


Application of Equation [4b] to two successive regions, to- 
gether with Equation [55] yields 


k, 
2a — sin 2a) = 238 — cos~! (_ sin 28) (6) 
ky ke 


where (8 — a) is the angle between two shocks one of which is the 
reflection of the other off the center line, Fig. 2. Equation [6] 
is satisfied by the relation 


Vi+ 


where ¢ is given by 


sin 2g = 


1 
VitP 


sin 28 “4 arr and the sign must be chosen such that 6 is small. The angle 


sin 2a 


+ ym) + — gla) + ga) = 0.. [8] 
1+- 
4 | 7 is 
| where 
k, 
| en g(a,) = sin 2a, ; 
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which the boundary makes with the negative y-axis is then given 
by 


= tis, #1, #2,.. [12] 


= + (a + + le 


since 6,, = + — 7/4 from Equation [4b]. The quan- 
tities w, are given by Equation [4a]. The problem now reduces 
to finding three shock angles a, as, a5 such that Equation [8] is 
satisfied, and furthermore that the resulting p in Equations [12] 
satisfies the geometrical condition that 0 < ps < ps < po. The 
chords thereby determined should approximate a circle as closely 
as possible. 


Numericat Resutts 


The rolling problem has been solved for the particular case 
Sf = 0.2, (kn+i)/(k,) = 1.05. Equations [12] then reduce to 


py = —B9°21" 5 cos 


+8 
py = —39°21’ = 3°" [—0.86384 + 1.8594 g(a:) 


+ tat + a; + 8; + nor 


1 
39°21" = [— 1.05 [1 + + as 
+ Bs + nar 
where the choice of sign and nj, ne, ny (integers) is such that the 


resulting p is physically reasonable. 
The simultaneous solution of these equations and Equation 


+3 Poa, 
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[8] is shown in the nomograph, Fig. 3.6 Of al) possible solutions 
the one which gives a polygon which best approximates the 
circular trace of the guides was chosen, namely, a, = 45°13’ 
(8; = 126°7', = 4°4’), ag = 41° (8; = 125°17’, py = 2°47"), 
as = 50°30’ (8s = 145°24’, pg = 1°1'). With this result the 
values of all the @ and w were computed from Equations [4], 
and the stresses from Equations [3]. The stress distribution is 
shown in Fig. 4. The thickness reduction of the sheet is found to 
be about 20 per cent; the ratio of half-thickness of sheet to radius 
of rollers (1/R)is about 1/80. 

If one requires that the end points of the approximating chords 
fall on a circle rather than as close to a circle as possible, one could 
not divide the plastic field into a fixed number of constant-state 
regions at the outset. The solution would have to proceed from 
the exit section, placing the end point of each chord on the circle 
by an iterative scheme and continuing the process to a region in 
which w = —'/:,i.e.,¢, = 9. 

The velocity distribution is determined completely once the 
shock angles and the inclination of the boundary are known. 
The velocity is constant in each of the regions and directed along 
the center line and the boundary in successive regions. From 
the condition that the normal] velocity must be continuous across 
a shock, one can find the velocity distribution in the entire plastic 
field for'a given entrance velocity V,; then 


» SiN 

sin(azn-1 — pon) 

sin( S2n-1 — pr) 
sin Ben-1 


Vanes = Von 


The numerical results are shown in Fig. 5. 

Since a point of reversal of shear stress was assumed along the 
boundary, i.e., at some point, the relative velocity between roller 
and sheet is zero, Vrotiee = (Vs + Ve). Once the velocities are 
determined, the corresponding stress-strain curve can be plotted. 
The jump of tangential velocity is a measure of the strain rate; 


§ For details on construction, see Bibliography, ref. (6). 
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tant, stresses.) 
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Fia. 4(6) 


the variation of this quantity versus the nondimensional k, 
(equivalent to nondimensional octahedral shearing stress) is indi- 
cated in Fig. 6, the stress-strain curve. 


CONCLUSION 


The method of discontinuities is applied to the rolling problem 
for a strain-hardening material. The corresponding stress- 
strain curve cannot be determined until the problem is completed, 
although it is given at the outset for any actual problem. Hence 
one would have to apply the method a number of times for dif- 
ferent ratios k,+,/k, and various shock angles until one could 
deduce from the data used a stress-strain curve which coincides 
with the given one, or arrive at the given curve by an interpola- 


Srress Disraisution Center Line 


tive scheme. Alternatively, starting with the given stress-strain 
curve, the value of k,+,/k, and the values of the shock angles are 
immediately determined (though not uniquely) and must be such 
as to satisfy Equations [8] and [12]. 
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As an interim solution to the problem of the turbulent 
boundary layer in an adverse pressure gradient, a super- 
position method of analysis has been developed. In this 
method, the velocity profile is considered to be the result 
of two effects: the wall shear stress and the pressure re- 
covery. These are superimposed, yielding an expression 
for the velocity profiles which approximate measured dis- 
tributions. The theory also leads to a more reasonable ex- 
pression for the wall shear-stress coefficient. 


NOMENCLATURE 
The following nomenclature is used in the paper: 
A = boundary-layer parameter, coefficient of pressure term in 
velocity relation 
AR = D = diffuser area ratio 
6 = half-width of a two-dimensional diffuser, at station x 
bo = initial value of b (at r = 0) 


ey =; - = wall shear stress, or skin-friction coefficient 
2 
¢;' =: wi — = wall shear-stress coefficient in terms of 
2P effective velocity 
C,= diffuser pressure coefficient 
2 


D = diameter of conical diffuser, at station z 
Dy = initial value of D (at z = 0) 
H = 4 = boundary-layer shape parameter 
L = effective ‘ength of straight pipe preceding start of diffuser 
p = pressure in diffuser at station xz 
po = initial value of p (at z = 0) 


uO 
Ry = = momentum-thickness Reynolds number 
Rs’ = — = effective momentum-thickness Reynolds number 
v 


1 Work done under Navy Contract NOrd 7958, in connection with 
the diffuser design for the new water tunnel at The Pennsylvania 
State College 
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A Superposition Analysis of the Turbulent 
Boundary Layer in an Adverse 
Pressure Gradient 


4 
By DONALD ROSS? ano J. M. ROBERTSON,’ STATE COLLEGE, PA. r 


u = x-component velocity in diffuser at any point 


To 
us = = wall shear-stress velocity 
p 


maximum velocity outside of boundary layer, at station x 


us 
u,’ effective value of u; defined by Equation [6} 
Uy = average velocity at start of diffuser 


normal distance from wall 
two-dimensional diffuser half-angle 
total angle of conical diffuser 

= boundary-layer disturbance thickness 


= 
= 

xz = distance in direction of flow along diffuser or surface 
= 
= 
= 


6. = boundary-layer displacement thickness 


u “ 
6 = 1— dy = boundary-layer momentum 
thickness 


= von Karman turbulence constant 
fluid kinematic viscosity 

fluid density 

shear stress 

T) = Wall shear stress 


INTRODUCTION 


As a result of the work of Prandtl, von Karman, and others, 
the turbulent boundary layer in a uniform or nearly uniform 
pressure region can be analyzed. The boundary-layer thickness 
and the velocity profile in the layer at any location also can be 
predicted reliably. However, when the boundary layer is in a 
pressure gradient there seems to be no adequate means of analy- 
sis. Thus the flow of a boundary layer into an adverse pressure 
gradient, although a common type of incompressille, turbulent- 
boundary-layer motion, is not predictable. This type of flow 
occurs in diffusers, along airfoii surfaces, and along the after 
portions of streamlined bodies. In these cases it is desirable to 
predict the occurrence of separation as well as the rate of bound- 
ary-layer growth and the distribution of velocity in the layer at 
any location 

Usually the pressure distribution along a surface is known or 
can be estimated with sufficient precision to allow a successive 
approximations type of solution to be used. The growth of the 
boundary layer can be found from the von Kérmaén momentum 
equation if the shapes of the velocity profiles are known. There- 
fore the problem reduces to the prediction of the changes in the 
velocity profile which occur as the flow proceeds into the high- 
pressure region. Various researchers have shown that the profiles 
can be characterized by single form parameters. However, at- 
tempts to correlate these parameters with local flow conditions 
have not been particularly successful. The methods of Buri 
(1)* and Gruschwitz (2) have only limited application and do not 
appear to be fundamentally sound (3, 4). The analyses pre- 
sented by von Doenhoff and Tetervin (4) and by Garner (5) are 
based on empirical relations for the rate of change of the velocity 


4 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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form parameter and appear to be more successful. However, 
these analyses still involve unjustifiable assumptions concerning 
the boundary shear stress. 

During the course of a study of diffuser flow (6, 7, 8), in connec- 
tion with the design of a large water tunnel (9), a superposition 
method of analysis was developed. This method assumes that 
the form of the velocity profile is the result of two effects, one 
associated with the wall shear stress and the other with the pres- 
sure recovery. Besides yielding an equation which approxi- 
mates measured velocity profiles, the theory leads to a more rea- 
sonable expression for the wall shear-stress coefficient. 


RATIONALE 


A boundary layer is the result of the diffusion of shearing 
motions info the flowing stream from the boundary surface 
where they originate. These motions are carried downstream as 
they diffuse outward, so that at any station, the ow conditions are 
a function of the previous history of the flow as well as the local 
conditions, For the case of flow with zero or small pressure 
gradients, the velocity function and the wall shear stress do not 


| | 
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vary significantly in the direction of flow, and one can correlate 
the turbulence, and hence the shear and velocity distributions, 
with local conditions. However, when the flow conditions vary, as 
in a diffuser or along an airfoil surface, this simple correlation 
does not hold. In this case, motions in the outer boundary- 
layer region are governed by the previous history of the flow, 
while near the solid surface, local conditions control. Thus one 
is led to the concept that the outer shape of the velocity pro- 
file is associated with the space history, while the inner shape is 
associated with the loca] wall shear stress. 

A study of the velocity distributions measured by Nikuradse 
(10), Fig. 1, reveals the existence of two regions in which the 
form of the velocity distributions are different. In the region 
near the wall] the velocity curves for the eight convergences and 
divergences are functionally similar, while in the outer regions 
the curves become linear with markedly different slopes. These 
slopes are greater for the larger angles of divergence. The same 
general characteristics were observed in the experimental dif- 
fuser studies (7) carried out in connection with the water-tunnel 
design, as may be seen in Fig. 2. It seems logical, therefore, to 
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treat the general case involving a pressure gradient as a super- 
position of a frictional velocity distribution and an additional 
term. The frictional term should have the same form as it has 
for the case of negligible pressure gradient, while the other term 
should depend on the pressure gradient and pressure regain. 
Thus the idea of superposition leads to an equation for the 
velocity distribution of the form: 

= Ufriction + Upressure. - - {1} 
That this approach leads to useful conclusions is shown by the 
fact that when the straight channel velocity distribution (a = 0) 
is subtracted from the velocity distributions obtained by Niku- 
radse, Fig. 1, in expanding channels the remaining ‘“‘pressure 
terms” are approximately linear functions of the distance from 
the wall. 

For limited ranges of Reynolds numbers the friction term can 
be approximated by a power law; but, in order to make the ex- 
pression more general, and to obtain better applicability at the 
higher Reynolds numbers, the Prandtl-von Karman logarithmic 
relation is used. A study of Fig. 1 suggests that the effective 
maximum velocity for the friction component differs from the 


actual maximum velocity of the boundary laver. The effective 


value for divergences is less than u, and decreases with increas- , 


ing angle of divergence, while, for convergences, the opposite 
conditions apply. Calling the effective maximum velocity u;', 
the friction velocity term may be written 


ue y 
Utrietion = + —— In {2] 
K 


where the turbulence constant «x, has the value of 0.40, and ws 
is the square root of the kinematic wall shear stress 


! 
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The form of the pressure term could be taken as a general 
power series; however, analysis of Nikuradse’s data shows that 
the effect is predominantly linear and is zero at the wall. The 
pressure term is expressed as 


7] 

Upreseure = A assed 4) 

Combining Equations [2], [4], and [4], the general equat on 
for the velocity distribution is 


This equation contains three coefficients which must be evalu- 
ated. The coefficient of the logarithmic term depends upon the 
wall shear-stress coefficient, which is discussed in the next section. 
The other two coefficients are functions of the pressure and are 
related. The local velocity must equal the maximum velocity 
when y = 6, hence 


Taking A as the pressure component parameter, Equation [5] 
can be written 


21—-A+— weeat.... 


In this equation the value of the parameter A indicates the 
relative influence of the pressure on the velocity distribution. Its 
value ranges from zero for negligible pressure effect to nearly 
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unity. When A is zero, the expression reduces to the usual 
logarithmic velocity law. 


WALL SHear Srress 


The principle of superposition leads to a method of evaluat- 
ing the wall shear stress in terms of standard relations. As pre- 
viously noted, the flow near the wall is governed by the effective 
maximum velocity u;’ rather than the actual maximum velocity 
u, Therefore the wall shear stress is expressed by the relation 


To = pay’? = pu;?(1 — A)*® .. [8] 


where c,’, is the effective wall shear-stress coefficient, which is 
independent of the pressure effects. If Equation [8] is compared 
with the usual definition of the wall shear-stress coefficient ¢,, 
there results the following relation for c, 


The value of c,’ may be obtained from any one of the usual for- 
mulas for the skin friction, by using «,‘ instead of u; in evaluating 
the Reynolds number of the boundary-layer thickness (expres- 
sions involving R, are inapplicable). Thus the Squire and Young 
(11) relation becomes 


cy’ = [4.16 logs (4.075 {10} 


where Rg’ = u,'0/v is the Reynolds number, defined in terms 
of the momentum thickness and the effective velocity. 

A rough check of the validity of Equation [9] was made by 
use of the data obtained at the National Bureau of Standards on 
the shear distribution in a boundary layer on the suction surface 
of a simulated airfoil (12). The comparison between the experi- 
mental wall shear-stress determinations, the Squire and Young 


0 
| 
~ 
0.003 NBS Dore 


~ 
| Savire Young 
| 


gration 


\ 
Superposition \ 


Theory 
| 
\ 
we 


Comparison or Watt SHrar- 


Stress Prepicrions Wrrn NBS Measunements 


Fic. 3 


relation with Rg computed from u, and the superposition theory 
is shown in Fig. 3.5 The superposition-theory curve has the 
same form as the experimental curve, but the magnitudes are 
about 40 per cent too low. As the experimental values were 
obtained by extrapolating hot-wire data, they may contain a 
systematic error." That this may be so can be seen from the 


‘In obtaining the superposition-theory curve, A was estimated 
from the experimental values of H using an expression obtained 
from the velocity distribution Equation [8]. The values of cr’, needed 
in this expression, were evaluated with the aid of Equation [10). 

* Another possible explanation of this disagreement is that surface 
roughness may have been sufficient to influence the wall friction. 
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fact that at the 17-ft station, the pressure gradient is zero, and 
the Squire and Young relation should give the correct coefficient. 
In any case, it is seen that the superposition theory is superior 
in predicting the form of the variation of wall shear stress. 


Comparison Vevocrry Prori.es 


The primary test of the superposition theory lies in its com- 
parison with measured velocity profiles. For this purpose, three 


of the traverses obtained in the diffuser studies (7) at various 
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locations in a 7.5-deg diffuser are shown in Fig. 4. The super- 
position profiles shown were obtained by suitable choice of the 
parameter A and the boundary-layer thickness 6 for introduction 
into the velocity-distribution equation 


je,’ y 
Although there are some small systematic divergences, the theory 
is seen to yield a good fit to the experimental points. The 
greatest divergence occurs at the outer edge of the boundary 
layer, where the equation yields a sharp termination to the layer. 
This discrepancy is also characteristic of most velocity-distribu- 
tion laws for zero pressure gradient. As equally good agreement 
is obtained in fitting Nikuradse’s data, the superposition theory 
appears to yield a satisfactory expression for the velocity profiles 
in both two and three-dimensional diffusers. 


..{11] 


Emptricat RELATIONS FOR A 


This superposition theory does not yield an analytic expres- 
sion for A in terms of the boundary-laver flow conditions, and it is 
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thus necessary to obtain empirical relations. Using the data 
from the diffuser studies (8), one such relation has been obtained 
for conical diffuser flow. In these tests the pressure and velocity 
conditions were measured at several stations in 5, 7.5, and 10-deg 
diffusers preceded by 3.5, 6.3, and 10.3-diam effective lengths of 
straight pipe. The range of entrance-pipe Reynolds numbers 
was 0.5 to 2.5 K 10% As the parameter A is the coefficient of 
the pressure term, it appeared logical to correlate its values 
with the pressure recovery in the diffuser, expressed as the coef- 
ficient 


p Po 
p 


= 
v 


It was found that A is also a function of both diffuser angle and 
entrance conditions, these two factors having equal influence; 
the best correlation of data was found using the product of these 
two factors to the 0.37 power. Fig. 5 is a plot of the experimental 
values of A, divided by {(1/D,)8)"-" as a function of C,. Values 
of A for all Reynolds numbers were averaged, as no systematic 
variation with this factor could be found. The final scatter was 
still about 10 per cent of the average values, and the scatter of 
the average values about the curve in Fig. 5 is somewhat larger 
than desired. 

The data shown in Fig. 5 suggest that it is not the local pres- 
sure gradient, but the cumulative effect of the pressure gradient, 
which governs the shape of the velocity profile. As C,, is deter- 
mined by the diffuser-diameter ratio and the pressure efficiency, 
and, as the latter does not vary greatly, A can be correlated 
directly with the diffuser geometry. Therefore, A/[{(L/Dy)8)" 
is plotted as a function of the area ratio in Fig. 6. This plot 
may be used to estimate A when the pressure coefficient is not 
known. 

To confirm for two-dimensional diffuser flow the variation in 
A, shown in Pig. 6, the values of A determined from Nikuradse’s 
tests have also been plotted. As 8 is proportional to the pres- 
sure gradient in a three-dimensional diffuser, an analysis of the 
pressure gradients in two and three-dimensional diffusers indi- 
cates that 8/Dy should be replaced by a@/(2h)) for two-dimen- 
sional diffusers. The value of L/b) was estimated to be about 3 
from the geometry of Nikuradse’s The plotted 
points are seen to follow the same curve as do the other data. 


apparatus. 


SEPARATION 


The main objective of an analysis of the development of a 
boundary layer in an adverse pressure gradient is the prediction 
of the occurrence of separation. The value of the parameter 
A forms a convenient indicator of the proximity of separation. A 
study of Equations [9] and [11] suggests that at separation A 
is close to unity. Thus for A = 1, Equation [9] yields a wall 
friction coefficient of zero, and Equation [11] gives a linear veloc- 
ity profile with zero apparent wall velocity. These two condi- 
tions are characteristic of incipient separation. 

In certain of the diffuser tests (7), incipient separation was 
noted near the ends of the diffusers. The observations and 
corresponding values of A are summarized in Table 1, where it is 
seen that separation was not noted for A below 0.74 and was 
noted for A above 0.83. A good criterion for incipient separation 
is therefore A = 0.8. A review of Nikuradse’s work indicates 
that separation occurred for approximately the same value in his 
experiments, although some asymmetry was noted for lower 
values of A. 


APPLICATIONS AND LIMITATIONS 


The superposition theory for the velocity distributions of 
turbulent boundary layers in adverse pressure gradients is based 


! 
Rie 
| . 
| 
| 
i 
ost 
| 
Yo ee 
%,* 9-23 
if 
tee 
| « 
the 
LAY - - 
; 
| Biss 
Whe 
{ha 
Ete 
- 
é 
| 
| 
Bh 
| 
f 
" 


ROSS, ROBERTSON—SUPERPOSITION ANALYSIS OF TURBULENT BOUNDARY LAYER wo 
<@ 
0 
$ 3% 63 03 
0 B:s © 
7s° 
B o° 
Sp 
oe o3 oe os oe or os os 
Fic. 5 Bounpary-Laver Paramerer as a Function or Pressure Corrricient, Pree- 


Entrance Lenotn, anp Dirruser ANGLE 


. 
028 
/ 
/ 
B:-s ° 
/ B:i0 
| 4 
VA 
3 4 é 
Fic.6 Bounpary-Layer as a Function oF Dirruser- 


Area Katto, Pipe-Enrrance Lenora, anp ANGLE 


on the concept that a pressure term is added to the effective flat- 
plate velocity distribution. This theory yields an adequate ex- 
pression for the velocity profiles and depicts the variation in the 
wall shear stress. An empirical relation has been found for the 
variation of A, the coefficient of the pressure component, in dif- 
fuser flow. With the momentum equation, this analysis should 
enable one to predict the flow conditions in a diffuser and to de- 
termine the likelihood of separation. 

The superposition theory is limited in its usefulness as it 
does not derive from considerations of the details of the actual 
turbulent motions. Thus the derivatives of the velocity pro- 
files lead to unreasonable variations in the shear stress and the 
mixing length across the boundary layer. While giving the 
general form of velocity distributions, the superposition equa- 
tion does not in itself lead to a method for the determination 


of the basic parameter. The empirical relations for each of the 


TABLE 1 INCIPIENT SEPARATION 

Run R, Comments i 
7'/e-deg diffuser = 10.4 D/D, = 1.68 1k = 2.88 

M93 0.8 xk 10° Slightly unsymmetrical 0.80 

D73 1.2 Normal 0 81 

M90 1.2 Slightly unsymmetrical 0.68 

M71 1.5 Just separates 0.74 

P2 1.5 Norma 0.83 

D74 1.95 Normal 0.77 

P3 2.0 Normal 0.82 

M91 2.05 Normal 0.74 
10-deg diffuser L/D, = 6.4 DD, = 1.68 AR = 2.83 

0.5 x 10° Normal 071 

0.5 Almost separated 0.82 

hal 0.85 Just separated 0.88 


various applications may have to be determined separately. 
Thus, in its present state, the superposition theory appears to 
be only a useful interim approach. 


BIBLIOGRAPHY , 


1 “A Method of Calculation for the Turbulent Boundary 
Layer With Accelerated and Retarded Basie Flow,” by A. Buri, 
thesis No. 652, 1931, Federal Technical College, Zurich, Switzerland; 
Trans. in RTP Translation No. 2073, British Ministry of Aircraft 
Production 

2 “Die Turbulente Reibungschicht in Ebener Strémung bei 
Druckabfall und Druckanstieg,”” by E. Gruschwitz, Ingenieur-Archio, 
vol. 2, 1931, pp. 321-346, 

“The Process of Separation in the Turbulent Friction Layer,” 
by E. Gruschwitz, Zeitschrift far Flugtechnik und Motorluftechiffahrt, 
vol. 23, June 14, 1932, pp. 308-312. Trans. in NACA Technical 
Memo 699, 1933 

3 “On the Separation of Turbulent Boundary Layers,” by H 
Peters, Journal of the Aeronautical Sciences, vol. 3, 1935, pp. 7-12. 

4 “Determination of General Relations for the Behavior of 
Turbulent Boundary Layers,”’ by A. EF. von Doenhoff and N. Teter- 
vin, NACA Report No. 772, 1943. 

5 “The Development of Turbulent Boundary Layers,”’ by H.C 
Garner, British ARC R&M No. 2133, 1944 

6 “Water Tunnel Diffuser Flow Studies—Part I-—Review ot 
Literature,”’ Ordnance Research Laboratory Report, Serial No. NOrd 
7958-139, May 16, 1949 

7 “Water Tunnel Diffuser 
mental Research,”’ Ordnance Research Laboratory 


Flow Studies—Part I1—Experi- 
Report, Serial 


No. NOrd 7958-143, July 8, 1949. 
8 “Water Tunne! Diffuser Flow Studies—Part III 
Research,”’ Ordnance Research Laboratory Report 
9 “Hydrodynamic Design of the 48-Inch Water Tunnel at The 
Pennsylvania State College,” by D. 


Analytical 


toss, J. M. 


tobertson, and 


2 | 
] 
| 
if 
q 
i 
4 
4 
A 
4 


100 JOURNAL OF APPLIED MECHANICS MARCH, 1951 
R. B. Power, Trans. The Society of Naval Architects and Marine 11 “The Caleulation of the Profile Drag of Airfoils,”” by H. B. 
Engineers, vol. 56, 1948, pp. 5-29. Squire and A. D. Young, British ARC R&M No. 1838, 1938. 

“Some Recent Contributions to the Study of Transition and 


10 “Untersuchungen dber die Strémungen des Wassers in Kon- 12 
vergenten und Divergenten Kanalen,” by J. Nikuradse, Forschungs- Turbulent Boundary Layers,” by H. L. Dryden, NACA Technical 
arbeiten des Vereines Deutscher Ingenieure, Heft 289, 1929. 


Note 1168, April, 1947. 


~ 
. 
i 
© 
Ee 
a 
| 
| i 
4 
| | j 
4 
| 
\ 
q 
| 
| 


In the calendering, or rolling, of a plastic material into 
sheet form by passing it between parallel rolis, hydrostatic 
pressure is exerted against the surface of the roll through- 
out the region of contact with the plastic mass. This 
pressure has been ed by of a pressure-sensi- 

tive cylinder, inserted in the body of a 10-in-diam roll, 

together with high-speed escillegraphic technique. The 
materials which were cal ed isted of a resin which 
exhibited flow properties characteristic of a viscous liquid, 
and several filled plastic compositions of commercial inter- 
est. Pressure maxima ranging up to 8000 psi were ob- 
served. Comparison of experimental results with theoreti- 
cal expressions for pressure distribution, as given by 
several authors, indicates that the equation derived by 
Gaskell quite satisfactorily predicts the results for the case 
of the viscous liquid. The commercial plastics were found 
to exhibit pressure-distribution characteristics which were 
perceptibly different from those of the viscous liquid. 
Certain limitations of Gaskell’s treatment of nonviscous 
materials prevent its application to these experimental 
results. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


R = roll radius 

U = peripheral roll speed 
2 = roll separation 

6 = V 

: = length of arc subtended by some angle 0 

= 

= viscosity coefficient 
Tv = shear stress 
Subscripts: 

L = entrance of calender “wedge” 


1 = point of maximum pressure 
E = exit of calendered sheet 


INTRODUCTION 


HE term “calendering” is taken to denote the process of 
forming a mass of plastic material, of indefinite shape, into 
a sheet by passing it between parallel rollers rotating in 
opposite directions. A similar process is that denoted as “mill- 
ing,”’ in which the sheet of plastic material is allowed to wrap 
around either or both rolls so that it is passed between them re- 

! Research Laboratories, Armstrong Cork Company. 
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Pressure Distribution in the Calendering 
of Plastic Materials 
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ployed for these processes is given by Kullgren (1).2 The process 
is illustrated in Fig. 1. 


The rolls are presumed to be of great length with respect to the 
distance 2% between them. Their rotation causes a thin wedge 
of the plastic material to be drawn between them with a compres- 
sive force which commences at the boundary ¢, corresponding to 
z,. After passing through the minimum clearance between the 
rolls, the material continues to occupy the gap between them for 
some distance zz, finally leaving the rolls as a continuous sheet 
with a thickness equal to 2t,. 

This idea of the calenderiug process, taken from Guskell (2) 
presumes essentially that tae material behaves as a viscous 
liquid, or at least that viscous flow plays a major role in the ori- 
gin of forces developed in the calender nip. Gaskell arrives at an 
analytical expression for the pressure against the roll surface as a 
one-dimensional function of the co-ordinate z, Fig. 1. It has been 
possible to measure this pressure distribution experimentally* 
both for a material which appears to be a viscous liquid and for 
several plastic materials which are of commercial importance. 
These experimental results are compared with Gaskell’s theory 
which is cited, and certain characteristics of the behavior of the 
plastic materials are noted. 


EXPERIMENTAL APPARATUS 


The method employed to measure the pressure exerted against 
the roll surface by the plastic mass corresponds in principle to that 
used by Lueg (3) to measure the forces encountered in the rolling 
of metals. A pressure-sensitive device was inserted in the 
roll body in a manner illustrated in Fig. 2. The force acting upon 


? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

1 This research was carried out in conjunction with a project 
which was completed by Gaskell and other members of the staff of 
Brown University and was sponsored by the Armstrong Cork Com- 
pany. 
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the area m is proportional to the electric signal carried through 
the slip rings to suitable amplifying and recording equipment. 


SLIP RINGS 


Fie. 2 Mernop or Mounting Pressure-Sensitive Insert 
CALENDER 


Bonded resistance-wire strain gages‘ were mounted on a small, 
hollow, magnesium cylinder and connected in an electric bridge 
cireuit such that the bridge output was a function only of axial 
strain of the cylinder. 

The bridge output was filtered, amplified through a two-stage 
amplifier, and impressed upon one of the galvanometers of a photo- 
graphic recording magnetic oscillograph.* Null balance was ob- 
tained by connecting resistance and capacitance components in 
parallél with suitable arms of the bridge. The cylinder was cali- 
brated prior to insertion into the roll cavity by applying axial 
dead-weight load in a vertical jig, noting the deflection of the 
galvanometer. Upon mounting the cylinder in the roll body, a 
static load was applied through a lever arm and small rubber pad 
resting upon the shim-steel diaphragm. By varying the equi- 
librium roll temperature the temperature-response curve of the 
pressure-sensing cell was established. 

Timing of the oscillograph trace was accomplished conveniently 
by referring to the 1000-cycle per second (cps) carrier wave, which 
was found upon comparison with the 60-cycle line frequency to be 
accurate within 2 or 3 cycles per sec. In order to relate the timing 
lines to some point in a fixed co-ordinate system, a switch was 
caused to trip at the instant the center of the pressure cell passed 
the plane of roll centers. Thisinduced an interruption of the trace 
of'a second galvanometer which furnished a reference point from 
which to measure time, and thus distance, on the pressure trace. 
Knowing the speed of rotation of the roll, it was possible, by 
counting peaks of the carrier wave of the oscillograph trace, to 
relate the observed pressure to the corresponding distance along 
the roll arc from the plane of roll centers. 

It is desirable to measure pressure as a function of the distance 
z in Fig. 1, whereas the method just described yields pressure as 
a function of pin Fig. 1. It is evident from the figure that 


z= [R—(t—t)] sin? = Rsin 0; p = RO 


since in the first expression (t — t) <{ R. In these experiments 


* SR-4, Type CB-11, manufactured by Baldwin Locomotive Works, 
Philadelphia, Pa. 

*Type PA, fact 
Pa. 


d by Westingh Corporation, Pittsburgh, 
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@ is never larger than about 0.2 radians, and the assumption 
that sin @ = @ introduces a maximum error of less than 1 per cent. 
Therefore z is taken to be equal to p in reporting experimental 
data. 

Roll speed was determined by means of a recording tachometer 
calibrated daily with a revolution counter and stop watch. Roll 
temperature was measured with a surface pyrometer which could 
be read to 1 F. The accuracy of the pyrometric system was 
established by cooling the roll slowly until a haze of dew appeared 
on its surface; the pyrometer reading agreed with the psychro- 
metrically determined dew point within 1 F. Likewise the 
roll was heated slowly until a thin band of wax, previously frozen 
onto the roll surface, was observed to melt and become trans- 
parent. The temperature at which the wax was observed, by 
means of the surface pyrometer, to melt on the roll agreed within 
2 F with the capillary melting point of 170 F. 

Roll separation 2% was determined by passing rubber stock 
through the rolls in such a way that a portion of the length of 
roll was unoccupied by the stock. A short length of solder wire 
was passed through the section of the calender unoccupied by 
the stock. The thickness of the solder measured with a dial 
micrometer was taken to be equal to 2f and was reproduci- 
ble to +0.001 in. 


EXPERIMENTAL PROCEDURE 


Upon establishment of desired temperature, roll speed, and roll 
separation, the plastic material in question was introduced to the 
calender in the form of sheets, layers of sheets or granules, or was 
allowed to wrap around one or both of the rolls as in the milling 
process. When the calendering process appeared to be stable, 
usually after the first revolution or so of sheet rolling, or within 5 
or 10 sec after forming the “wrap” when milling, three or more 
pressure traces were obtained for successive rotations of the roll. 
These traces were found to agree within experimental error if 
sufficiently stable conditions of calendering had been established. 
Upon completion of the oscillograms the sheet was removed from 
the rolls if necessary, and the roll temperature was checked. 
Owing to the short duration of the test, the roll temperature was 
found not to increase more than about 3 or 4 F in the worst 
case, and usually the change was less than | F. 

The different roll temperatures and roll separations used for 
the various materials examined were chosen to enable the ma- 
terial to be calendered under conditions approaching those used 
commercially, and to obtain pressure within the range defined by 
the limitations of the experimental equipment. 

A typical oscillographic trace is shown in Fig. 3. The amplitude 
of the nth cycle of the carrier wave was measured to +0.01 in. 
for successive values of n, taking n to be zero at the instant of 
interruption of the auxiliary trace. Wave amplitude was 
expressed as pressure by means of the pressure-cell calibration 
described previously. The distance x from the pleue of roll 
centers (n = 0) may be computed by means of the relationship 


Un 


z= 
1000 


The peripheral roll speed U is denoted by suitable units, and 
positive values of z lie to the right of n = Oin the figure. Further, 
z is most conveniently expressed in the dimensionless form used 
by Gaskell (2) 


faz V 


Owing to the small increments in £ between successive cycles, 
the data are virtually continuous, and individual points are not 
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Fic. Tyrrcat or Pressure DistrisvTion 
CALENDERING Viscous Liquip 
(Experiment No. 4 


indicated in the graphical pressure-distribution curves presented 
in this paper. 


Pressure DisTRiBvTION IN CALENDERING OF a Viscous Liqutp 


The material chosen to represent a viscous liquid was a plas- 
ticized thermoplastic resin. The flow properties were examined 
by means of a coaxial falling-cylinder viscometer described by 
Traxler and Schweyer (4) for the purpose of measuring the flow 
properties of asphaltic bitumens. The relationship of shear rate 
to shear stress was linear over the range 0-10 psi with a viscosity, 
at 95 F, computed to be 3.2 X 10° poises. This material was 
allowed to band onto the calender rolls so that it was milled in 
the sense previously described. Upon adjusting the conditions 
of calendering suitably, the pressure distribution was recorded 
oscillographically. The results are given in Fig. 4, where p is 
expressed as a function of the dimensionless length &. 

Included in the figure are the solutions of the expressions for 
pressure distribution given by Gaskell (2), Ardichvili (5), and 
Eley (6), which are as follows, referring to Fig. 1 for notation 


Gaskell 
3uU + &— 5é? ee] 
us (1 + 
1 + 3&,? 
Ardichvili 
t—ty 

Eley 
p” = Sul’ tan O/®............. ...[3) 


The latter two equations were transformed from terms in ¢ 
into terms in — by the approximation pointed out by Gaskell 


t = + 


If we assume as a further approximation that R — (t — &) = R, 
it follows from simple geometric considerations that the equations 
of Ardichvili and Eley may be reconciled so that 


p'/p" = R/2V/2 
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For a given radius of the rolls, these solutions thus differ only 
by a constant factor. In Fig. 4 the two curves are rendered iden- 
tical merely by choosing two different values of uw so that the 
calculated and experimental values of maximum pressure agree. 
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Fic. 4 Pressure Distaisution ror CaLenperine a THERMO- 
pLastic Resin, Compargep Wits So.utions or Severat Equations 
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PRESSURE (PS...) 
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The viscosity 4 for the Gaskell equation was chosen so that the 
solution for — = 0 yielded a value of p identical with the corre- 
sponding experimental value. The curve in this region is suffi- 
ciently linear to render the average value of pressure, observed 
experimentally, very nearly equal to the mathematical point 
value. This viscosity is termed for convenience the “effective” 
viscosity u4,. Likewise, the observed value of , for which p is a 
maximum, was used as the second parameter in the Gaskell equa- 
tion. 

The Gaskell equation appears to represent the experimental 
data qui‘e satisfactorily for — < 0.6. It will be noted that the 
observed value of £, (exit plane) is about 0.1 greater than the 
computed value. This is almost exactly the error pointed out by 
Lueg (3) being equal to m/2, where m is the diameter of the pres- 
sure-diaphragm (equal to 0.25 in terms of £). Applying this 
correction, we find that & = &, experimentally as predicted by 
the Gaskell equation. 

The divergence of the Gaskell equation from observed data for 
= > 0.6 lies in the fact* that no rational choice for —; may be de- 
duced from physical considerations. In Equation [1], &, is found 
merely to be one of the roots for p = 0, and hence does not 
represent an arbitrary boundary value. 

In Table 1 appear values of yu, for the viscous liquid which 
range between 10° and 10* poises. These values differ apprecia- 
bly from the viscosity coefficient computed from data obtained 
with the Traxler viscosimeter as 3.2 X 10° poises. This discrep- 
ancy may be better understood when it is noted that the maximum 
shear rate encountered in the calender may be 10° times that 
obtained in the viscometer. The curvature of the rheological 
diagram may be quite pronounced over such a range of shear rate. 

In Fig. 5 appear the pressure-distribution curves for several 
values of roll separation, 2%. In each case the solution of the 
Gaskell equation (shown by dashed lines) represents the experi- 


* Pointed out by Gaskell, private communication. 


\ 
\ \ 
\ 
/ 
i 4 
| 
| « 
‘ 
k 
j } 


104 JOURNAL OF APPLIED MECHANICS MARCH, 1951 


TABLE 1 SUMMARY OF EXPERIMENTAL DATA FOR, MEASUREMENT OF PRESSURE DISTRIBUTION IN CALENDERING 


Roll Stock 
temp. tem: 
deg F (1)* deg F 


F 


Material 
hermoplastic resin 
hermoplastic resin 
hermoplastiec resin 
hermoplastic resin 
hermoplastic resin 


88: 


Experi- 
no. 
10 
4 
13 
27. 
51 
201 
204 
71 
74 


Refers to temperature of forward and rear roll, respectively. 


mental data quite well for — < 0.6. For these experiments the 
observed and calculated values of &, agree if the experimental 
curve is corrected by the factor m/2 where m is the diameter of 
| 


the pressure diaphragm. 

The increasing discrepancy in maximum pressure between the 
observed and calculated curves as 2% becomes smaller may be 
attributed to the fact that the cell used to measure pressure 
actually integrates and averages the pressure exerted on the thin 
steel diaphragm. At £,, where p passes through a maximum, the 
observed pressure should be less than the computed pressure be- 
cause of this effect. The discrepancy should diminish as 2% is 
made larger, since the diameter of the diaphragm in terms of £ 
is an inverse function of to. 

Also, according to Equation [1] the pressure is a direct function 
of U, the peripheral speed of the roll. The observed pressure- 
distribution curves, Fig. 6, covering a fourfold range of U, 
actually exhibit a slightly diminishing pressure with increasing U. 
The entrance &, and exit £, remain remarkably constant as does 
the shape of the curve. Evidently the combined coefficient uU 
in Equation [1] plays the role of a constant [viz. Ardichvili (5)}, 
with the viscosity diminishing in proportion to increased speed, 
due no doubt to higher temperature associated with greater energy 
dissipation as U is increased. The effect of energy dissipation 
upon the pressure-distribution curve has been considered by 
Finston.? He found that, for the region between & and £&¢, the 
distortion of the curve by localized thermal effects was slight. 


PRESSURE (PS!) 


| 


5 é Errecr oN Pressure OF AppING Souip FILLers 


Errect or Roti SeraRaTion 2%@ Upon Pressure Disrri- To a Viscous Liquip 


BUTION IN CALENDERING A THERMOPLASTIC Resin 
(Computed curve is represented by the dashed line.) 


Since the experimental pressure distribution for the viscous 
liquid previously described was in good agreement with the Gaskell 
equation for the most part, it was of interest to examine the effect 
of large additions of solid filler in the amounts met with com- 
mercially. Using the same conditions of calendering as for Fig. 4, 
the pressure-distribution curve in Fig. 7 was obtained. From 
the experimental values of £ and t for the filled resin, the theo- 
retical curve from Equation [1] was computed, using the same 
technique of curve fitting as that employed for Fig. 4. This curve 
is represented by the dashed line. Finally, the experimental 
curve for the unfilled resin is included for comparison, being 
represented by the broken line. 

The curve computed from Equation [1] quite obviously fails 
to agree with the experimental data whereas in the case of the 
| unfilled resin the agreement was acceptable. Likewise of course 
| 
| 


3 


PRESSURE (PS1) 


the curves for the filled and unfilled resins are not alike. Evi- 
dently the presence of fillers brings about nonviscous behavior to 
the extent that the assumptions associated with viscous liquids 

. no longer apply. Whether the departure from viscous behavior 


Errecr or Rott Sresep U on Pressure IN 
CALENDERING A THERMOPLASTIC ResIN ’ M. Finston, doctoral thesis, Brown University, 1949. 


4 
pprox. 
| filler 
| parts 
} Feed of 
/2) poises method resin 
T 29 4.7 xX 106 Mill bate 
1 30 44x 106 Mill 
& 32 2.8 X 106 Mill 
| T 29 9.9 106 Mill 4 
T 29 1.8 X 106 Mill | 
Elastomer L 45 Sheet 180 
Wiad Elastomer L 36 sores Granules 180 
Elastomer L 40 Granules 180 
Filled resin 38 Sheet 300 ‘ 
Elastomer V 40 Mill 110 
Elastomer V 28 Sheet 110 
Elastomer N 30 Mill 225 
Elastomer N 36 Sheet 225 
rE Elastomer P 32 Mill 120 
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PRESSURE (PSi) 


Fic. 7 Comparison or Curve ww 
ENDERING A Fittep Resin oF THE 
Unrittep Resin anp THE Curve From Equation [1] 


may be attributed to structural viscosity, thixotropy, slip between 
the material and the roll surface, or thermal effects cannot be 
stated. It is not likely that the latter effect is appreciable, since 
it was not found to cause such divergence in the case of the un- 
filled resin. Unpublished data indicate that the rheological 
diagram (shear rate as a function of shear stress) is markedly 
curved. Hence it may be concluded that structural viscosity 
and slip account for most of the nonviscous behavior of the filled 
resin. 

In the derivation of the hydrodynamic functions for the cal- 
endering process the assumption has been made that the plastic 
mass is incompressible. In order to examine this assumption the 
following simple experiment was performed: 

By means of a stee) piston moving within a cylinder, sealed 
with a thin rubber diaphragm, it was possible to subject a known 
volume of sample to a pressure of about 150 atm. The results 
are given in Table 2, together with results for pure compounds. 


74s 2 COMPRESSIBILITY OF FILLED ELASTOMER COM- 
ARED TO PURE LIQUIDS BETWEEN 40 AND 120 ATMS 


—Compressibility (4 V/V per atm)— 


of 
+ wood-fiour filler. 
tomer + inorganic filler. . 
* “Chemical E: J. H. Perry, MeGraw-Hill Book 
Company, New N. Y., 


Since the compressibility even of the material containing wood 
flour is of the order of magnitude of that of water, it seems justi- 
fiable to consider it “incompressible” in the ordinary sense. 


Pressure DisTRIsvuTION IN CALENDERING OF SEVERAL 
CommerciaL Fittep Piastics 
Plastic materials are often supplied to the calender in the form 
of granules which are consolidated and rolled out to form a sheet 
by the calender. The results of a series of experimental deter- 


minations of the pressure distribution for such a process are 
given in Fig. 8. It is to be noted that & is practically independ- 
ent of 2%, although this is not so for &s and &,. The fit of these 
data to the Gaskell equation is much less satisfactory than for the 
viscous liquid (thermoplastic resin), as evidenced by the discrep- 
ancy between £, and £,, Table 1. 


PRESSURE (PSI) 


A 
-5 
Errecr or Rout Separation On Pressure Distrisution 
CaLenperine Evastomer GRanuLes 


Fie. 9 Pressuxe DisraisvTion ww CaLenperine Severs. Com- 
POUNDED Pastics 


(V = expt. 58; L = expt. 27; N = expt. 204; P = expt. 74. 
as sheets.) 


Materials fed 


Aad oa) 


Other comp 's were employed both in the form 
of sheets which were reduced in thickness, Fig. 9, and in the mill- 
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PRESSURE (PS.1) 


Fie.10 Pressure Distripution tn MiLiine Severat COMPOUNDED 
Pvastics 
(V = expt. 36; N = expt. 201; P = expt. 71.) 


ing process, Fig. 10. The observed parameters are listed in 
Table 1. 

In all cases attempts to fit a solution of Equation [1] to the 
data using experimental parameters failed. Hence these ma- 
terials cannot be considered viscous liquids in so far as pressure 
distribution is concerned. Thixotropic effects are undoubtedly 
present, as the repeated shearing upon milling causes the shape 
of the pressure curve to be changed from that observed for the 
material sheared only once. The previous history of the samples 
for more than a few minutes has been ignored in this comparison. 
The role of thermal effects accompanying energy dissipation, and 
of slip between the material and the roll surface cannot be dis- 
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tinguished one from the other; the latter undoubtedly does occur 
in the calendering of viscoelastic materials. 


Discussion oF Resuts 


The treatment of the hydrody of the calendering proc- 
ess by Gaskell predicts satisfactorily the experimentally observed 
pressure distribution in so far as the choice of boundary condi- 
tions is concerned. Unfortunately, no rational choice of the en- 
trance boundary £, when p = 0 was possible, and a disagreement 
exists between the £, predicted and that observed. 

If the theoretical consideration of calendering were to be re- 
examined in the light of the results presented in this discussion, 
an approach to the problem of establishing the flow properties of 
non-Newtonian materials should lie within the realm of possibility. 
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Design Data 


It is important that the data contained in technical papers be made readily available to designing engi- 
neers. In order to satisfy these needs of industry, this section of the Journal includes a concise presentation 
of data and information drawn chiefly from papers previously published by the Applied Mechanics Division 


of The American Society of Mechanical Engineers. 


Factors of Stress Concentration for 
Slotted Bars in Tension and Bending’ 


By M. M. FROCHT? anv M. M. LEVEN? 


Derinition oF k 


ACTORS of stress concentrations have been determined 
photoelastically for slotted bars subjected to pure tension 


Fic. 1 Storrep Bars 1x Tenston; k Versus r/d 

! This work was done when both authors were at the Carnegie 
Institute of Technology, Pittsburgh, Pa. 

* Research Professor of Mechanics, Illinois Institute of ‘Tech- 
nology, Chicago, Ill. Mem. ASME. 

+ Westinghouse Research Laboratories, East Pittsburgh, Pa. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, July 11, 1950. 


and to pure bending. A slot is defined as a rectangle with 
semicircular ends. 

In the curves here presented the factor of stress concentration, 
k, is defined by the expression 


Tmarimam in ber 


Trominal at section through slot 
Tension. For pure tension 
Coominni = P/A 
where 


P = applied axial load 
A = net cross-sectional area at transverse section through slot 


In the case of pure tension the maximum stress is always found 
at the roots of the semicircular grooves of the slot. 
The curves in Figs. 1 and 2 give * as a function of r/d and h/r. 
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lia. Bars k Versus A/r 


The range of r/d is from 0.05 to 1.0, approximately, for h/r equal 
1, 2, and 4. 


Bending. For pure bending 


Crominal = Me/I 


Benvine; & Versus r/d 


where 
M = applied bending moment 
2c = D, depth of beam, Fig. 3 
7 = moment of inertia about neutral axis of net transverse 
area through slot 


In using the curves relating toe bending it should be noted that 
the maximum stress is not always found on the boundary of the 
slot. For certain values of r/d and h/r the maximum stress is 
found on the straight outer edges of the beam. Tests show that 
in this case the magnitude of the maximum stress is equal to the 
nominal stress Mc/IJ. However, the position of this stress dif- 
fers from that given by the elementary theory. The maximum 
stress is not located at point B of the transverse section but rather 
at points A, Fig. 3, which are defined by the angle a. 

This angle seems to be independent of r/d and a function of 
h/r. Forh/r = 1, a = 30°; forh/r = 2, a = 32° 30’; and for 
h/r = 4,a@ = 35°. 

Comments on Curves for Bending. Referring to the curves in 
Fig. 3, the values of k corresponding to Equation [1] are given by 
the “‘solid’’ curves which consist of a horizontal branch fol- 
lowed by a curved branch. For example, curve I (A/r = 1) 
consists of a straight part A-D and a curved portion D-D’. 
Similarly, curve II (h/r = 2) consists of the straight part A-C 
and a curved part C-C’. 

If the value of & falls on the straight branch of the curve, 
where k = 1, it means that the maximum stress in the beam is at 
points A on the extreme outer fiber. On the other hand, if the 
values of k fall on the curved branch where k is greater than 1, 
it means that the maximum stresses occur on the roots of the slot. 

The dashed portions of the curves, O-B, O-C, O-D, give the 
values of k, which represent the ratio of the maximum stress on 
the boundary of the slot to the nominal stress in the section 
through the slot, i.e. 

Omaximum on slot 
ky 
Trominal at section through slot 


For factors of stress concentration greater than one k, = k. 
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Discussion 


Bending Vibrations of a Pipe Line 
Containing Flowing Fluid’ 


R. L. Bisptincuorr.? The authors should be commended for 
indicating a relatively simple plan of solution to a problem, which 
at first glance seems quite complicated. The fact that the sig- 
nificant effects of the internal flow apparently can be expressed by 
the simple expression of force per unit length of —o(0%z)/(Oz Ot) 
leaves the problem linear and thereby tractable. The power-series 
approximation of the deformed pipe illustrates how a solution of 
acceptable accuracy in an engineering problem can be obtained 
often with less labor by approximate methods than by the classical 
methods which usually come to one’s mind at first. A solution of 
the Bernoulli-Euler beam equation containing an internal damp- 
ing term according to Stokes’ law also has been discussed by 
Sezawa in 1927, and more recently by Mindlin, Stubner and 
Cooper and Stowell, Schwartz and Houboldt. Although this 
damping term is not the same as that considered by the authors, 
Sezawa’s work indicates a solution to a similar problem. 

The last part of the paper, in which the traveling-wave point 
of view is adopted, is particularly illuminating in that it shows 
mathematically and discusses physically why standing waves are 
not possible. This conclusion of course can be drawn tentatively 
at the outset because of the existence of a damping term in the 
system, It is interesting to speculate on the importance of 
adding a term arising from the rotary motion of the fluid. This 
term, which would be proportional to the time derivative of the 
rate of change of curvature along the beam, would be of less 
importance than the term already considered but probably of 
greater importance than the Sezawa damping term already given 
considerable attention. 


W. H. Hoppmann, 2ud.* The authors have presented a study 
of an interesting problem and have developed a differential 
equation which appears to have considerable importance for its 
description. However, the writer wishes to submit an objection 
to the use of the term “damping,” applied to the resistance to 
vibration caused by change of momentum of the fluid in a direction 
perpendicular to the length of the pipe. Forces arising from this 
cause will resist vibrations of the pipe but only because the inter- 
nal surface of the pipe imposes compressive forces upon the fluid 
to constrain it to move in the changing direction of the pipe. 

It appears that one may consider a damping force, however, 
because of the relative transverse velocities of the fluid and this 
force would be given by yu (0°Z)/(Ox Ot) where pis a viscosity 
coefficient. In this case it would be proper to speak of viscous 
damping. It is d that the authors ignored these forces 
because they are probably too small for practical consideration. 

It is stated that supports are spaced about 66 ft apart and that 
they are assumed to be of the hinged type. This assumption 
appears to be reasonable but the writer cannot agree with the 
treatment of the pipe as if it were only a single span. The fre- 


' By Holt Ashley and George Haviland, published in the Septem- 
ber, 1950, issue of the Jounnat or Appirep Mecnanics, Trans. 
ASME, vol. 72. pp. 229-232. 

* Associate Professor of Aeronautical Engineering, M.I.T., Cam- 
bridge, Mass. 

* Associate Professor of Mechanical Engineering, The Jolins Hop- 
kins University, Baltimore, Md. Mem. ASME. 


quencies and shapes for each span of a multispan beam are radi- 
cally different from those of a single span. 

It would be very interesting if the authors could find an oppor- 
tunity to test a model pipe line in a wind tunnel and measure the 
vibration characteristics when a fluid is flowing through it. 


Autruors’ CLosuRE 


The authors wish to express their appreciation to Professors 
Bisplinghoff and Hoppmann for several most instructive com- 
ments and suggestions. It certainly does appear that the im- 
portance of viscous-damping, structural-damping, and rotary- 
inertia terms to solutions of the pipe-line vibration equation 
should be fully investigated. The latter two effects were con- 
sidered during detailed analysis of the problem but were omitted 
in the interests of simplicity and to emphasize what is believed to 
be the primary influence of the fluid flow. 

It is agreed that the word “damping” is perhaps a poor choice 
to describe the transfer of energy from the pipe motion to the 
fluid. It was of course used loosely for lack of a better concise 
term. The authors concur with Professor Hoppmann, who is 
better qualified than they to write on the subject of multispan 
beams, that any possible asymmetry of support, inequality of 
support distance, and so on, wil! have a severe effect on the mode 
shapes and frequency. However, it was assumed on the basis of 
observation that alternate spans moved oppositely to one another 
and were hinged to the supports. Under these conditions there 
must be complete antisymmetry and the structura! boundary 
conditions on any one span consist of zero deflection and bending 
moment at its extremities. This is in analogy with a single 
simply supported span. 

The authors wish to call attention to an error in column 1, 
page 231, of the original paper: in the first two places where the 
symbol 6, appears, its sign should be changed. 


A Mechanical Analyzer for Com- 
puting Transient Stresses 
in Airplane Structures’ 


Water Ramsperc.* The authors are to be congratulated for 
extending Dr. Biot’s attractive torsion-pendulum analogy to ob- 
tain directly the transient response to a forcing function of fixed 
shape in space (e.g., impact at a fixed point) of a linear elastic 
system simultaneously in as many as three natural modes. The 
writer was especially pleased by the ingenious application of wire 
strain gages to record the forcing function as well as the response. 

It is to be hoped that this highly flexible analyzer is to be used 
in future investigations of transient response. In particular, the 
writer would be interested in the authors’ views on using the 
analyzer for determining the convergence of the response in terms 
of the natural modes, and also the response over a long period in- 
cluding several cycles of the fundamental mode. The solution of 
this latter problem for different cams representing forcing func- 
tions of different shape in time and for different rates of rotation 


1 By R. L. Bisplinghoff, T. H. H. Pian, and L. I. Levy, published 
in the September, 1950, issue of the Jounnat or Apriizp Mr- 
cuantcs, Trans. ASME, vol. 72, pp. 310-314. 

? Physicist, National Bureau of Standards, Department of Com- 
merce, Washington, D.C. Mem. ASME. 
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of the eam would provide a check on the assumption of Biot and 
Bisplinghoff’s statistical method,’ that the maximum resultant 
response can be estimated by adding maximum responses in each 
mode without regard to phase. 

It would be especially worth while to include cams for a forcing 
function which alternates in sign to represent antisymmetrical 
forcing functions.‘ The consideration of response over a long 
period makes it more important to include the effect of damping. 
Have the authors given any thought to the inclusion of damping 
in the analyzer to approximate the damping present in an actual 
structure? 


R. H. Scanian. The problem which the authors solve is a 
trying one in the aircraft-engineering design office. They are to 
be lauded for their success in bringing it neatly under control. 

If every engineering office were equipped with efficient machine 
computers of effectiveness beyond that of the usual key-driven 
calculator, it is possible that the present paper would not have 
had to be written. The authors have merely provided a particu- 
lar mechanical analog machine to solve one type of linear dy- 
namics problem, the mathematical solution of which is well 
known. A differential analyzer could easily handle such a prob- 
lem, and in fact has done so. Application of linear difference 
equation techniques would make it amenable to punch-card com- 
putation also. 

However, the real point of building such a machine is to solve 
rapidly an important problem which recurs more and more fre- 
quently. Unfortunately, there do not happen to be as yet enough 
general analog computers available for use on such recurrent 
problems. Thus the authors’ machine has its place and its uses, 
and its popularity should increase, The writer is of the hope that 
the machine can be made available to the industry for routine use 
so that its effectiveness can be high. 

The question whether the machine or hand computation pro- 
cedures should be used is the usual economic one. The writer 
happens to have had the experience of planning to use the authors’ 
machine but found that hand computatiops, of a somewhat sim- 
phfied nature, were proceeding so rapidly that adequate results 
were available in time without the machine. However, if plans 
to use the machine had been made from the very outset of his 
particular project, there is no doubt that more extensive results, 
with a number of variations of key parameters, could have been 
obtained, and that they would have lent more value to the project. 

A hand-computing approach which is of value requires the 
Fourier analysis of the forcing function. Then the separate 
analytical portions of the solution are given mathematically and 
merely added directly. Analog machines are in existence for 
making the initial Fourier analysis quickly. Again, speed, availa- 
bility, cost are the prime factors governing choice of method. 

As to particular engineering aspects of the problem which the 
authors’ machine solves, the following may be commented: 

The old practice of neglecting mode phasing was undoubtedly 
poor (ultraconservative) and certainly unwarranted. The 
authors bave correctly eliminated this fault. 

Upon conversation with Dr. Pian at one time, the writer dis- 
cussed with him the possibility of including damping into the sys- 


tem. If this idea has been pursued, how has it been carried out 


* Reference (1) of the paper. 

‘The Dynamic Response of a Simple Elastic System to Anti- 
symmetric Foreing Functions Characteristic of Airplanes in Unsym- 
metric Landing Impact,” by J. B. Woodson, Jounnat or APPLIED 
Mecuanics, Trans. ASME, vol. 71, 1949, pp. 310-316. 

* Associate Professor of Aeronautical Engineering, Rensselaer 
Polytechnic Institute, Troy, N. ¥ 

*“An Analytical Theory of Landing Shock Effects on an Airplane 
Considered as an Elastic Body,” by E. C. Keller, Jourwat or Ap- 
Mecuanics, Trans. ASMP, vol. 66, 1944, p. A-219. 
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in the machine? Specifically, could correct values of structural 
(nonviscous) damping as well as aerodynamic damping be in- 
cluded, if desired? 

It should be mentioned again perhaps that the present and 
several other current solutions to the landing-load problem are 
essentially empirical in that certain specific forms of the landing 
force-time curves are assumed a priori. The actual interaction 
between oleo strut (or hull in water) and elastie airplane is not 
simulated, but typical operational test results are substituted for 
the loading function. 

It would appear that a project of considerable interest could be 
developed around the more rational setting up of loading devices 
for the authors’ present apparatus. For example, a device to 
simulate dynamically an actual water landing or oleo strut plus 
tire compression would be of value. This is a nonlinear problem 
but within range of present techniques, both analytical® (to some 
extent, at least), and experimental. If developed to this point, 
the superiorities of this analog machine over the theoretical ap- 
proach would be greatly increased because of extreme complexities 
in the theoretical hydrodynamics of the forcing function. 

Avtsors’ CLOSURE 

Dr. Ramberg and Professor Scanlan’s comments are greatly 
appreciated. The authors wish to state in reply that a damp 
ing device has been installed in the analyzer. It was felt that 
effects of both structural and aerodynamic damping could be 
approximated by means of equivalent viscous damping. A 
mechanical damper utilizing the shearing resistance of a high- 
viscosity fluid was attached to one component of the analyzer. 
No attempt was made to simulate the coupling of the modes due 
to damping. 


Crushing of Aluminum Tubes Under 
Hydrostatic and Localized Pressure’ 


The author has made a contribution to 
engineering literature in making these test data available. It 
appears, however, that in the analysis of the data and in the corre- 
lation with both Sturm’s and Timoshenko’s theories he has over- 
looked the significance of the term /, modulus of elasticity. One 
should not expect either theory to give computed values in agree- 
ment with test results when the stresses are above the elastic 
stress range. In all but three of the tests reported the computed 
hoop stress is greater than 12,000 psi. Although the mechanical 
properties of the actual material used are not given, it is quite 
probable that the elastic limit is not this high. Therefore one 
must use the value of the effective modulus rather than that of the 
initial modulus, or in this case 10,000,000 psi. The tangent 
modulus or slope of the stress-strain curve is satisfactory for some 
stability problems, and perhaps it is in this case also. This prob- 
lem has been discussed by Sturm and O'Brien.* 

It should be pointed out that for long tubes which buckle into 
two lobes Equations [1] and (2] of the paper are practically iden- 
tical. It is noticed that the computed collapsing pressures of the 
two largest tubes having a wall thickness of 0.020 in. are some- 
what less than the corresponding test results. Nothing is said of 
the precision with which the thicknesses were measured, but, by 
means of the rewritten Equations [1] or [2], one can deduce from 
! By E. Creutz, published in the September, 1950, issue of the 
— or Appitiep Mecnanics, Trans. ASME, vol. 72, pp. 324- 

* Senior Research Engineer, Engineering Design Division, Alumi- 
num Research Laboratories, New Kensington, Pa. 

* “Computed Strength of Vessels Subjected to External Pressure,” 
pte Sturm and H. L. O’Brien, Trans. ASME, vol. 69, 1947, pp. 
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the test results that the l-in. tube must have had a wall thickness 
of 0.024 in,, and the 0.75-in. tube had a wall thickness of 0.0214 
in. 

Empirical equations, in general, are dangerous because they 
are so often misapplied. In this case it should be borne-in mind 
that the equation deduced by the author is applicable to material 
having mechanical properties the same as those of the ma- 
terial used in these tests and should not be used for high- 
strength aluminum alloys. 

The impression is given in the paper that aluminum alloys do 
not follow the laws of elasticity whereas steel does. The basis for 
this probably lies in the fact that the stresses in the steel speci- 
mens were elastic and those in the aluminum specimens were 
above the elastie stress range for that particular alloy and temper. 
The fallacy arises from the misapplication of the laws of elasticity 
and not from any peculiarity of aluminum as such, 


A Method for Determining Mode 
Shapes and Frequencies Above the 
Fundamental by Matrix Iteration’ 


J. B. Duke.? The revival of interest in matrix methods of 
representation of arrays of simultaneous equations opens anew 
a discussion of the practical difficulties encountered with such 
methods. The discussion presented in the paper is a valuable 
contribution to the subject of practical application of matrix 
methods in the solution of engineering problems. However, 
the paper does not point out accurately the restrictions which 
are imposed on the method of sweeping. 

These lie primarily in the specific condition of orthogonality 
between modes stated in Equation [2] of the paper, which is re- 
peated here for continuity 


L = 0 
ij 


This orthogonality condition, upon which the sweeping method 
is based, follows from a consideration of the classica] form of the 
characteristic equation for an array of equations with an arbi- 
trary parameter. Consider the follywing 


(AI —uk =O 
or 
— u) = 0 
where 
\ = frequency parameter 
IT = unit matrix 
u = dynamic matrix 
k = modal column of section displacement, moment, or shear, 
etc., coefficients 
«k = modal row 
It is a well-known theorem of matrix algebra which states 
= 0 


or the orthogonality condition between modes p and g. In order 
for x, the modal row, to have a simple relation to the modal col- 


1 By H. I. Flomenhoft, published in the September, 1950, issue 
of the Journat or Apptrep Mecnuantics, Trans. ASME, vol. 72, pp. 
249-256. 

2 Analytical Engineer, Hamilton Standard Propellers, East Hart- 
ford, Conn. 
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umn &k, the u-matrix must be the product of two nonsingular 
symmetrical matrices. If 


u = 
then 
— [D,,] [mk = 0 
— = 0 


(Primes indicate transposed matrices.) 
It follows immediately 


or 
k’[m,;]  — u) = 0 = — u) 
k = 
= ky! = 0 


Since the method of sweeping states as a postulate that this 
condition must be true, a large class of problems are not adaptable 
to this method. 

Several alternative methods have been outlined in the litera- 
ture.**§ That of Hotelling shows how the characteristic poly- 
nomial in \ may be generated from consideration of the diagonal 
elements of successive powers of the dynamic matrix. It is ob- 
jectionable for practical use, except in cases where the entire fre- 
quency spectrum is desired. Extreme care must be exercised in 
the evaluation of each coefficient of the polynomial equation. 

Aitken presents a general method by which the dominant mode 


braic process. The desired condition is 
= — A 
Kips = 0 
= 0 


After some algebra, A = Aj,(kix;)/(x:t;), and it is easily shown 
that the w-matrix has the same latent row and column vectors 
as the original matrix with the dominant mode removed. In the 
case where « is a simple function of k, this reduces to the method 
of sweeping. This process is the least susceptible to loss of sig- 
nificant figures, but it requires twice the calculation effort, in the 
general case, for both the modal row and the modal column must 
be calculated for each mode. 

The latter objection may be removed by a simple extension of 
the Frazer, Duncan, Collar§ method, and one may proceed from 
eigenvalue to eigenvalue with only the calculation of the latent 
column vector. Supplementing paragraph 4.18 of the Frazer, 
Duncan, Collar reference;* note that 


Kes 
= 
Kr 


Let r, be a modal row of v(s = 1) 
and set 


*“Some New Methods in Matrix Calculation,” by Harold Hotel- 
ling, Annals of Mathematical Statistics, vol. 14, March, 1943. 

‘ “Studies in Practical Mathematics—Part II," by A. C. Aitken, 
Proceedings of the Royal Society of Edinburgh, vol. 57, 1937, pp 
269-304. 

* “Elementary Matrices,” by R. A. Frazer, W. J. Duncan, and 
A. R. Collar, Cambridge University Press, 1946, pp. 143-145. 
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where a, is to be determined. Then 


re 


KY = Kyu — 


Kee 
= — A, Ki = 
vi 


Hence 


= 0 


This does not provide an explicit solution for «x, in terms of r, 


and Consider 


where c is a constant to be determined. 
Now 


K, 


(© + —u) =0 


Kr 


2 OS + (A — — 
c 


ri 


This represents an array of simultaneous equations, only one of 
which needs to be considered ! 


r, 


— (A, — u,) + (A, — Ad) 


c 


(Ai. — A,)r, 


With this relation, or a similar one for the modal columns, one 
may calculate successive eigenvalues and true vectors for any 
matrix, and complete generality may be observed. 

In each of the foregoing methods, the tacit assumption has been 
that the roots are real and distinct. A considerable complication 
arises in cases of complex or multiple roots. 

The subject of accuracy has been carefully avoided for it is 
the writer’s belief that none of the foregoing methods will provide 
sufficient accuracy for the calculation of many modes unless ex- 
treme care is exercised at each step. The use of computing ma- 
chines alleviates this condition somewhat, but does not remove the 
difficulty entirely. In some cases, where a very high mode is 
desired, it is possible to alter the dynamic matrix in such a way as 
to shift the axis of the roots so that the highest root appears first. 
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This is accomplished by adding a sealar factor to the diagonal 
elements, and avoids the necessity of reciprocation. 
Consider 


(Al —u + = 0 = (A, — 


where f may be any number greater than one half the difference 
between the estimated values of the first and last roots. 
Then 


k =k, 


By judicious choice of the factor f, it is sometimes possible to 
get at a higher mode without too many reductions of the dynamic 
matrix, and to attain greater accuracy as a result. 

In the approach to a large-scale problem, probably the most 
desirable technique would be that of generating the character- 
istic polynomial and solving this equation for specific desired 
roots. A recent paper* appears to offer a most promising tech- 
nique for doing this without the numerical! difficulties encoun- 
tered by other methods. 


A. C. anv K. B. Gittmore.’ The author’s work in 
bringing to light a little-known method for alleviating the tedious 
calculations necessary to obtain higher roots beyond the funda- 
mental should be commended. The writers found, however, in 
applying the method that it did not produce accurate results. 
It seems our problem, which incidentally merely involved seven 
degrees of freedom, was the exception that disproves the rule. 
It was found that the columns were being swept from right to left 
instead of from left to right as dictated in the paper. Rows and 
columns were reorganized but to no avail. Apparently, as pre- 
dicted by the author, this proved a constant source of error. 

The problem was solved when the writers resorted to the 
method to be explained. It might be noted that accuracy of the 
succeeding method is quite good. As with the paper, the method 
probably could be found in any of the numerous classic texts on 
the subject of matrix analysis. Basically it is similar to the 
author’s method but its application is slightly different. The 
writers wish to bring it to light as to comparative method, not as a 
replacement. 

If the problem is such that the colu pns may be swept from left 
to right as dictated by the author’s method, then his method 
would be the most expedient. But if such is not the case in that 
the columns cannot be swept as prescribed then the following 
method is advised: 

Basic Method. It will be assumed that the dynamic matrix of 
the structure has been computed and that the system is of the 
form 

where 

y is column modal matrix 

w is natural frequency, otherwise known as dominant root of 

matrix 

B is dynamic matrix consisting of mass matrix, multiplied by 

influence coefficient matrix or [./} [4,,} 
(1) is superscript indicating that quantity is associated to the 
(1) th mode 


*“An Iteration Method for the Solution of the Eigenvalue Prob- 
lem of Linear Differential and Integral Operators,” by Cornelius 
Lanezos, National Bureau of Standards, Institute for Numerical 
Analvsis, Los Angeles, Calif. ' 

? Vibration Engineer, Piasecki Helicopter Corporation, Morton, 
Pa. Jun. ASME 

* Design Engineer, Piasecki Helicopter Corporation. 
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and that there are no repeated roots. It is well known that, 
associated with each root of the dynamic matrix, there is a row 
matrix which is designated the characteristic row. Further- 
more, if an arbitrary row is used to premultiply the dynamic 
matrix, then by matrix iteration the arbitrary row will converge 
to the fundamental characteristic row, and the root will be the 
dominant root. This is a convenient check on the validity of the 
root (fundamental root) found by premultiplying the dynamic 
matrix by a column matrix to determine the root as well as the 
modal shape. (The convergent column matrix is known as 
the modal column. ) 

Once the dominant root of the dynamic matrix has been found, 
the remaining roots can be obtained successively in order of mag- 
nitude by constructing auxiliary matrices which contain al] the 
latent roots except those already obtained. If w™ is the domi- 
nant root of a dynamic matrix [B™], and if [K™] is the char- 
acteristic row obtained by matrix iterative premultiplication of 
[B©), then if K,™ is the maximum element of the characteristic 
row matrix, a matrix [C'} may be defined as a square matrix 
which has K“/K, for its ith row and its remaining rows zero. 
The matrix [B®] which contains all the latent roots except the 
dominant may be written as 


0 07 
1 0 
(Bm! — = [BO] 
Ky 


where / is the unit matrix (unit diagonal). This is proved in any 
of the classic texts on matrix algebra from the generalized orthog- 
onality condition for matrices. 

Thus it might be stated that, to obtain higher roots of a ma- 
trix, it is necessary to obtain a row matrix [A] by iterative pre- 
multiplication, and with this row matrix construct a sweeping 
matrix which is premultiplied by the dynamic matrix to obtain 
the modified dynamic matrix which contains all the latent roots 
exclusive of the previous roots. 

With the method presented one oes not need to rearrange the 
rows or columns to suit any array but merely assume an arbi- 
trary row and premultiply the dynamic matrix to obtain a char- 
acteristic row matrix. The dominant root obtained in the first 
iteration for the fundamental mode should check the root ob- 
tained by the row premultiplication. Thus a convenient check 
is provided. 

Alternative Derivation of Characteristic Row. In a conservative 
system, oscillating in simple harmonic motion in a normal mode, 
a method similar to the one outlined by the author may be used 
to obtain the characteristic row, but it must undergo the premul- 
tiplication also. It does provide a short cut and speed conver- 
gence. If [K®)] is the characteristic row for the rth root and 
{y] is the modal column for the sth root then the generalized 
orthogonality condition for any matrix is 


[K®] [yO] = O(r = 28)...... 


The orthogonality condition for antisymmetrical “free-free’ 


modes 


or for symmetrical free-free modes 
Ky — vo)} [y) = O.............. (5) 
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Therefore, apart from a constant factor (for antisymmetrical 
free-free modes ) 


[K®] = [y] [Af].... 


If any nonzero element in the row matrix [K“] is equal to the 
identical element in the row matrix [y‘] [MM], then each element 
in one is equal to its corresponding element in the other. Also, 
if one is normalized by dividing through by a nonzero element 
and the other is normalized by dividing through by the element in 
the same position, then the normalized matrices are equal. 
Thus if [y] [Mf] is written as 


[my my? mw....... [7] 


then [K®] may be written direstly. This characteristic row 
should then be premultiplied by the original dynamic matrix to 
insure greater accuracy of the row matrix. Obtaining a final 
[K®] the dynamic matrix exclusive of the dominant root may be 
found 


[B®] = (B) —C®]....... 


The rows and columns of the original dynamic matrix need not 


to 


be rearranged but may be used directly as calculated. 

Accelerating Convergence. Convergence of the characteristic 
row may be accelerated by realizing that the root, which is the 
normalizing value K,,“, must be equal to the latent root caleu- 
lated by column multiplication for the. frequency and modal 
column. Thus, if convergence appears, after two or three itera- 
tions, to be approaching the proper value for K,,“ then con- 
vergence may be accelerated by multiplying the characteristic 
row by the ratio of the normalizing value K,, to the dominant 
latent root found by iterating the original dynamic matrix. 


AvrHor’s 


Mr. Duke describes very concisely the fundamental principles 
on which most methods for obtaining higher modes are based. 
The orthogonal relationship of « and k provides convenient equa- 
tions for introducing into the dynamic matrix the constraints nec- 
essary to cause convergence to other than the dominant modes. 
As Mr. Duke demonstrates, when the two symmetrical matrices 
whose product forms the dynamic matrix are known, it is not 
necessary to perform successive premultiplication to obtain the 
modal row, since « = k’[m,,]. This is described in detail in the 
discussion by Messrs. Gilbert and Gillmore in their “Alternative 
Derivation of Characteristic Row.” Of course, for modes higher 
than the second, a number of orthogonality conditions of the 
general form k,’[m;;]}k, = 0 must be solved simultaneously to 
obtain the characteristic row. The tables presented in the paper 
have been considered to provide a reasonably efficient means for 
accomplishing this. 

It is worth noting that the conditions « = k'[m,;'andu = 
[D;,||m,,] imply that symmetrical matrices, D and m, can be 
derived for any matrix, u. There are n* + n unknowns in D and 
m, where n is the order of each matrix, and the same number of 
algebraic equations result from the two matrix equations. There- 
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fore there ‘s theoretically a unique solution for D and m. In 
practice, this is extremely difficult to carry out and hardly 
worth the effort. 

The two symmetrical matrices are known for typical engineer- 
ing problems, such as determining the mode shapes and fre- 
quencies of an elastic structure, or using the normalmode ap- 
proach to couple the effects of separate degrees of freedom. It is 
for these cases that the procedure outlined in the paper was in- 
tended. 

It is difficult to understand the inaccuracies encountered by 
Messrs. Gilbert and Gillmore in applying the method to their 
specific problem, particularly since the method they resor ed 
to successfully is theoretically equivalent to the one described in 
the paper. Perhaps the setup of the problem is inconsistent 
with the application of the tables. This might be easily straight- 
ened out by a recheck of the numerical example. 


Stability of Flow ina Rocket Motor' 


H. I. Ansorr.?. From a mathematical point of view we are 
confronted with a special case of the following problem: To de- 
termine the stability of solutions of the differential equation 


n m 
d*2(t) ,, — 
dt® 
= 


where n < m, a,, and are constants (some a, and may be 
zero). Physically, this is a general feedback problem with con- 
stant time lag. 

It may be worth while to discuss the applicability of the methods 
of the present paper to this general problem. 

Application of Method 1 appears to involve solution of a dif- 
ferential equation for each interval following the first. For n > 1 
such procedure is clearly very cumbersome; particularly so, 
since no information is obtained about the stability of the system 
as a function of the parameters. 

The method of separation of the real and imaginary parts of the 
characteristic equation (Method 3 of the present paper) tends to 
hecome cumbersome for n > 2.* 

If the inversion of the Laplace transform (Method 2) is ac- 
complished by the method of residues, direct information is ob- 
tained about the stability of a system. Unfortunately, the num- 
ber of residues is infinite in this problem. 

Referring specifically to the present problem, it should be re- 
marked that, the system being linear, it is sufficient to define 
initial conditions at f = O and ¢ < 0 (or better at ¢ = —a) and that 
a prescription of a disturbing function over — a < t < 0 merely 
supplies that initial condition. 

The final method using the Cauchy-Rouche theorem is the only 
one here which permits determination of the stability of solutions 
with relative ease. For a given set of parameters it is always pos- 
sible to plot the characteristic equation of a system in the f(z)- 
plane, and thus to determine whether the equation has roots with 
positive rea] parts. However, it is frequently desirable to deter- 
mine relations between the parameters of the system which would 
guarantee stability. This can be done without plotting f(z) in 
the A-plane. Thus, if we have to study the behavior of 


1 By D. F. Gunder and D. R. Friant, published in the September, 
1950, issue of the Journat or Apptiep Mecuantcs, Trans. ASME, 
vol. 72, pp. 327-333. 

? Associate Mathematician, The Rand Corporation, Santa Monica, 
Calif. Jun, ASME. 

* See, for example, ‘‘Self-Excited Oscillations in Dynamical Sys- 
tems,” by N. Minorsky, Journat or Apptrep Mecnanics, Trans. 
ASME, vol. 64, 1942, p. A-65. 
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f(z) = B+2+ He 


Letting z = (8, we can write 


= B (: + 

Hence f(i8) will not vanish if only 
H 

+ 

which is a sufficient condition for stability obtained in the paper 


under discussion. 
Similarly consider 


H + 8/B) 
(Ae + 


<1; B>H 


f(z) = 22+ Mz + N + + T) 


Since 2? + Mz + N will have no roots with positive real parts 
we can write 


Sz+T Bat! 
(22 + Mz + N) 


fis) ( 2+ 
Again, letting z = (8 and simplifying, we are led to the conclusion 
that (78) will have no roots in the right half-plane if the equation 


S782 + 72 


+ 
has no real roots. Elementary operations will lead to a pair ot 
conditions on S, 7, N, and M which will guarantee stability of 
the system. 

The severe drawback of the results obtained here lies in the 
fact that only sufficient (but not necessary ) conditions have been 
obtained. Further analysis of the characteristic equation along 
similar lines sometimes leads to closed forms for both necessary 
and sufficient conditions. 


M. Yacurer.* This paper appears rather simple, but this 
simplicity is somewhat deceiving. In reality the phenomenon of 
“chugging” in a rocket chamber is a very complex one and de- 
pends upon a number of processes so far only superficially under- 
stood. Among these one may mention the hydrodynamics, the 
impingement and atomization of the jets, and the chemical-reac- 
tion process. 

The simplicity of this paper arises from the introduction of, 
what may appear at first, an artificial quantity, the time lag (2) 
between the flow rate and the rate of pressure build-up, or, what 
is essentially the same thing, the time lag between the liquid flow 
rate and the burning rate. Upon reflection it will be seen that 
this time lag has really a simple physical meaning. It is nothing 
else but the time it takes a liquid particle, once it leaves the injec- 
tor, to go through the process of impingement, atomization, and 
final conversion into gas. It is assumed of course that this time 
is the same for all particles and does not change with time. The 
notion of such a time lag, as introduced by the authors, turns out 
to be a fruitful and far-reaching one for problems of this nature. 

The question now is: How can this quantity be determined? 
It is clear that this time delay depends upon the very compli- 
cated jet hydrodynamics and chemical-reaction processes already 
referred to, and an analytical treatment of these phenomena is not 
a simple matter at all. Furthermore, from considerations, which 
will be discussed presently, it appears that this time lag is usually 
of the order of a few milliseconds. Hence a direct experimental 
determination of such a small time lag would require rather deli- 
cate experimental technique. 

Fortunately, it turns out that this time quantity can be ex- 


* Engineer, The M. W. Kellogg Company, Jersey City, N. J. 
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pressed theoretically in terms of two other quantities, one of 
whieh is given by the particular design of the system and the 
other one being an experimental quantity which can be, and has 
been, determined, for a number of cases, in a relatively simple 
manner and with reasonable accuracy. This quantity is the fre- 
quency of oscillation of the chamber pressure during “chugging.” 
In order to shorten this discussion as much as possible, detailed 
derivations will be omitted, but the foliowing can be proved: 


Let 


w = frequency of oscillation of chamber pressure during chug- 
ging in radians per see (as obtained from records) 


1 

to ws 

ace 


Ar = nozzle throat area 


A, = pipe area 


l = length of pipe 


and 


4 
for y = 125—1.35 


with C being the speed of sound at nozzle throat. 


Then 
2p 
pos Jor to 


a t, 
< = tan“! {| — < ft. 
to to 


For an injector pressure drop Ap such that 


ancl 


the burning is unstable. 

From the records it was found that w varied somewhere between 
500 and 1000 radians per sec. So that from Equation [2] here- 
with, the range of a would be 1.5 to 6 millisec. 

In general 


a= ~ 2 


and in most cases investigated a = 2—4 millisec. 

Consider now Equation [1] of this discussion: This equation 
indicates that for ft, = t, the system is stable no matter how small 
the injector pressure drop may be. For a typical case we may 
take 


Ar 
As 


= 1,C* = 4000 fps, tp = 0.0003 sec 
then 


A 
= Cty = 4000 0.003 = 12 ft 
AT 
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Now an examination of Equation {5| of the paper shows that 
the main effect in reducing the p*cr arises from the acceleration 
term dV’/dt. Indeed, if the accelerations in the pipe are 
neglected, then it will be found from Equation [5] that p*cr = 1, 
that is, the required injector pressure drop for stability must not 
be less than '/; the chamber pressure. 

Accordingly, it is found from Equation [1] in this discussion 
that the accelerations that would be set up in a 12-ft pipe when 
chugging starts would be sufficient to eliminate this phe- 
nomenon altogether even if the injector pressure drop to chamber 
pressure ratio is very small. 

Now, this is a very strange result. Indeed, if this theoretical 
result was even approximately true, chugging in rocket cham- 
bers would never even show up, since there is always that much 
of effective pipe length in any rocket-motor system. Unfortu- 
nately, the known facts do not at all correspond to this theoretical 
result. Why is this so? Undoubtedly, if the chamber-pressure 
oscillations could really induce the proper accelerations over the 
entire pipe length as assumed in this paper, which for a pipe 
diameter of, say, 1'/; in. would amount to a length of 100 diam, 
then the oscillations would die out and chugging would not 
oceur. Apparently, something else intervenes which limits the 
effect of the pressure oscillations only to the immediate neighbor- 
hood of the chamber, say, to a neighborhood of only 10 pipe diam. 
If this is so, then Equation [1] of this discussion shows that this 
reduced effective pipe length has only a moderate effect on the 
critica] injector pressure drop, and this result does seem to corre- 
spond to the known facts 

Exactly what it is which prevents the effect of the chamber- 
pressure oscillations to be felt further upstream in the pipe is not 
really known. But theoretical considerations lead to the sup- 
position that the pressure oscillations are accompanied by alter- 
nate expansions and contractions of the jet areas so that the jets 
themselves act as storage areas while the flow in almost the entire 
pipe length, except in the immediate neighborhood of the injec- 
tors, is quite steady. 

Now, however, how about the chamber itself acting as a storage 
element? In this paper the storage capacity of the chamber was 
neglected altogether. Yet the oscillations occur right in the cham- 
ber itself, and it would appear that the characteristics of the 
chamber (i.e., its storage capacity) should play a dominant role. 
Upon analysis, this turns out to be the ease. Accordingly, the 
results of an analysis which take into account the chamber char- 
acteristics but neglects altogether the pipe effect will be given. 
This analysis again is based upon the introduction of a time delay 
between the flow and burning rates. Again, in order not to 
lengthen this discussion unduly, all mathematical details are 
omitted, but the following results have been derived in a company 
report. 

Let 

t, = 2L*/C* = characteristic chamber time constant, i.e., the 
fundamental resonance period of a one-dimensional closed pipe 
of length L* in which the speed of propagation of small disturb- 
ances is C*, where L* = ratio of chamber volume up to nozzle 
throat to nozzle throat area 

C* = ~4/3C as already defined, C being the sound speed at 
throat 

to = 1/w sec, where w = frequency of oscillation of chamber 
pressure in radians per sec, as already defined, and as obtained 
from film records 


Pes 
Ap = injecture pressure drop 


“Dynamics of a Rocket Motor,” by M. Yachter and H. Wald- 
inger, The M. W, Kellogg Report No. SPD 241 (restricted) 
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Peo = Steady-state chamber pressure 
Por* = value of p* such that for p* < per* chugging occurs 
a = time delay between liquid flow and burning rates 


Then 


where Aw = change in frequency of oscillation in chamber due to 
change in injector pressure drop, in the neighborhood of, and be- 
low, the critical injector pressure drop; { = “decay” time for dis- 
turbances to damp out to 1/e of initial magnitude, in the neigh- 
borhood of, and above, the critical injector pressure drop. 

Equation [5], herewith, is of importance; for, strictly speaking, 
Equations [3] and [4] are true only just when instability occurs. 
At this point the amplitudes of the chamber-pressure oscillations 
are small, and it would be difficult to estimate the frequency from 
the records. On the other hand, when p* < pcr* and the ampli- 
tudes have built up already so that the frequency can be esti- 
mated, then this frequency is no more the theoretical one to be 
used in Equations [3] and [4]. However, a numerical check of 
Equation [5] shows that the change in' frequency ought to be 
rather small, and this fact has also been Verified from a number 
of film records. 

Equation [6] of this discussion can be used in order to estimate 
the amount of damping existing in the system in the neighbor- 
hood of instability. Two typical runs with pressure oscillations 
recorded on filrns are chosen for illustration: 


(1) pes = 380 psia, L* = 50 in. = 4.16 ft; C* = 4400 fps; w 
= 750 radians per sec (from films). 


We have 


2 X 4.16 
« 4400 


1 t 
to = —— = 0.00133 sec; — = 1.43 


0 to 


1 
Theoretical p*cr = ~ 0.574 


V1 + (1.43)? | 


The experimental value of p*cr occurred between 0.53 and 0.63 
with an average of 0.58. This close agreement is, of course, 
purely coincidental 


a 
— = tan~! (—1.43) = 2.18 
to 


a@ = 2.18 X 0.00133 = 0.00288 sec 
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Qa 
Thus, a = ~ 3 milliseconds; Weng 1.52 


(a) Suppose p* decreased to (2/3)p*cr so that 


_ 3 
2 


2 


= = 0.052 
1 + 1.52 + (1.52)? + (2.18)* 


. Change in frequency is only 5 per cent. 
(b) Suppose now that p* is increased to (4/3)p*cr. 


Then 
1 = 9.35 


, 152. 
(5.74) 4 


t = 0.0178 sec 


(2) pos = 1040 psia; L* = 47 in.; C* = 3500 fps; w = 1130 
radians per sec (from film records). 


We have 


12 
= —— = 0.00224 sec 
3500 


0.000884 
The experimental value of p*cr was about 0.27. This would 
indicate a p* well in the unstable range. As a matter of fact the 
records for this case already show considerable amplitudes. 


Finaliy 
0.00224 
= 1.95 


@ = 1.95 X 0.000884 = 0.00173 = 1.73 millisee 


It must be emphasized again that Equation [3] of this discus- 
sion is not a formula which can always be used a priori, inasmuch 
as fo is an experimental quantity, which depends upon the hydro- 
dynamics of the jets, the reaction process, etc., just as much as 
the time delay a does. What has been achieved is the substitu- 
tion of a quantity (a) which can hardly be determined in any 
direct manner, in terms of a quantity (w) which can be deter- 
mined experimentally with reasonable accuracy. 

If the geometry of the injectors, say, of a new design corresponds 
reasonably well to that of an earlier design for which w (or a) is 
already known, then the effect of L* or C* or both of the new de- 
sign on per* can be estimated, assuming w to be the same as for the 
old design. On the other hand, if the geometry of the injectors 
is radically changed, then w may also change radically. Thus it 
was found that a chamfer versus sharp corners at the injector 
entrance has a marked effect in reducing the required p*cr for 
stability. Accordingly Equation [3] of this discussion should be 
regarded as only partly theoretical. 
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An Investigation of Ejector Design 
by Analysis and Experiment’ 


Watton Forsraut, Ja.2 On a problem, hitherto explored 
mainly by the experimental method, the authors have brought 
to bear two powerful analytical tools; the phenomenological 
approach and one-dimensional analysis. Taken together, these 
avoid the necessity of looking into the internal details of the 
mixing process, yet results computed by this method approach 
measured data so closely that differences can be allowed for by 
experimentally determined coefficients. This is a tremendous 
step forward from earlier dependence upon purely empirical de- 
sign. 

However, admiration for the neatness of the analytical attack 
should not be allowed to obscure the labor involved in the 
preparation of this paper. Even with one-dimensional analysis, 
the working equations are quite complex, so that the work re- 
quired to compute Figs. 10 and 11 of the paper is simply enor- 
mous. It is characteristic of the authors that they do not stop 
with the analysis, but present their readers with the computa- 
tions as well. And finally, as a third contribution, the paper 
represents many hours of painstaking work involved in obtaining 
experimental results. 

When so much is presented in the scope of a single paper, the 
authors’ skill in succinct composition is impressive. At what 
point compressed presentation ceases to be a virtue is a matter of 
personal opinion, but the writer feels that Fig. 5 of the paper 
and its discussion would be improved by somewhat less crowding. 
There is so much information packed into Fig. 5 that a good 
deal of reader effort is required to separate the various cases and 
visualize the physical model for each. It is interesting to note 
that for the constant-pressure case, point C corresponds to a zero- 
velocity secondary moving across an infinite area, resulting in a 
finite secondary flow. 

It is hoped that this work will be continued and that more in- 
formation, both analytical and experimental, can be obtained on 
the influence of length-diameter ratios and on the optimum 
entrance shape for constant-pressure mixing. 


A. H. Suaprro.* The striking result of this investigation is 
the degree to which the performar¢e of jet pumps may be pre- 
dicted by a simple one-dimensioal analysis which takes 10 
account of wall friction forces in the mixing tube. 

Two empirical facts were brought out by the authors for the 
constant-area mixing tube; (1) the “best length” of mixing tube 
for subsonic streams is about 8 diameters, and (2) the measured 
maximum pressure is only a few per cent less than the pres- 
sure calculated by the one-dimensional analysis without wall 
friction. 

An experimental investigation by Szynkiewicz and Tierney* 
of the constant-area mixing tube of a water-to-water jet pump 
led to the conclusions that (1) the “best length’’ of mixing tube 
is about 6 to 8 diameters, and (2) the measured maximum pres- 
sure rise varies between 93 and 98 per cent of the pressure rise 
calculated by a one-dimensional analysis without wall friction. 
These results were obtained over a range of flow ratios (secondary 


1 By J. H. Keenan, E. P. Neumann, and F. Lustwerk, published 
in the September, 1950, issue of the Jounnat or AppLiep MecHanics, 
Trans. ASME, vol. 72, pp. 299-309. 

? Associate Professor of Mechanical Engineering, Carnegie In- 
stitute of Technology, Pittsburgh, Pa. Jun. ASME. 

* Associate Professor of Mechanical Engineering, M.I.T., Cam- 
bridge, Mass. Mem. ASME. 

‘ “Characteristics of an Ejector Mixing Tube of Constant Area,” 
by A. J. Ssynkiewicz and W. D. Tierney, BS thesis in Department 
of Mechanical Engineering, M.I.T., 1944. 
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to primary) from 0.3 to 2.6, and over a range of area ratios (mix- 
ing tube to primary nozzle) from 100 to 1000. 

That these empirical rules are so similar for such different 
fluid combinations as air-air and water-water suggests that they 
may be useful working rules for other fluid combinations. Fur- 
thermore, the marked similarity in results for very different types 
of fluids is strong evidence to the effect that the mixing process 
is controlled by high-intensity turbulence. 


Avutnors’ CLosuRE 


Professor Forstall’s generous remarks cannot be answered with 
entire satisfaction. The discussion of Fig. 5 was presented in an 
attempt to provide a framework within which the empirical and 
analytical material of the paper could be correlated. Rather 
than exceed the limits on length of papers usually prescribed by 
the ASME Applied Mechanics Division the exposition of Fig. 5 
was kept brief, perhaps to a degree not welcome to the reader. 

Professor Shapiro’s account of thesis work on a water-water 
ejector, which was carried out under his direction, is most wel- 
come, It serves to indicate how widely the one-dimensional 
analysis can be successfully applied. The data from this thesis 
on mixing length and pressure rise are consistent with the obser- 
vations recorded in this paper and in reference (2). 


Elastic-Plastic Analysis of Structures 
Subjected to Loads Varying Arbitrar- 
ily Between Prescribed Limits' 


Gsorce Winter.* The chief merit of this paper, it seems to 
‘ne writer, rests in Equation [21], that is, in the formulation of 
Bleich’s theorem of shakedown as a system of simultaneous 
inequalities. It is hoped that the use of such mathematical sys- 
tems for structures of various types will be “spelled out” in later 
papers, as promised by the authors. In this respect, treatments 
as easily visualized and understood as that given for the continu- 
ous beam by F. Bleich’ will be preferred by structural engineers 
to a purely mathematical presentation. For this same reason the 
authors’ formulation of this problem in terms of an n-dimensional 
space does not seem to ad.J too much to a structural understand- 
ing of performance. 

On fact should be emphasized which follows;very clearly from 
this paper, even though it was known ever since Bleich, father 
and son, gave their treatment of the shakedown problem. The 
more extreme proponents of “limit or plastic design” advocate as 
one of the substantial, practical advantages of the method the 
fact that it abolishes elastic analysis and supplants it by the much 
simpler and shorter analysis of the limit state on a purely plastic 
basis. This claim is quite justified if the structure is subject only 
to one set of loads with fixed ratios of intensities of the various 
load components such that all of them can change only simul- 
taneously and in the same proportion. Structures of this kind, 
however, are rare. In most practical cases the type of loading is 
that considered in this paper, where various components can vary 
independently. In this case the determination of shakedown 
requires a purely elastic analysis of the usual type and complexity 
for the extreme values of each component load. It is in this man- 
ner that the authors’ e; or F. Bleich’s o; are determined. From 
the viewpoint of simplicity of analysis nothing is gained, there- 
fore, by supplanting elastic by plastic-strength criteria. To be 


1 By P. S. Symonds and W. Prager, published in the September, 
1950, issue of the Jounnat or Mecuantcs, Trans. ASME, 
vol. 72, pp. 315-323. 

? Head, Department of Structural Engineering, Cornell Univer- 
sity, Ithaca, N.Y. 

* Reference (1) of paper. 


i 
} 
4 
4 = 
le 
4 
4 
¢ 


118 


sure, this is only one feature entering the problem, and it is in no 
way denied that the plastic analysis gives more realistic informa- 
tion on the actual strength of the structure than current elastic 
methods, provided assumptions are reasonably satisfied. How- 
ever, based upon the evidence of the present paper, it seems appro- 
priate to contradict this frequently made claim of extreme sim- 
plicity, a claim which is bound to appeal to many designers. 

The application of this method to indeterminate trusses stands 
or falls depending upon whether or not the behavior depicted in 
Fig. 1 of the papercan be expected of all members of the truss. As 
to mild-steel tension members, there is little doubt that this 
assumed behavior is a rather close approximation of actual per- 
formance. In the Appendix justified doubt is expressed as to its 
applicability to compression members. The authors’ term 
“vield force,” as referred to compression members, seems some- 
what ambiguous since in the accepted sense it would mean the 
capacity of the member if the unit stress equals the yield point. 
For compression members, of course, the extreme value —Y,’ to 
be used in such determinations is the critical buckling load rather 
than the vield-stress load. The question then becomes that of 
determining whether a compression member subject to its critical 
load can maintain this load with increasing deformation over a 
sufficient range so that its behavior can be regarded as approach- 
ing that of Fig. 1. 

For very slender compression members (with large L/r or, more 
precisely, when the critical stress is a small fraction of the yield 
stress) there is little doubt that the answer is affirmative. Such 
members approach the behavior of Eulerian elasticas, that is, 
they maintain a practically constant critical load over a rather 
large range of deformation. For ideal elastica the load would 
eventually increase, while for ordinary structural truss members 
the slenderness is hardly ever large enough for this to occur so 
that, at very large deformations, the load drops off eventually. 
Unfortunately, such large slenderness ratios rarely occur in engi- 
neering structures. In fact, members with such high L/r-ratios 
are generally uneconomical since their useful strength, as deter- 
mined by the critical stress, is far below the strength ef the ma- 
terial as given by the yield stress. te 

It is for this reason that in most trusses the slenderness of the 
compression members is in an intermediate range such that their 
elastic critieal stress (i.e., computed on the basis of constant 
Young's modulus), is of the general order of the yield point. The 
real critical stress for such members is that defined by the tangent 
modulus, as was shown by Shanley 

The load-deformation relation of compression members in this 
slenderness range has been investigated rather extensively, by 
von Karman, Chwalla, Jezek, and others, both for idealized 
stress-strain diagrams of the type of Fig. 1, and for real materials 
with strain hardening. In a recent doctoral thesis at Cornell 
University, Miss A. Y. Lee analyzed the case for a material with 
the characteristics of the authors’ Fig. 7. All these investigations 
(including those which account for strain hardening) show that 
after the maximum load is reached with relatively small deforma- 
tion, the load begins immediately to decrease with increasing de- 
formation in a manner that does not exhibit any sizable range of 
constant load.‘ Few tests are known to the writer which deal 
with this feature, but those that have come to his attention con- 
firm the stated behavior.* In addition, most of these analyses 
are carried out with such rigor as to leave little doubt as to their 
reliability 

*See, for example, “Theory of Plastic Stability,” by 8. Timo- 
shenko, McGraw-Hill Book Company, Inc., New York, N. Y., 1936, 
Figs. 38 and 39. The deformations plotted there are lateral deflections 
which can easily be translated into axial shortening in an approximate 
way by assuming the deflection curve to be a sine wave. 


* See, for example, “Theory of Limit Design,” by J. A. Van den 
Broek, John Wiley & Sons, Inc., New York, N. Y., 1948, p. 85. 
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It must be said, therefore, that except for the rather unusual! 
case of trusses all of whose compression members have very large 
slenderness ratios, the assumptions in Fig. 1 will not be satisfied 
by practical trusses containing compression members. For this 
reason the writer believes that the principles of plastic analysis 
are of little value for the design of statically indeterminate truss 
structures and that attention more advantageously may be con- 
centrated on structures primarily subject to flexure, such as con- 
tinuous beams and rigid frames. 


T. M. Cuartton.* The writer is particularly interested in the 
section of the paper which deals with theorems for the “Elastic- 
Plastic Analysis of Structures.” The Haar-Kaérmén principle 
seems to be identical with Engesser’s principle of stationary com- 
plementary energy for the particular type of problem under con- 
sideration (although the latter is more general). The authors 
will, no doubt, recall that the complementary energy principle is 
restricted to systems of such a type that the principle of super- 
position is applicable to the displaced form over the working 
range. This is due to the basis of the principle being the princi- 
ple of virtual work for finite displacements. The writer would be 
glad to have the authors’ comments concerning this identity, and 
also upon the suitability of the complementary energy method 
for the elastic-plastic analysis of structures. Incidentally, it 
seems to the writer that the complementary energy principle is in 
fact based upon “conservation” of complementary energy. 

Have the authors any knowledge of the practical effect of 
assuming the idealized force-extension diagram shown in Fig. 1 of 
the paper, and which is commonly employed in elastic-plastic 
analysis? 

Such a discontinuous curve makes the application of the prin- 
ciple of stationary potential energy (which insures equilibrium) 
to this kind of problem extremely difficult. (Since energy is, in 
one sense, a mathematical concept, the application of this princi- 
ple is valid in the nonconservative plastic range provided that a 
given static loading system is applied only.) If the necessary 
characteristics could be expres ed by a continuous function, it 
seems as though some analytical simplification would be afforded. 


Avrtuors’ CLOSURE 


The authors are in complete agreement with Professor Winter's 
remark to the effect that shakedown analysis does not possess the 
extreme simplicity of limit analysis but is, in fact, more compli- 
cated than purely elastic analysis. On the other hand, it furnishes 
more realistic information than do analyses based on the assump- 
tion either of proportional loading or of purely elastic behavior. 
As regards the geometric discussion of the problem in n-dimen- 
sional space, the authors did not suggest this as a method to be 
adopted in practical structural analysis. However, the geometric 
approach has proved valuable in so far as it suggested a number of 
results which could then be proved analytically. Finally, the 
authors agree with Professor Winter’s remarks concerning the 
difficulties created by the presence of compression members, and 
are grateful to him for supplementing the brief discussion in the 
paper. They would emphasize again that the “‘truss’’ discussed in 
the paper is to be considered as a simple model of a structure with 
well-defined elastic-plastic behavior, rather than a physical truss 
with members exhibiting real elastic-plastic properties. The 
theorems obtained for this simple model can be translated into 
terms appropriate to other structures such as rigid frames and to 
continuous media. 

The most useful applications of the shakedown theorem are to 
continuous beams and rigid frames (1,2).7 Methods have now been 


* Merz and McLellan, Carliol House, Newcastle upon Tyne, England 
7 Numbers in parentheses refer to References at end of this closure. 
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developed for the numerical solution of the shakedown problem 
for general framed structures (1, 2). These are based on a form 
of the shakedown theorem applicable especially to rigid frames 
(3); the physical interpretation of the shakedown theorem is 
particularly interesting (4). Although the methods described re- 
quire an elastic analysis as a preliminary step, the shakedown 
analysis proper can be made quite speedily as compared with the 
elastic analysis. The fact remains that the need for an elastic 
analysis not only makes the solution more laborious than the 
limit analysis appropriate to proportional loading, but effectively 
eliminates the possibility of adapting the shakedown theorems to 
direct design. The simplicity of limit analysis is one of its most 
attractive features, since this greatly facilitates the proportioning 
of a structure for minimum weight. It is therefore a matter of 
practical interest to investigate how much lower are the load 
limits set by the shakedown analysis than are those set by the most 
dangerous combination of loads, supposing these are applied in 
fixed ratios. A number of portal framestype structures have been 
analyzed, and the results obtained so far indicate that the safe 
load using the shakedown criterion is rarely more than about 20 
per cent less than that calculated on the limit load basis. It is to 
be hoped, therefore, that the greater simplicity of the limit-load 
method of design can be taken advantage of in most practical 
cases, With a shakedown analysis required only as a final check in 
cases of structures subjected to especially severe conditions of 
variable loading. 

Concerning the identity between the Haar-K4érman principle 
and Engesser’s principle of minimum complementary energy, sug- 
gested by Mr. Chariten, the authors agree that the Haar-Karman 
principle is, in fact, the form of Engesser’s more general theorem 
which is appropriate to trusses consisting of ideal elastic-plastic 
members when the program of loading is such as to exclude tem- 
porary unloading of individual members. This restriction is 
much more severe than might appear at first glance, because even 
under proportional loading of a truss, temporary unloading can 
occur in some of its members. Despite the limitations of the 
theorem, useful applications of it can be made to simple struc- 
tures. Great caution must be exercised, however, concerning the 
application of the principle to stress analysis in an elastic-plastic 
continuum or in a structure other than a simple truss or rigid 
frame. It was from such an unjustified application that H. 
Hencky (5) derived the first stress-strain relations of the ‘‘defor- 
mation type.” Recent discussion of these stress-strain relations 
has shown that they are acceptable only in exceptional cireum- 
stances (6). 

The practical effect of assuming the idealized force-extension 
diagram for trusses has been discussed by Chwalla (7), among 
others. Finally, stress-strain relations representing a continuous 
transition trom the elastic to the plastic state have been con- 
sidered by W. Prager (8) in the hope of simplifying the stress 
analysis in the plastic range. Unfortunately, this hope did not 
prove to be justified. 
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Critical Load of Columns of 
Varying Cross Section’ 


k. D’'Arrovonta.?. By means of the Laplace transform, the 
author has developed an interesting procedure for the determina- 
tion of the critical load of columns of varying cross section. 
However, as the author points out, for columns with four or more 
varying sections, the numerical solution for the critical load be- 
comes tedious and long. Mention is made of the fact that a 
numerical method of tabular computation would be preferable for 
cases where n>4. It seems to the writer that a numerical method 
would be preferable even for the cases when n<4. The prob- 
lems solved by the author involve only simple transcendental 
equations. For the cases dealing with unequal lengths of vary- 
ing cross section, the transcendental equations obviously are 
more involved and, consequently, the solutions more tedious. 

A numerical procedure and tabular scheme presented by N. M. 
Newmark? enables one to carry out a solution for the type of 
column problems under discussion in a simple direct manner. 
For example, the results of a numerical solution for column No. 1, 


TABLE 1 CRITICAL LOAD FOR COLUMN NO. 1, FIG. 2 OF PAPER 


Segments 


Fig. 2 of the paper, are given in Table 1. The values are the 
results of two trials, where in the first trial the assumed shape 
of the defiected column was taken as a sine curve. Further, it 
can be seen that for such simple pro lems, exceedingly good results 
ean be obtained even with few subdivisions of the span length. 
For example, considering only two points on the column, or for 
dX = 1/3, the computed critical load differed by only 3.2 per cent 
of that given by the author 


Fie. 1 


To indicate the simplicity of the numerical technique, the criti- 
cal load for the five-section column shown in Fig. 1 of this discus- 


1 By W. T. Thomson, published in the June, 1950, issue of the 
Jovurnat or Appisep Mecuanics, Trans. ASME, vol. 72, pp. 132 
134. 

? Assistant Professor of Civil Engineering, Carnegie Institute of 
Technology, Pittsburgh, Pa. 

* “Numerical Procedure for Computing Deflections, Moments, and 
Buckling Loads,”’ by N. M. Newmark, Trans. American Society of 
Civil Engineers, vol. 100, 1943, pp. 1161-1234. 
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sion was determined. For purposes of computation, the column 
length was divided into 10 equal segments. As a first trial, a 
sine-curve distribution was assumed for the column deflection and 
the critical load given by Equation [1] is the result of the second 
trial 


EI, 


Per = 21.3 


The Flow and Fracture of a 
Brittle Material’ 


I. Connet* ano R. C. Grassi. The author is to be congratu- 
lated on the valuable contribution he bas made to the study of 
tlow and fracture. The experimental measurement of the three 
principal strains independently, which he has achieved by his 
excellent experimental] design and technique, and the demonstra- 
tion that the assumption of incompressibility of plastic deforma- 
tion is clearly violated in all the specimens in which a complete 
strain study was made, will no doubt have far-reaching effects on 
future studies of flow and fracture. The extension of data to the 
compression-compression quadrant and the strain data themselves 
are noteworthy contributions. The data of this paper will surely 
provide a basis for future analyses and further contributions to 
knowledge. 

Materials of very limited ductility offer certain advantages in 
studying fracture laws. The virtual elimination of necking per- 
mits greater assurance in determining the state of stress at frac- 
ture; it also reduces strain-hardening effects. Brittle materials, 
such as cast iron, do present problems owing to stress concentra- 
tions and residua' stresses attributed to microcracks or the pres- 
ence of a second phase. Also, materials which are brittle in ten- 
sion may exhibit appreciable ductility in compression or under 
combined stresses. In general, however, the characteristics of 
low-ductility materials will make them valuable subjects for the 
study of fracture laws, and the present study indicates that the 
sume characteristics will make them useful for studies of flow, but 
careful measurement of small strains will be required. 

In 1948, Grassi and Cornet‘ noted that “cast iron could be con- 
sidered as a material composed of a matrix of carbon steel with 
interspersed graphite.’’ They postulated that “under compara- 
tively low tensile stresses, the graphite Jakes would give rise to 
sharp notches which grow to cause brittle failure.” It is gratify- 
ing that within so short a time, this model has been given quanti- 
tative formulation and that it is soon to be presented by J. C. 
Fischer. 

It is interesting to compare the data for the tension-compres- 
sion regions (Fig. 5, Coffin’s paper;' Fig. 3, paper of Grassi and 
Cornet,‘ reproduced in Fig. 1 of this discussion). The agreement 
is excellent. We hope that the author will be able to add to his 
data for the tension-compression quadrant, and particularly for 
ratios of axial to tangential stress from —2.7 to —@ in which it 
was noted' that appreciable deformation existed. It is under- 
stood that such data are difficult to obtain where local ductility 
or bulging occurs. From the data, it would appear that the 
actual stresses at fracture lie along a vertical line for ratios of 


1 By L. F. Coffin, Jr., published in the September, 1950, issue of the 
Journat or Appirep Mecuanics, Trans. ASME, vol. 72, pp. 233- 
248. 
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«Fracture of Gray-Cast-Iron Tubes Under Biaxial Stresses,” by 
R. C. Grassi and I. Cornet, Jocrnat or Appiiep Mecuanics, Trans. 
ASME, vol. 71, 1949, pp. 178-182. 
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Gray Cast Iron‘ 


axial to tangential stress ranging from 0 to —1.0, and from there 
to the state of pure compressive stress, the actual fracture stresses 
are not on a straight line. 

Strains for states of stress in tension-tension and part of the 
tension-compression quadrant are small, less than 1 per cent, 
and the nominal stress is approximately equal to the true stress. 
This is in agreement with the earlier study noted.* 

In his last conelusion, the author points out that during un- 
loading from plastic compression, the geometry of the crack shape 
is changed, and there is an opening of cracks parallel to the stress 
direction. From this, it may be expected that a bar of cast iron 
which has been subjected to plastic compression would exhibit 
changes in notch-bar impact or transverse bend tests. Are there 
any data on such tests? 
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C. W. MacGrecor.* It is a great deal of satisfaction to the 
writer that this particular research project on the behavior of a 
brittle materia] under the action of combined stresses, conducted 
in our laboratories, has reached the stage where the results could 
be published. The writer has long felt the need for such work 
since it became quite obvious to him many years ago that the 
commonly accepted laws of plastic flow could not be applied at 
all to a brittle material. This was made clear when attempts 
were made a long time ago to construct an effective stress-effec- 
tive strain curve for cast iron, based upon a few simple combined 
stress tests. The author’s tests have further emphasized this 
and they go a long way toward clearing up the problem. Much 
further work needs to be done, however, and additional experi- 
mental projects along this line are now under way in our labora- 
tories. 

In connection with the interpretation of the results of the pres- 
ent tests, the author has assumed the presence of a residual stress 
@o (due to the difference in thermal coefficients of expansion of the 
graphite and the iron during solidification) and a stress-concen- 
tration factor k, due to the graphite plates. The same values of 
go, and k are assumed to operate during the entire flow process up 
to and including fracture. In a notched tensile bar of a homo- 
geneous and isotropic metal which is subjected to an axial lgad, 
two effects are generally present, namely (1) constraint (due to 
the local combined stress system), and (2) stress concentration. 
In addition, residual stresses may be present due to some cause. 
It is commonly accepted that as plastic flow sets in, this serves to 
reduce or eliminate entirely both the original stress concentration 
and the original residual-stress system. Indeed, it has been 
shown that residual stresses do not affect material properties if 
flow can take place. 

Consequently, the writer wonders if the tests results cannot be 
interpreted completely from a consideration of the constraint 
effects of the notches produced by the graphite flakes rather than 
by considering a constant stress-concentration factor and a con- 
stant residual-stress system as maintaining throughout the flow 
process. Since very appreciable plastic flow occurs as evidenced 
by the author's test results, it would appear that the constraint 
effect of the notches (brought about by the local combined stress 
system at the notch) is probably the only one left. 


E. B. Suanp.* The analytical methods developed by the 
author to determine the effects of combined stresses on cast iron 
appear to correlate well with experimental results. Thesé meth- 
ods should preve valuable in such stress problems. The question 
raised in this discussion is whether a material such as cast iron 
ean be considered representative of brittle bodies in general, and 
specifically of what might be expected in the case of a vitreous 
material such as glass, which is perhaps our nearest approach to 
an ideal brittle body. 

As noted by Bridgman,’ a brittle material is one which frac- 
tures without previous plastic deformation. The author’s data 
show conclusively that cast iron exhibits a very definite plastic 
flow before rupture occurs, so that cast iron cannot be regarded as 
a true brittle body. In the case of glass, fine fibers broken in ten- 
sion under stresses of the order of 1,000,000 psi show no percepti- 


5 Professor of Applied ee Head, Materials Division, De- 
partment of Mech ing, Massachusetts Institute of 
Technology, Cambridge, Rg Mem. ASME. 

* Staff Sales Engineer, Corning Glass Works, Corning, N. Y. 
Mem. ASME. 

7“The Effect of Hydrostatic Pressure on the Fracture of Brittle 
Substances,” by P. W. Bridgman, Journal of Applied Physica, vol. 
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“Effect of Hydrostatic Pressure on Plasticity and Strength,” by 
P. W. Bridgman, Research, London, England, vol. 2, December, 1949, 
p. 550. 
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ble indications of necking-in or other deformation, and the frac- 
ture origin is in a plane normal to the stress axis. This general 
characteristic of failure in tension is also shown by the tests of 
Bridgman,’ as well as Gurney and Rowe* made on glass rods under 
combined stresses. In the case of Bridgman’s tests, some speci- 
mens showed multiple fractures which divided the test rods into 
laminar disks. 

The author has used the shear-energy theorem as a criterion of 
the critica] stress in cast iron, modified to take into consideration 
the stress concentrations resulting from the presence of graphite 
flakes. This criterion may also apply to truly brittle bodies of 
crystalline structure, which fail as a result of a shear stress across 
a plane through the crystal lattice. There are, however, reasons 
to believe that they do not apply to amorphous bodies such as 
glass which have no lattice structure and fail in tension rather 
than in shear. For such bodies, the breaking stress under simpler 
conditions of loading is identified most closely with the maximum 
principal tensile stress, although other components undoubtedly 
have modifying effects as surmised by Bridgman’ and indicated 
analytically by Griffiths* and Orowan.'"® Orowan has developed 
a criterion of failure for isotropic brittle materials under biaxial 
stress similiar to but not identical with that of Coffin. 

Gurney and Rowe! found that the average tensile component of 
breaking stress differed very little regardless of whether the tests 
were made in simple bending of rods, or in tension with high radial 
components of compression. Bridgman’s results are somewhat 
more difficult to evaluate, because they represent unique tests 
(tests on a single specimen), and also because the wide differences 
in the superposed tensile stresses result largely from differences in 
test techniques. A similar range of results can be obtained from 
simple bending tests on glass rods by varying the test techniques, 
particularly with respect to the preparation of the specimens. 

It is characteristic of fracture in glass that failure originates at 
the surface, either in some flaw which is inherent in the material 
(Griffiths flaw), or resulting from accidental injury. The magni- 
tudes of such flaws vary greatly so that the range of breaking 
stresses resulting from tests on a series of similar specimens will 
be quite broad—often from 2:1 or even 3:1—so that the strength 
of the glass is reduced to a matter of probability. This effect is 
characteristic of a truly brittle body, because there is no plastic 
flow before failure to relieve the high stress concentrations at the 
inner extremities of the flaws. The stress-concentration factors 
of accidental flaws in glass may reach values of the order of several 
hundred as noted by the author. This effect of very high stress- 
concentration factors in reducing the useful strength of the ma- 
terial can be compared with the effect of dislocations in the lattice 
of crystalline materials which permits flow under stresses; which 
represent only an extremely small fraction of the theoretical shear 
strength of the material. 

The foregoing discussion is intended to point out that wide dif- 
ferences exist in the mechanism of failure among bodies ordinarily 
classified as “brittle,” and that the conclusions derived from the 
study of one of these may not be valid for another brittle body of 
widely different characteristics. 


CLosuRE 


The author wishes to thank Professors Cornet, Grassi, and 
MacGregor, and Mr. Shand for their most stimulating discussions 


* “Fracture of Glass Rods in Bending and Under Radial Pressure,” 
by C. Gurney and P. W. Rowe. Royal Aircraft Establishment Re- 
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* “The Theory of Rupture,”” by A. A. Griffitha, Proceedings of the 
First International Congress for Applied Mechanics, Delft, Holland, 
1924. part 1, p. 55 

1 “Fracture and Strength of Solids,” by E. Orowan, The Physical 
Society, London, Reports on Progress in Physics, vol. 12, 1948, 1949 
p. 185. 
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to this paper. They have brought forth several interesting 
points which should help considerably to clarify the problem. 

Referring to the discussion of Professors Cornet and Grassi, the 
author is grateful for their kind remarks concerning the experi- 
mental aspects of this investigation. It is felt that brittle 
materials wil] play an ever-increasing role in our technology, and 
it is hoped that experimental techniques similar to those used in 
the present work on cast iron will have an important bearing on the 
understanding of these materials. The author is in complete 
agreement with the writers concerning the experimental advan- 
tages of using brittle substances in the study of fracture laws. 
The development of reliable strain-measuring devices, such as the 
resistance-wire strain gage, have rendered the brittle material into 
an extremely fruitful substance for future research. Investiga- 
tions into fracture of ductile materials under combined stresses 
might well be undertaken from this point of view where brittle- 
ness may be brought about by low temperature, heat-treatment, 
or some prior cold-working operation. 

The author has not performed any tests on changes in notch 
sensitivity in cast iron produced by prior deformation, and this 
might prove to be an interesting and worth-while investigation. It 
is to be noted, as pointed out in the paper, that prior compression 
substantially improved the ductility in tension for a single test, 
but this was not explored further. 

In reply to the remarks of Professor MacGregor, the author 
would like to point out that, as applied in the paper, the stress- 
concentration factor of k = 3 is indeed a constraint effect. By 
the mechanism described, as load is applied, very high local 
stresses at the edges of the graphite plates are relieved by plastic 
flow without gross plastic flow occurring in the steel matrix. The 
stress-concentration factor can be calculated when the general 
state of stress throughout the matrix has reached the level of ex- 
tending the plastic flow completely across the section between 
adjacent plates. The mechanism is much the same as that of 
a bar in tension with deep sharp edge notches, or the truncated- 
wedge problem of Prandtl where the wedge angle is 180 deg. 
Here, for complete yielding at the notch cross section or the 
wedge face, the normal stress is ¢ = o) (1 + 2/2) where a» is the 
vield stress of the matrix material in simple tension. The use of 
k = 3.0 rather than k = 2.57 is introduced for simplicity and 
for better experimental fit. 

Without question, the residual stress developed by the graphite 
flakes through the mismatch in thermal expansions of the 
graphite and steel would be relieved if ecnsiderable plastic flow 
occurred. However, as the plastic strains at fracture in the ten- 
sion-tension region and portions of the tension-compression region 
are the same order of magnitude as the elastic strains at fracture 
(see Fig. 23 of the paper), the residual stress developed by the 
flakes cannot be excluded. To simplify the picture, these stresses 
are considered to be constant. 

Mr. Shand has presented an interesting summary of the work 
on fracture in glass. It should be pointed out that the flow and 
fracture mechanism described in the paper was intended only for 
crystalline materials and would have little significance in glass. 
Owing to the extreme viscosity at room temperature, viscous flow 
(which is the only mechanism of permanent deformation available 
to glass), proceeds at such low rates that for normal rates of test- 
ing the substance acts in a completely brittle way. Under these 
cireumstances, the stress concentrations caused by flaws com- 
pletely dominate the fracture picture, and effects of combined 
stress are negligible. It is interesting to speculate whether the 
fracture picture is comparable to crystalline structures when load- 
ing rates on glass under combined stress are of the same order of 
magnitude as the viscous rate of flow for glass at room tempera- 


ture. This might be investigated at some elevated temperature 
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where the rates involved are reasonable. The author is not aware 
that any such work has ever been done, however. 


Torsion of Noncylindrical Shafts 
of Circular Cross Section’ 


H. Poritsxy.? It is gratifying to see the appearance of further 
examples of solutions of stress problems which can be determined 
with relatively little analytical complication. 

The authors are probably aware of the fact that in addition to 
the formulation of stress problems in shafts of circular symmetry 
in terms of the angular displacement €, these problems may also 
be formulated in terms of a stress function ¥. These two func- 
tions are related to each other by means of the following equa- 
tions® 


, Oc 


oz Or 


When the stress function is used the boundary conditions are 
considerably simplified by being replaced merely by the condi- 
tion Y = const over the portion of the boundary which is free 
from stress. Thus the numerical evaluation of certain integrals 
involving Bessel functions could be eliminated. 

The authors may be interested in a paper by the writer* which 
includes examples involving superposition of product solutions 
along the line contemplated by the authors, particularly toward 
the case of an increase of shaft radius. Of general interest also 
is a powerful method utilizing a definite integral formulation of 
solutions, involving an arbitrary analytic function of a complex 
variable. 


AvutHors’ CLosure 


© The authors regret not having quoted Love's solution by 
a stress function. It appears only in the fourth edition, which 
was the reason that we forgot about it. However, it does not 
make our solution superfluous, since our solution leads to different 
classes of the shape of the generatrix. 

The difference in numerical work seems not so great as Dr. 
Poritsky thinks, if one compares the one-term solutions of both 
methods, as follows 


1 


The authors = Z = — f 


Apparently the two results are not reducible to each other and 
lead two different shapes. 

After completing our paper we worked at another method of 
solution by transformation of the differential equation of the 
boundary condition to an exact equation. This was also men- 


' By H. J. Reissner and G. J. Wennage!l, published in the September, 
1950, issue of the JournaL or Apptiep Mecuantcs, Trans. ASME, 
vol. 72, pp. 275-282. 
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Symposium for Applied Mathematics of the American Mathematical 
Society. 

5 Reference (5) of the paper, p. 275. 
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tioned in the discussion after presentation. The development 
showed that this method contains Love's solution, but leads to 
some more general solutions, as we hope to show in the continua- 
tion of our paper. 


BOOK REVIEWS 


123 


We are certainly interested in the manuscript of Dr. Poritsky’s 


paper, which came to our knowledge as late as at the day of the 
presentation of our paper. 


It is written at a high mathematical 
level and might lead to other new results. 


Gas Turbines With Constant- 
Pressure Combustion 


GASTURBINEN MIT GLEICHDRUCKVERBRENNUNG. By Rudolf Fried- 
rich. Publisher, G. Braun, Karlsrue, Baden, Germany, 1949. 
Cloth, 6 X 8'/s in, 144 pp., 120 illustrations, 5 tables, index, 
bibliography, cardboard cover 8.80 Dm, cloth 10.80 Dm. 


Reviewep By Eau! 


HIS small book is the first of a series of volumes on turbo 

machines planned to be brought out by the publisher. The 
series is to cover water turbines, steam turbines, gas turbines, 
wind turbines, centrifugal pumps, blowers and compressors, ship 
screws, air screws, and hydraulic transmissions, 

The present volume is a concise and well co-ordinated intro- 
duction to the field of gas turbines. It is obviously addressed 
primarily to engineering students of the undergraduate level and 
will also be useful to professional engineers of other fields who 
wish to get a general picture of the most important ideas and 
problems involved in the development of gas turbines. 

The essential features of the basic working cycles are first dis- 
cussed, requiring some knowledge of thermodynamics of a per- 
fect gas. The principal elements, i.e., compressor, combustor, 
turbine, and heat exchanger, are then treated individually 
whereby the salient points of operating characteristics and de- 
sign are described in a qualitative manner. 

A rather primitive chapter on high-temperature materials 
follows. About half of the book is devoted to descriptions of 
representative gas-turbine designs whereby the continental de- 
velopments, especially those of the Swiss firms, are given pre- 
dominance, 


ry 
Gas-Turbine Cycles 
TuerMopyNamique pe LA Tursine A Gaz. (Actualités Scientifiques 
et Industrielles 1072.) By P. Chambadal, preface by C. Monteil 
Hermann et Cie, Editeurs, Paris, France, 1949. Paper, 6'/: 
10 in., diagrams, charts, tables, 315 pp., 1700 fr. 


Reviewep sy P, F. Marrmuzzi? 


HIS work deals almost exclusively with the thermodynamic 

aspect of several gas-turbine and compounded cycles. No 
description or discussion of machines or components is given. 
Even subjects lending themselves to theoretical treatment, such 
as gas dynamics applied to compressors and turbines or heat 
transmission in heat exchangers are either omitted or mentioned 
incidentally. 
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Chapter 1 deals with the general aspects of the cycle. Chapters 
2 and 3 discuss in detail the efficiency of a gas turbine; the ques- 


tion of the reheat coefficient is treated very thoroughly. Chap- 
ter 4 deals with air compression with or without intercooling; 
the theoretically best intercooling conditions are discussed. 
Chapter 5 covers the simple cycle without heat exchange or re- 
heat, chapter 6 the cycle with reheat, chapter 7 the cvcle with heat 
exchange, and chapter 8 the cycle with heat exchange and re- 
heat. 

Chapters 9 and 10 deal with low-pressure cycles, that is, those in 
which the turbine works between atmospheric pressure and a 
vacuum provided by a compressor exhausting in the atmosphere, 
the fluid being cooled between turbines and compressor. Chapter 
11 briefly compares the open, closed, and semiclosed cycles, 
without discussing the engineering factors which might direct the 
choice to one of them. Chapter 12 deals with gas-turbine cycles 
compounded with Diesel, free-piston and steam cycles, and 
chapter 13 with gas-turbine cycles compounded with refrigeration 
or heating; these two chapters are rather sketchy considering the 
importance of these compounded cycles and the wealth of infor- 
mation that can be obtained on them by thermodynamics 
alone. 

The book, particularly the first eight chapters, is the work of an 
intelligent man who has thought deeply about his subjéct; many 
remarks and viewpoints are original and interesting. Unfortu- 
nately, the author has considered efficiency the sole standard of 
merit in a cycle; no weight has been given to work done per 
pound of fluid. The conclusions reached in this way are lop- 
sided; the work per pound of fluid determines the size and 
cost of the machine and is just as important as maximum ef- 
ficiency. It is, for instance, often better to choose compression 
ratios for maximum work rather than for maximum efficiency; 
the more so as maximum work is obtained at lower compression 
ratios than maximum efficiency, with consequent gain in weight 
and cost and with an increase in component efficiencies which, 
in practice, entails a greater thermal efficiency. If the author 
had considered the work per pound of fluid, he probably would not 
have given so much space to the low-pressure cycles. 

The work is essentially theoretical in character; its chief merit 
is to stimulate thought on thermodynamic cycles. It is, therefore, 
a pleasant surprise to find an excellent large-scale enthalpy-entropy 
chart and an explanation for its use in an appendix. The chart is 
printed in two colors, with the constant volume lines in red; it is 
referred to 1 kilogram-molecule of air or combustion gas, a special 
scale being provided to correct the enthalpy and temperature 
values according to the air-fuel ratio. This chart is very similar 
in principle to the excellent Lutz and Wolf charts that could be 
obtained in Germany before the war; it covers pressures from 
0, 1 to 100 atmospheres, and temperatures from 0 C to 950 C. 
Unfortunately 0 C is too high for aircraft turbine work. But on 
the whole this chart is extremely useful; it would be nice if the 
publisher were to sell it separately. 
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Stability Problems of Elastostatics 


ST, BILiT\TSPROBLEME DER By A. Pfldger. Springer- 
Verlag, Berlin, Géttingen. Heidelberg, Germany. 1950. Cloth, 
9*/,in., 389 figx.. 76 graphs, references, index, viii and 339 
pp.. Dm 34.50. 


Reviewep sy A. L. 


"THE author states in the preface that in the last ten to fifteen 

years the stability problem in engineering construction and 
machine design has developed into a special branch of statics and 
theory of elasticity which has reached a certain maturity in the 
mathematical treatment of such questions. In his opinion some 
of these stability problems can be considered as a special branch of 
the theory of finite elastic strains; attention being devoted not 
only to a determination of the critical loads but also to the second- 
order terms in the expressions of the strains in the distorted shapes 
of the bodies beyond the critical range. The critical buckling 
loads are also computed by means of the energy method under 
reference to investigations by K. Marguerre and by R. Kappus. 
In an introductory chapter the instability of the equilibrium of 
two elastic bars, hinged together at a flat obtuse angle, which may 
siap beyond the line connecting their outer-end points under a 
certain transversal load applied at the center joint, serves the au- 
thor as an example in which instability is reached after a succes- 
sion of similar states of equilibrium. This is contrasted with the 
known case of the buckling of a straight beam under a compres- 
sion force representing the other prototype of instability. namely, 
the case when under an increasing load, at a certain load, a new 
state of equilibrium (in a bent form of the bar) becomes possible 
and a new solution develops from the one which was originally 
considered. | 

A major part of the book deals with the derivation of expres- 
sions for the components of strains and stresses in which second- 
order terms are included in spite of the fact that the lateral de- 
flections of bars and of flat plates after buckling are considered to 
remain infinitesimal. The corresponding expressions for the 
strain energy are developed and the first and second variations of 
it computed. Elaborate new ways are Also considered of intro- 
ducing certain unusual types of components of strain and of stress, 
particularly for states of plane stress, in which account is taken 
of the infinitesimal differences between the abscissas, measuring 
the position of a point on the axis of bars, or on the middle plane 
of plates, in the direction of the axis or mi \ le plane, in the dis- 
torted and in the unstrained original condition of bodies and of 
the changes in length of the arc elements of the elastic lines 
or elastic surfaces which are hereby caused. This may make the 
book difficult reading for American engineers not familiar with 
this way of dealing with finite strains. This reviewer believes 
that the second-order correction terms required could have been 
derived in a much simpler and in « clearer way from the general 
theory of finite homogeneous strains. 

The value of the book is greatly enhanced, however, by a valua- 
ble appendix of 86 pages containing a unique, detailed collection 
of formulas for the buckling of straight columns under various 
conditions of loading and support of curved beams, of frames, of 
flat, rectangular, and circular plates, and of cylindrical shells. 
Many diagrams are also included representing buckling forces in 
their dependency on slenderness ratios, on ratios of width to height 
in rectangular plates, etc. Inelastic buckling has been only very 
briefly treated; recent American work on this subject has appar- 
eutly not as yet become known in Germany. 


3 Consulting Mechanical Engineer, Westinghouse Research Lab- 
oratories, East Pittsburgh, Pa. Mem. ASME 


MARCH, 1951 


The Properties of Metallic Materials 
at Low Temperatures 


Tue Prorerries or Metatiic Matertacs at Low Temperatures. 
By P. Litherland Teed. Vol. I. (A Series of Monographs on 
Metallic Materials published under the authority of The Royal 
Aeronautical Society.) John Wiley & Sons, Inc., New York, 
N. Y., 1950. Cloth, 5'/: X 8'/: in., viii and 222 pp., 8 figs., 
tables, subject index, $3.50. 

Reviewep By L. R. Jackson* 


THs work contains ten chapters: (1) Introductory Chapter, 

5 pages; (2) General Relations Between Low Temperatures 
and Mechanical Properties, 9 pages; (3) Aluminum Alloys, 33 
pages; (4) Ferrous Alloys, 40 pages; (5) Notehed-Bar Tests and 
Welds, 28 pages; (6) Alloy Steels, 29 pages; (7) Magnesium 
Alloys, 17 pages; (8) Copper and Copper Alloys, 26 pages; (9) 
Nickel, Zine, Tin, and Lead, and Their Alloys, 16 pages; and (10) 
Conclusion, 3 pages. 

The book is mainly concerned with the presentation of tables 
of experimental data describing mechanical properties of metallic 
materials at low temperatures. There are 45 major numbered 
tables and numerous minor unnumbered tables in the text. In 
general, the author has avoided the temptation to discuss possible 
relations between low-temperature properties and structure of 
alloys. For example, there is very little discussion of the effect 
of metallographic structure on the notched-bar performance of 
alloy steels. “Slack quenching’”’ is not discussed and low- 
temperature toughness is related primarily to composition. 

The book should be useful in providing a design engineer with 
selected examples of the low-temperature behavior of a wide 
variety of metals and alloys. 

A detailed and well-organized index makes the contents of the 
book easily accessible. 


Process Heat Transfer 


Process Heat Transrer. By Donald Q. Kern. McGraw-Hill 
Book Company, Ine., New York, N. Y., 1950. Cloth, 6 X 9 in., xii 
and 871 pp., tables, illus., author and subject indexes, $8. 


REVIEWED BY Newman A. Hau 


N THE consideration of the engineering field of heat transfer, 
any author is confronted with the competitive demands of a 
comprehensive treatment of fundamental analytical methods and 
the great diversity of specific applications. It appears to be well 
established by the content of technical literature that even an 
extensive statement of fundamentals in this case is not sufficient 
to serve as a guide for many applied problems. 

This situation causes continual dissatisfaction with many treat- 
ments of heat transfer, and with constant shifting of applied 
emphasis and refinement of treatments of special problems even 
the best sources tend to become obsolete. While the basic prin- 
ciples of convection, conduction, and radiation are well estab- 
lished and may be simply stated, there has been extensive develop- 
ment in their application in recent years. Among the more 
rapidly expanding engineering fields, that of process operation has 
depended as much as any upon an adequate understanding of heat 
transfer. 

The present work is concerned primarily with the needs of this 
field of process engineering. Accordingly, the major emphasis is 
on specific problems in a number of general types of heat-transfer 
systems. The approach to each problem is well developed from 
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fundamentals and illustrates in detail the analysis of the system 
under consideration. 

The first five chapters outline the basic concepts of heat trans- 
fer, the principles of conduction, convection, and radiation, and 
the general position of temperature and its measurement. It is 
not intended by the author that this outline be theoretically com- 
prehensive, but merely sufficient to introduce the applications to 
follow. 

The following nine chapters are concerned with the major heat- 
transfer systems and processes. The analysis of the more impor- 
tant heat-exchanger configurations together with condensation 
and evaporation phenomena is illustrated with a number of ex- 
amples worked out in full detail. 

The remaining seven chapters are concerned with several heat- 
transfer devices and certain general related items. In particular. 
the treatment of cooling towers is unusually comprehensive. The 
analysis of batch and nonsteady process operation is considered. 
The final chapter discusses the control of operating states in 
process heat transfer. 

The text is unfortunately long. But in developing the subject 
of heat transfer in such detail, length is unavoidable. The design 
engineer will find on adequate study that this will be one of his 
best references. 


The Rolling of Metals 


Tue Rotune or Metats—Theory and Experiment. With a 
foreword by Sir Andrew McCance. By L. R. Underwood. Volume 
1. John Wiley and Sons Inc., New York, N. Y., 1950. Cloth, 
5'/s X 8*/s in., xv and 344 pp., 142 figs., 19 tables, bibliography, 
index to vol. 1, $6.50. 


Revieweo BY Peter E. Kyue* 


HE technical literature on the theory of the rolling of metals 

has appeared over the years in widely scattered sources. 
Much has been written in German and for that reason has not 
been as widely read by English-speaking students and engi- 
neers as it should have been. Under the auspices of the British 
Iron and Steel Federation, Dr. Underwood made an exhaustive 
survey of all of the available literature on the subject. The re- 
sults of his survey were very carefully correlated and published 
first as a special report of the British Iron and Steel Institute. 


author make a more extensive study to include additional de- 
tails and to summarize the work in the form of an account of the 
basic principles of rolling and their relation to practical rolling 
problems, The results of this latter effort are being published in 
two volumes of which this is volume one. 

Volume one covers the fundamental principles of rolling be- 
tween plain cylindrical rolls and omits rolling between grooved 
rolls. It does not include any detailed reference to the metal- 
lurgical aspects of the subject. Volume two will deal with the 
application of these fundamental] principles to practice. 

In order to follow the theory developed in this volume it is 
necessary that the reader have a knowledge of mechanics arid 
stress analysis and for this reason it should not be considered an 
elementary book on rolling theory. 

Following an introductory chapter explaining the sequence 
of subject matter of the book there is a chapter on the forces 
acting in the region of contact and a discussion of the no-slip 
angle. Chapter three discusses the forward slip as a measure of 
externa! friction and the effects of many factors such as tempera- 
ture, metal or alloy composition, roll diameter, speed, width, 
tension, rol] flattening, and roll roughness. 
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Chapters four and five include the experimental results of flow 
tests, especially those where surface grids were used, and a re- 
lated discussion of the forces required to cause yielding. The 
effects of strain rates and temperature are discussed. 

External friction between rolls and material is the subject of 
chapter six where such factors as speed, material, roll roughness, 
and temperature are treated. A considerable portion cf this 
chapter is devoted to the methods of measuring friction both by 
rolling and nonrolling tests. 

Chapters seven, eight, and nine cover the subjects of rolling 
loads, specific roll pressures, theories of rolling, and the effects 
of strip tension and work-hardening with specific application to 
strip and sheet. The effects of the many variables on the roll 
pressures developed is discussed in considerable detail. In- 
cluded also is a critica) discussion of the theoretical work by von 
Karman, Trinks, Nadai, Tselikov, Smith, Orowan, Cook, and 
Larke. 

The final chapter is devoted to the effects of roll flattening on 
the calculated values of specific roll pressure. Following the last 
chapter is a bibliography classified according to subject matter, 
containing references from the English, French, German, and 
Russian literature. 

Dr. Underwood's book is a valuable contribution to the litera- 
ture in the field of metal forming because it is not only a com- 
plete correlated review of the literature but it is written in such a 
way as to arouse the interest of the reader in the various phases 
of the work on which more high-caliber research is needed. 


Modern Operational Calculus 


Mopern Orrrationat Catcutus. With Applicati in Technical 
Mathematics. By N.W. McLachlan. The Macmillan Company, 
New York, N. Y., 1949. Cloth, 5'/: X 8'/s in., figs., bibliog- 
raphy, xiv and 218 pp., $5. 


Reviewep sy Wruuiam R. Agrenvt’ 
gone comparatively recently published in London, 
this book on applied mathematics was actually completed 
in 1941 but was withheld from publication because of the war 
and postwar conditions. The author has made numerous earlier 
contributions on the subject, perhaps the most notable of which is 
“Complex Variable and Operational Calculus,’’* since it als deals 


_ with operational calculus and a closely related subject." The 
As a result of this work, the federation arranged to have the ° 


engineer will find the present book much more difficult reading 
and lacking in the easy style which characterized the earlier book. 
Dr. McLachlan states that no mathematical text is intended to be 
read like a novel, and imsures it to be the case by making almost 
half of this book in the form of mathematical expressions. This 
is not to say that the book is not a valuable contribution to the 
applied mathematician—it is a much more significant and ad- 
vanced work than the earlier book. Most readers, however, 
would find the earlier book extremely valuable background for 
the study of the present volume. 

The book consists of seven chapters, followed by extensive 
appendixes. The first chapter deals with the Laplace transform 
(the p multiplied form), its definition, and theorems regarding its 
properties. In the second chapter are presented many theorems 
used in conjunction with the transform. Each is proved, and in 
many cases, examples of the application given. The solution of 
ordinary linear differential equations with constant coefficients is 
discussed in the next chapter, followed by a treatment of partial 
differential equations. Field problems. including some detailed 
examples of physica] systems, are studied. Chapter 5 deals with 
an application of the Laplace transform quite uncommon to 
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engineering books on the subject, namely, the evaluation of finite 
and infinite integrals and the application of Laplace transform 
theorems to other mathematical problems. The next chapter is 
concerned with deriving Laplace transforms not by the integral 
commonly used, but by other means. The last chapter presents 
largely a study of the Laplace transform of bounded continuous 
functions. The appendixes deal with such related subjects as 
convergence of series and integrals. There follows a wealth, of 
technical problems to challenge the student, and which, inci- 
dentally, present other Laplace transform formulas and the- 
orems not set forth in the text. 

The book is intended to present, with rigor, theorems regarding 
the Laplace transform, and in this endeavor it is eminently sue- 
cessful. 


Elements of Aerodynamics of 
Supersonic Flows 


ELEMENTS OF ABRODYNAMICS OF SUPERSONIC FLows. By Antonio 
Ferri. The Macmillan Company New York, N. Y., 1949. Cloth, 
6 X 9 in., 434 pp., illustrated, 5 tables, bibliography, $10. 


Reviewep sy Ascuer H. SHarrro® 


THE literature of supersonic flows is now voluminous, and this 

treatise, brining together as it does many parts of the subject, 
will oecupy an important place on the bookshelves of those in- 
terested in the dynamics of compressible fluids. 

To be able to navigate within this book, the reader should bring 
to it a comprehension of the general principles of fluid dynamics 
and of the methods used in incompressible aerodynamics, as well 
as the mathematical background usually covered in courses titled 
“Advanced Calculus.” The book will have its main appeal, 
therefore, to professional engineers having this background and 
will serve as a useful reference text for graduate courses in the 
subject. It is not especially suitable as an introductory graduate 
text because of the brief treatment of elementary principles and 
also because it does not contain problems, 

The first third of the book is given over_to two-dimensional 
flows of a frictionless gas. There are detailed descriptions of the 
method of characteristics and of normal and oblique shock waves, 
including the simplifications which are applicable in the case of 
small perturbations. Various interactions between shock waves 
continuous waves, solid boundaries, and free boundaries are 
cussed. A brief outline of the method of characteristics for ( 
dimensional rotational flow is set out. Then follow three chap- 
ters covering in great detail and depth, and with many useful il- 
lustrations and curves, the practical fields of (1) supersonic pro- 
files, (2) two-dimensional effusers (supersonic nozzles), and (3) 
supersonic diffusers. 

A special chapter is inserted covering the methods of making 
measurements of speed, pressure, and mach number, tempera- 
ture, and density in supersonic flows. Here are given discussions 
of the special probes required, together with the optical methods 
of measurement. 

The latter half of the book covers three-dimensional flows. 
First come several chapters relating especially to axisymmetric 
flow or nearly axisymmetric flow, including the method of small 
perturbations, the method of conical fields, and the method of 
characteristics for both irrotational and rotational flow. These 
methods are outlined for internal flows, and for external flows 
about bodies of revolution without and with yaw. 

Finally come two chapters outlining the latest methods for cal- 
culating the pressure distribution over finite supersonic wings. 
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These chapters will be especially useful to the student, since the 
mathematical details are given in full. 

Five sets of tables and two large-scale charts are appended for 
facilitating the numerical computation of supersonic flows. 

Those subjects covered in the text are treated with great full- 
ness and detail. One might have wished for a somewhat broader 
coverage for example, (a) the boundary layer in supersonic flow, 
and (6) slightly supersonic flows with a more succinct treatment 
of the mathematical steps, but this is perhaps a matter of taste. 
The clarity of treatment is, by and large, adequate, except in a 
few cases where so much attention is given to detail that it is dif- 
ficult to see the forest for the trees. 

Finally, this reviewer cannot help but remark that the compo- 
sition of a text such as this is a labor of love, and that al! those in- 
terested in this field owe a debt to Dr. Ferri for having brought 
forth this work, 


Foundations of Aerodynamics 


Founpattons or Agropynamics. By A. M. Kuethe and J. D. 
Schetzer. John Wiley and Sons, Inc., New York, N. Y., Chapman 
and Hall, Ltd., London, England, 1950. Cloth, 5*/4 X 9 in., 
figs., tables, problems, author and subject indexes, ix and 374 pp., 
$5.75. 

Reviewep By L. Drypen"® 
HIS book undertakes to present in a textbook of one volume 
& perspective view of the entire field of aerodynamics, especi- 
ally of those theoretical approximations to the flow of actual fluids 
which permit the wider generalization and exploitation of experi- 
mental data. Each of these approximations has become a major 
field of specialization in theoretical fluid mechanics, i.e., classical 
hydrodynamics or the flow of “perfect’’ fluids, subsonic flow of 
compressible fluids, supersonic flow of compressible fluids, tran- 
sonic flow, flow of viscous incompressible fluids, flow of viscous 
compressible fluids. The specialization is so great that there is 
danger that the student of aerodynamics will forget that these 
separate fields are but approximations to the flow of the same 
actual fluid, which should, at least from the point of view of engi- 
neers, be the principal object of study. ‘Foundations of Aero- 
dynamics” is the prototype of an integrated presentation of the 
whole Se 
.tent is indicated by the chapter headings, which are as 
s: The Fluid Medium; Kinematies of a Fluid Field; 

A iics of a Fluid Field; The Flow Abouta Body; The Thin 
Airfoil; Finite Wing; Introduction to Compressible Fluids; The 
Energy Relations; Some Fundamental Aspects of Isentropic 
Flow; Waves; Airfoils in Compressible Flow; Introduction to 
the Dynamics of Viscous Fluids; Laminar Flow in Tubes 
and Boundary Layers; Turbulence; Turbulent Flow in Tubes and 
Boundary Layers; Transition from Laminar to Turbulent Flow; 
Some Aspects of Viscous Compressible Flow; Aerodynamic 
Characteristics of Wings. There are included tables of properties 
of the standard atmosphere, flow parameters versus Mach number 
for isentropic, subsonic and supersonic flow, and for flows with 
shock waves. About 100 problems are included for the use of 
students. 

The reviewer, who has had little teaching experience, finds some 
lack of integration of the theoretical and experimental material. 
The authors state that they have assumed no previous knowledge 
of aerodynamics and that the book is intended for a senior under- 
graduate or first-year graduate course. However, such technical 
words as boundary layer, wake, airfoil, stalling, turbulence are 
used without explanation long before these concepts are discussed 
in detail. In one instance, there is a reversal in order of what 
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would seem to be the natural order of presentation of new ideas. 
Thus, except for occasional use of the words, turbulent flow is 
incidentally discussed on page 211 with a reference to turbulent 
transfer processes. The treatment of turbulence begins with 
chapter 14, p «ge 240, dealing principally with isotropic turbulence. 
Chapter 15 follows on turbulent flow in tubes and boundary 
layers. Only then comes transition in chapter 16, and at the end 
of this chapter a description of the ways in which the transition 
to turbulent flow is experimentally detected. It would appear 
more logical to discuss transition first, and to begin with the de- 
scriptive observations of the process. Experimental data on 
wings are segregated in the final chapter. An early introductory 
chapter on the experimental aspects of actual fluid flows to illus- 
trate such concepts as boundary layer, wake, transition, and sepa- 
ration and to indicate those phenomena which could be described 
with theories which neglect viscosity or compressibility, or both, 
would have been useful to the beginner. 

The authors mention that the mathematician will note com- 
promises with rigor. Some readers will take exception to the use 
of the word “inelastic’’ in the sense of “‘incompressible”’ (page 10) 
and to the statement (page 13) that “if the formulation of a problem 
introduces these anomalies (discontinuity and infinite value), the 
regions in which they exist must be outside the boundaries of the 
physical field.” 

The book is based on notes of courses given by the authors at 
the University of Michigan, and is a worthy candidate for use as 
a first course at the graduate level. 


Principles of a New Energy 
Mechanics 
or New Eneroy Mecuanics. By Jakob Mandelker. 


Philosophical Library, New York, N. Y¥., 1949. Leatherette, 6 x 
9" /gan., viii and 73 pp., 17 figs., $3.75. 


teviewep BY J. 


"THE author proposes an “energy mechanics” which is to re- 
place the classical mechanics of Newton and the special rela- 
tivity theory of Einstein. The basic concepts and procedures 
are similar to those of the special relativity theory. Einstein 
plgced at the basis of his special relativity theory the following 
postulates: (1) The velocity of light in vacuo is the same in all 
co-ordinate systems moving uniformly, relative to each other— 
no matter which one of these systems may contain the source of 
the light; (2) All laws of nature, mechanical and electromag- 
netic, must be invariant (have identical functional form) in all co- 
ordinate systems moving uniformly relative to each other, 
Mandelker rejects the first postulate and accepts the second. 
He also accepts, as experimentally proved facts, that the inherent 
energy in a mass m is E = mec? and that mass is a function of ve- 


” 


locity, m = 7 He understands ¢ to be the velocity of 
] 

light in the laboratory of the investigator and p to be the velocity 
of a particle relative to the laboratory, the particle at rest in the 
laboratory having mass m. Mandelker’s time is absolute in 
the Newtonian sense. His speed of light is relative. Starting with 
the invariance of the laws of light propagation in several two-di- 
mensional co-ordinate systems which have constant relative veloc- 
ities in the x direction, given as 


(to? — cot?) = — = (0 — 
He gets, by division throughout by the absolute @, 
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He states this to mean that a ray of light with velocity ¢ in ky ap- 
pears with velocity c, in k; and velocity c,in k,. In several places 
later Mandelker states that this justifies him in saying that any 
velocity W, in co-ordinate system k, would appear as Wy = 
WweV1 — v*/ctin co-ordinate system k, moving relative to k, with 
constant velocity —r. Here the author seems to endow the veloc- 
ity of light ¢ with some specia) kinematic magic, having re- 
jected Einstein's brand of magic. Why should the velocity W,, 
replace ¢ outside the square-root sign if the velocity ¢ inside the 
square-root sign remains unchanged? Well, for one thing, by do- 
ing this the author gets a very painless derivation of the Lorentz 
transformation formula—with which he agrees. For another, he 
gets Fizeau’s experimental value of the velocity of light in moving 
water by a very simple calculation. 

Another achievement claimed for “energy mechanics”’ is an ex- 
planation for the appearance of the half-quantum value of the 
“gero-point”’ energy in the kinetic energy of a linear oscillator 
which violates the fundamental postulate of quantum mechanies. 
The energy mechanics shows this to be an approximation to an 
expression in which only whole quantum values appear. 

According to the author the most significant result of the new 
mechanics is an evaluation of the kinetic energy of an accelerated 
particle. In contradiction to Newton and Einstein the author 
contends that the mere existence gf relative velocity does not cre- 
ate energy. For the author, only transformations of energy occur 
between kinetic and potential aspects in a special way. For 
Einstein the total energy of a moving particle consists in its po- 
tential rest energy plus the kinetic energy created by its motion. 

This little book is disarmingly simple. It displays simple 
formal mathematical manipulations. Almost any undergraduate 
would think he understood the book if he read it. The special 
theory of relativity has stood the critical scrutiny of forty-five 
years. Many men, for a great variety of reasons only one of 
which was pure intellectual curiosity, have tried to show that this 
theory was invalid. Professor Mandelker is a bold David come 
to challenge this hitherto undefeated Goliath. 

This book should be of interest to atomic physicists. For 
readers of the JourNaL or Mecuantcs it probably 
would arouse little interest. After all, the highest velocities we 
can dream of are in the order of '/2,0 of the velocity of light. 
Both Mandelker and Einsiein agree that Newton is still good 
enough for us. 


The Inelastic Behavior of Engineer- 
ing Materials and Structures 


Tue Benavior or MaTeriacs Stravc- 
Tures. By Alfred M. Freudenthal. John Wiley & Sons, Inc., New 
York, N. Y., 1950. Cloth, 8'/, in., xvi and 587 pp., illus., 
tables, references, author and subject indexes, $7.50 

Reviewen By Joun C. Fisner® 


FSSeNTIALLY, this book is a survey of a large number of 

topics related to the mechanical behavior of materials 
The subject matter ranges from atemie theory and quantum 
mechanics to impact and fatigue testing of materials. The first 
few chapters, dealing with the structure of matter, contain a 
number of errors, some of which may result from the author’s de- 
sire to simplify his treatment. In the later chapters much empha- 
sis is placed upon phenomenological equations relating the 
variables, stress, strain, strain rate, and temperature. A back- 
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ground of experimental evidence in support of these equations every aspect of mechanical behavior in a wide range of engineer- 
would have added to their value. ing materials. An excellent set of references is included for those 
The book is valuable as a source that touches upon practica ly who wish to follow a given subject in more detail. 
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